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ANALYTIC GEOMETRY. 



CHAPTER L 



THE POINT. 

t. The following method of determining the position of any 
point on a plane was introduced bj Des Cartes in his GSonUtrie^ 
1637, and has been generally used by succeeding geometers. 

We are supposed to be given the position of two fixed 
right lines XX' ^ YY' intersecting tn the point 0. Now, if 
through any point P we 
draw FM, PN parallel io 
YY' and XX\ it is plain 
that, if we knew the position 
of the point P, we should 
know the lengths of the pa- 
rallels PM^ PN-y or, vice versd, 
that if we knew the lengths 
of PMj PN^ we should know 
the position of the point P* 

Suppose, for example, that 
we are given PN^ a, PM^ J, 

we need only measure Oi/==a and 0^=5, and draw the 
parallels PM^ PN^ which will intersect in the point required. 

It Is usual to denote PM parallel to OF by the letter y^ 
and PA^ parallel to OX by the letter a;, and the point Pis said 
to be determined by the two equations a? = a, y = J. 

2. The parallels PM, PN are called the caordtnatea of the 
point P, PJ/is often called the ordinate of the point P; while 
PN, which is equal to OM the intercept cut off by the ordinate, 
is called the abscissa. 

B 
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The fixed lines XX' and YY* are termed the axes of co" 
ordinates^ and the paint 0, in which they intersect, is called the 
origin. The axes are said to be rectangular or obliqne^ 
according as the angle at which they intersect is a right angle 
or oblique. 

It will readily be seen that the coordinates of the point M 
on the preceding figure are j: = a, y = ; that those of the point 
-W^ are a? = 0, y = 6 ; and of the origin itself are x = 0, y = 0# 

3. In order that the equations x = a^ y = 5 should only 
be satisfied by one point, it is necessary to pay attention, not 
only to the magnitudes^ but also to the signs of the co-* 
ordi nates. 

If we paid no attention to the signs of the coordinates, we 
might measure OM—a and ON=bj on either side of the origin, 
and any of the four points 
P, P^, P., P, would satisfy 
the equations x = aj y ^b. 

It is possible, however, to IT /N P 

distinguish algebraically 
between the lines OJ/, 
OM* (which are equal in 

magnitude, but opposite in x' :rr7/ '/^ /.^ X 

direction) by giving them 
difierent signs. We lay 
down a rule that. If lines 
measured in one direction 
be considered as positive, 
lines measured in the oppo- 
site direction must be con- 
sidered as negative. It is, of coni-se, arbitrary in which 
direction we measure positive lines, but it is customary to 
consider OM (measured to the right hand) and ON (measured 
upwards) as positive, and 0M\ ON' (measured in the opposite 
directions) as negative lines. 

Introducing these conventions, the four points P, P„ P^, P 
are easily distinguished. Their co-ordinates are, respectively, 
x^-^-dS x^-d) x-'k-a) x^-a) 
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These distinctions of sign can present no diflSculty to the 
learner, who is supposed to be already acquainted with 
trigonometry. 

N.B. — The points whose coordinates are a? = ff, y = Jj op 
X =«', y = y, are generally briefly designated as the point (a, J), 
or the point xy\ 

It appears from what has been said, that the points (+ a, + 5), 
(— a, - b) lie on a right line passii^g through the origin ; that 
they are equidistant from the origin, and on opposite sides of it. 

4. To express the distance between two points x'y'j ^'Vj the 
axes of coordinates being supposed rectangular^ 

Bj Euclid I. 47, 

pq^ = PS" + 8(f, but P8= PM-- Qir = y' - y'\ 
and Q8=0M- OiT = a:' - x" ; 

hence p 

To express the distance of 
any point from the origin, we 

roust make aj" = 0, y" = in 

the above, and we find 



S'^a^^-fy" 



Y' 



Q 


/ 


xy 

S 


'Y 




O I 


!• 


M 



5. In the following pages 
we shall but seldom have occa* 
sion to make use of oblique coordinates, since formuIsB are, in 
general, much simplified by the use of rectangular axes; as^ 
however, oblique coordinates may sometimes be employed with 
advantage, we shall give the principal formulsB in their most 
general form. 

Suppose, in the last figure, the angle YOX oblique and 
B 10, then 

and P(y=^P8*+ Q8*^2P8.QS.cosPSQ, 

or, P(2' = (y'-y7+(aj'-«7+2(y'-y')(a^'-Ocosa>. 

Similarly, the square of the distance of a point, x'i/\ from 
the origin = a:'* + y" + 2a? y' cos o. 
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In applying these formula), attention must be paid to the 
signs of the coordinates. If the point Q, for example, were 
in the angle XO P, the sign of y" would be changed, and the 
line PS would be the sum and not the difference of y and y". 
The learner will find no difficulty, if, having written the 
coordinates with their proper signs, he Is careful to take for P8 
and Q8 the algebraic difference of the corresponding pair of 
coordinates. 

Bz. 1. Find the lengths of the aides of a tiiaogle, the coordinates of whose 
Tertices are »' = 2,y' = 8; «" = 4,y" = -6j «"' = - 8, y'" = - 6, the axes being 
^rectan^lar. Ans. J68, J60, ^106. 

Ex. %, Find the lengths of the sides of a triangle, the oooxtlinates of whose 
Tertices qre the same as in the last example, the axes being inclined at an angle 
pf 609. Afu. J52, Jo7, J151. 

Ex. 3. Stress thi^t the distance of the point xy from the point (2, 8) is equal 
to 4. Ans, (x - 2)2 + (y - 8)» = 16 

Ex. 4. Express that the point xy is equidistant from the points (2, 3), (4, 5). 

Ans. Ca:-?)» + (y-8)«-(aB-4)«+(y-5)«i or« + y = 7. 

Ex. 5. Find the point equidistant from the points (2, 8), (4, 5), (6| 1). Here we 
)ia7e two equations to determine the two unknown quantities », y. 

Am. xz=. V, y = f , and the common distance is ^. - * 

o 

6. The distance between two points, being expressed ia 
the form of a square root, is necessarily susceptible of a double 
^ign. If the distance PQ^ measured from P to Q, be considered 
positive, then the distance QP^ measured from Q to P, 
is considered negative. If indeed we are only concerned 
with the single distance between two points, it would be 
unmeaning to affix any sign to it, since by pr6fi^qg .a sign we 
in fact direct that this distance shall be added to, or subtracted 
fron), some other distance. But suppose we are given three 
points P, Qy R in a right line, and know the distances PQ^ 
Qltj we n^ay infer PR = PQ + C^. 4-nd with the explanation 
pow given, this equation remains true, even though the 
point B lie between P and Q, For, in that case, PQ and 
QR are measured in opposite directions, and P$, which is their 
arithmetical difference, is still their algebraical sum. Except 
in the case of lines parallel to one of the axes, no convention 
^as been established as to which shall be considered the positive 
jircctioq. 
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7. To find the coordinates of the point cutting in a given 
ratio m : nj the line joining two given points xy\ x'*y'\ 

Let x^ y be the coordinates of the point B which we seek 
to determine, then 
m:n::FB:BQ :: MS : SN^ 

/ .... ^^-y 

tn :n :: x—x : x-x"} 
or mx — mx"=^nx' - wa?, 
hence 

mx" + nx' 

a = ; . 

m + n 

In like manner 

my"'\-n y' 

^ «i + n 

If the line were to be cut externally in the given ratio we 
should have 

m: n :: x — x' : x — x\ 

and therefore x = — '■ , y = ^ ""^ "^ , 

m — n ' "^ 7*1 — 71 

It will be observed that the formulsB for external section 
are obtained from those for internal section by changing the 
sign of the ratio ; that is, by changing tw : + w into m:-n. 
In fact, in the case of internal section, FB and BQ are 
measured in the same direction, and their ratio (Art. 6) is to 
be counted as positive. But in the case of external section 
FB and i2Q are measured in opposite directions, and their 
ratio is negative. 

Ex. 1. To find the coordinates of the middle point of the line joining the points 

^ns, X = — g- - , y - — g— . 

Bx. 2. To find the coordinates of the middle points of the sides of the triangle, 
the coordinates of whose vertices are (2, 3), (4, — 5), (- 8,-6). 

^w. (4, -V), (-*,-!), (8,-1). 

£z. 3. The line joining the points (2, 8), (4, — 5) is tiisected ; to find the co- 
prdinates of the point of trisection nearest the former point. Aw. « = §, ^ = f , 

Ex. 4. The coordinates of the vertices of a triangle being ary, x"t/\ x'"y"\ to 
^nd the coordinates of the point of trisection (remote from the vertex) of the line 
joining an^ vertex to the middle point of the opposite side. 

Am. a: = i (a:' +«" + «'"), y = J (y* + y" + y"). 
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TRANSFORMATION OF COORDINATES. 



Ex. 6. To find the coordinates of the intersection of the bisectors of sides of the 
triangle, the coordinates of whose vertices are given in Ex. 2. Ans, « = 1, y = — f . 

Ex. 6. Any dde of a triangle is cut in the ratio m : n, and the line joining this to 
the opposite yertex is cat in the ratio m+ n : I; to find the coordinates of the point 
of section. . _ lx' + nue" + nx'*' _ ly' + my" + w^" 

^«- *- l + fn + n ' ^ l + m + n 



TRANSFORMATION OF COORDINATES.* 

8. When we know the coordinates of a point referred to 
one pair of axes, it is frequently necessary to find its co- 
ordinates referred to another pair of axes. This operation is 
called the transformation of coordinates. 

We shall consider three cases separately; first, we shall 
suppose the origin changed, but the new axes parallel to the 
old; secondly, we shall suppose the directions of the axes 
changed, but the origin to remain unaltered ; and thirdly, we 
shall suppose both origin and directions of axes to be altered. 

First. Let the new axes be parallel to the old. 

Let Ox^ Oy be 
the old axes, O'X, *^^ 

O'Y the new axes. 
Let the coordinates 
of the new origin 
referred to the old be 
x\ y\ or 0'8^x\ 
aR = y\ Let the 
old coordinates be 
x^ y, the new X, F, 
then we have 

OAt^OB + RM, fini PM=PN-{-NM, 

that is x = x' + Xy and y = y+ F. 

These formulee are, evidently, equally true, whether the axes 
be oblique or rectangular. 

9. Secondly, let the directions of the axes be changed, while 
the origin is unaltered. 




* The beginner may postpone the rest of this chapter till he has read to the end 
of Art. 41. 



Digitized by VjOOQIC 



TPANSFORMATION OF COORDINATES. 




EL a 



Let the original axes be Ox^ Oy^ bo that we have OQ^x^ 
JPQszy, Let the new axes 
be OX, OF, so that we have 
ON^X, PN^Y. Let OX, 
OY make angles respectively 
a, 0y with the old axis of xj 
and angles a', ff with the old 
axis of y; and if the angle 
xOy between the old axes be ^ 
a>, we have obviously a + a' = w, 
since XOx + XOi/ ^xOy\ and in like manner ^ + )3' = «. 

The fonnulsB of transformation are most easily obtained by 
expressing the perpendiculars from P on the original axes, in 
terms of the new coordinates and the old. Since 

PM^PQ AnPQM^ we have PM=y sin©. 
But also PM^NR-{-P8^0N^mN0R-{PNAnPNa. 
Hence y sin « = X sin a + F sin )8. 
In like manner 

fic sinw = X8lna + Fsin^'; 
or a; sino> = Xsin(ft) — a)+ F8in(a) — ^). 

In the figure the angles a, )9, et> are all measured on the 
same side of Ox\ and a', /8', o all on the same side of Oy. 
If any of these angles lie on the opposite side it must be given 
a negative sign. Thus, if OF lie to the left of Oy, the angle 
/8 is greater than o>, and )8' (= w — P) is negative, and therefore 
the coefficient of F in the expression for ajsinw is negative. 
This occurs in the following special case, to which, as the 
one which most frequently occurs in practice, we give a separate 
figure. 

To transform from a system of rectangular axes to a new 
rectangular system making an angle with the old. 
Here we have 

a = ^, /3 = 90 + ^, 

a' = 90-^, 0* = -e\ 

and the general formulas become 

y = Xsiii5 + Fcos*, 

ajssXcos^-Fsin^j 
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the truth of which may also be seen directly, since y = PS^NRy 

X = OB "SNj while 

rS^PNcosO, NR^ONsinO] OR=ONcose, 8N=^PNBm0. 

There is only one other case of transformation which often 
occurs in practice. 

7h trqns/ormfrom oblique coordinates to rectangular^ retaining 
the old axis of x. 

We may use the general for- v/ 

mulsB making 

a = 0, )8 = 90, a' = «, /8' = (»-90. 

But it is more simple to inves- 
tigate the formulae directly. We 
have OQ and PQ for the old x and ~^ ^ 

y, OM and PM for the new 5 and, since PQM= o, we have 

Y=y sin CD, X=^x-\-y cos©; 
while from these equations we get the expressions for the old 
cooidinates in terms of the new 

ysina)=F, a; sina) = XsIno>- Fcosa>. 

10. Thirdly, by combining the transformations of the two 
preceding articles, we can find the coordinates of a point re- 
ferred to two new axes in any position whatever. We first find 
the coordin^es (by Art. 8) referred to a pair of axes through 
Ae new origin parallel to the old axes, and then (by Art. 9) 
we can find the coordinates referred to the required axes. 

The general expressions are obviously obtained by adding x' 
and y to the values for x and y given in the last article. 

Ex. 1. The coordinates of a point satisfy the relation 

x» + y«-4x-6y=18; 

what will this beoome if the origin be transformed to the point (2, S) ? 

Arts. X* + T*Tz9l. 

Ex. 2. The coordinates of a point to a set of rectangular axes satisfy the 
relation y* — x' = 6 ; what will this beoome if transformed to axes bisecting the 
angles between the given axes ? Aru. XY = 3. 

Ex. 8. Transform the equation Sx* — 5ary + 2y* = 4 from axes inclined to each 
other at an angle of 60° to the right lines which bisect the angles between the 
given axes. -4n«. A'«- 27r«+ 12 = 0. 

Ex. 4. Transform the same equation to rectangular axes, retaining the old axis 
of*. Ant, 8i:2 + 10y«-7Zrj8 = 6. 
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POLAR COORDINATES. 9 

Ex. 5. It is etident that when we ohange from one set of rectangnlar axes to 
another, o^ + y* most =X^ + T\ slnoe both express the square of the distance of 
a point ftam the origin* Verify this by squadng and adding the expreasiona for 
JTand Fin Art. 9. 

Ex. 6. Verify in like manner in general that 

«ei» + y» + 2ary ooBxOif = X^ + t*+ 2XTcobX07. 

If we write Jr sin a + Tanfi = Lf X6oea+ F cos /3^ if, the expressionB in Art. % 
may be written ysin«=:i^ a;sinw = ifsinfi» — L cos a ; whence 

sin'M («* + y» + 2ay oos») = (2^ + Jf«) sin»«. 

But X* + Jf» = Z«+F* + 2ZFco6(a-/3), and a-^ = ZOF. 

11. 7%e degree of any equation between the coordinates is not 
altered by transformation of coordinates. 

Transformation cannot increase the degree of the equation } 
for if the highest terms in the given equation be x^j y"^^ &€«) 
those in the transformed equation will be 

{x' sina)+a; 8in(«- a) -fy 8in(a)-^)}"', (y' Binto+x 8ina4y sin^)*, 

&c., which evidently cannot contain powers o(x or y above the 
m^ degree. Neither can transformation diminish the degree of 
an equation, since by transforming the transformed equation 
back again to the old axes, we must fall back on the original 
equation, and if the first transformation had diminished the 
degree of the equation, the second should increase it, contrary 
to what has just been proved, 

POLAR COORmKATfi^. 

12. Another method of expressing the position of a point 
is often employed. 

If we were given a fi^ed point 0, and a fixed line through it 
OB^ it is evident that we should p 

know the position of any point 
jP, if we knew the length OPf 
and also the angle FOB. The 

line OP is called the radius ^ 

vector; the fixed point is called ^ B 

the pole; and this method is called the method of polar co* 
ordinates. 

It is very easy, being given the x and y coordinates of a 
point, to find its polar ones, or vice versd, 

C 
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POLAR COORDINATES. 





First, let the fixed line 
coincide with the axis of ar, 
then we have 

OPiPM:: sinPMO : sinPOJIf ; 

denoting OP by p, POM by 
5, and YOX by i», then 

„. . p sin 

PM or y—~-, — : 

and similarly, Oif = x = ^—^ \^^:_J, ^ 

For the more ordinary case of rectangular coordinates, 
01 = 90"*, and we have simply 
x^p cosO and y = p sin^. 
Secondly, let the fixed 
line OB not coincide with the 
axis of Xf but make with it an 
angle = a, then 

POB^e and POM^e^Oj 
and we have only to substitute — a for in the preceding 
formulsa. 

For rectangular coordinates we have 

aj = pcos(5-a) and y = p sin(5- a). 
Ex. 1. Change to polar coordinates the following equations in rectangular co- 
ordinates: «« + y« = 6ma?. Ans, p = bmcose. 
««-y* = o». Ans, p»C08 2e = o*, 
Ex. 8. Change to rectangular coordinates the following equations in polar co- 
ordinates: p«8m2e = 2a». Ana. xy = a\ 

/)« = a«coa2e. Ans, (»• + y«)* = a» («* - y*). 

p* 008^6 = a*. Ana, «« + y» = (2a - x)\ 

p4 = a4coeie. Ana, (2a:« + 2y« - ax)' = o« (»» + y*). 

13. To express the distance between two points^ in terms of 
their polar coordinates. ^ Q 

Let P and Q be the two points, 

OP=p', POB^B'i 

then P(2*= 0P«+ 0Q''20P.OQ.cosP0Q, 

or 8* = p'»4 p"'-2p>" coB(r-d'). 
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THB RIGHT UNB. 

14. Any two equations between the coordinates represent 
geometrically one or more points. 

If the equations be both of the first degree (see Ex. 5, p. 4) 
thej denote a single point. For solving the equations for 
X and y, we obtain a result of the form x^a, y^h^ which| 
as was proved in the last chapter, represents a point. 

If the equations be of higher degree, they represent more 
points than one. For, eliminating y between the equations, 
we obtain an equation containing x only; let its roots be a,, 
a,, 0,, &c. Now, if we substitute any of these values (aj for 
X in the original equations, we get two equations in y, which 
must have a common root (since the result of elimination be- 
tween the equations is rendered =0 by the supposition a;»aj. 
Let this common root be y = jS^. Then the values x = a^, y = i8„ 
at once satisfy both the given equations, and denote a point 
which is represented by these equations. So, in like manner^ 
is the point whose coordinates are a; := a,, y = iS,, &c. 

Ex. 1. What point is doDOted by the equatiozu 8« + Sy = 13, 4dB - y = 2? 

An», x = l, p=2 

Ex. 2. What points aze repraeented by the two equationa a:> + y> = 5, xy-2? 
Eliminating y between the equations, we get ai* — 5j^ + 4 = 0. The zoots of thia 
equation are x* = 1 and «^ = 4, and, thereforSp the foor Talnes of x are 
9 = +l, x = -l, a; = -f2, = -9. 

Sabstitnting these snccessiyely in the second eqoatbn, we obtain the oorzesponding 

Tallies of ]f, 

|f = + 2,yr=-2, y = + l, y = -l. 

Hie two pyea equations, therefore, represent tbe four points 

(+1, +2), (-1, -2), (+2, +1), (-2,-1). 
Ex. 8. What points are denoted by the eqoations 

«-y=l, x» + y» = 25? Ans. (4,8), (-8, -4). 

Ex. 4. What points are denoted by the equations 

a^-to + y + 8 = 0, x« + y«-6x-%+e = 0? 

^w. (1,1), (2,8), (8,8), (4,1). 
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12 THE RIGHT LINE, 

15. A Single equation between the coordinates denotes a 
geometrical locus. 

One equation evideDtly does not afford us conditions enough 
to determine the two unknown quantities a?, y; and an inde- 
finite number of systems of values of x and y can be found which 
will satisfy the given equation. And yet the coordinates of 
any point taken at random will not satisfy it. The assemblage 
then of points, whose coordinates do satisfy the equation, forms 
a hcus^ which is considered the geometrical signification of 
the given equation. 

Thus, for example, we saw (Ex. 3, p. 4) that the equation 

(a:-2)*+(y-3)«=16 

expresses that the distance of the point xy from the point 
(2, 3) =4. This equation then is jati^tied by the coordinates of 
any point on the circle whose centre is the point (2, 3), and 
whose radius is 4; and by the coordinates of no other point. 
This circle then is the locqs which the equation is said to 
represent. 

We can illustrate by a still simpler example, that a single 
equation between the coordinates signifies a locus. Let us 
recall the construction by which (p. 1) we determined the 
position of a point from 
the two equations a; = a, 
y-h. We took OM=a\ 
ive drew MK parallel to 
i OY] and then, measuring 
MP^h^ we found P, the 
point required. Had we 
been giyen a different value 
of y, a? = o, y = J', we should 
proceed as before, and we 
should find a point F still situated on the line MK^ but at 
a different distance from M. Lastly, if the value of y were 
left wholly indeterminate, and we were merely given the 
single equation x^a^ we should know that the point P 
was situated somewhere on the line MK^ but its position in 
that line would not be determined. Hence the line MK is 
the locus of all the points represented by the equation a; = a| 
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since, whatever point we take on the line MK^ the x of that 
point will always = a. 

16. In general, if we are given an equation of any degree 
between the coordinates, let us assume for x any value we 
please (aj = a), and the equation will enable us to determine 
a finite number of values of y answering to this particular 
value of X ; and, consequently, the equation will be satisfied for 
each of the points (p, q^ r, &c.), whose x is the assumed value, 
and whose y is that found from the equation. Again, assume 
for X any other value / 1 1 1 1 

[pa^d)^ and we find, / ^J-LU^ 

in like manner, ano- 
ther series of points, 
1^1 i'i ^'j whose co- 
ordinates satisfy the 
equation. So again, 
if we assume x = a' 
or a? = a ", &c. Now, 
if a; be supposed to 
take successively all 
possible values, the assemblage of points found as above will 
form a locus^ every point of which satisfies the conditions of the 
equation, and which is, therefore, its geometrical signification. 

We can find in the manner just explained as many points 
of this locus as we please, until we have enough to represent 
its figure to the eye. 

£z. 1. Represent in a figure* a series of points which satisfy the equation 
y = 2a: + 8. 

Am. Giving x the yalues — 2,-1, 0, 1, 2, Ac, we find for y, — 1, 1, 8, 6, 7, Ac, 
and the corresponding points will be seen all to lie on a right line. 

Ex. 2. Represent the locus denoted by the equation y = a* — 8a? — 2. 

Ans. To the values for a?, — 1, — i, 0, J, 1, f, 2, f, 8, |, 4j correspond for 
y, 2, - J, - 2, - y, - 4, - y, - 4, - V, - 2, - i, 2. If the points thus denoted 
be laid down on paper, they will sufficiently exhibit the form of the curve, which may 
))e continued indefinitely by giving x greater positive or negative values. 

Ex. 8. Represent the curve y = 3 i J(20 - x-a^. 

Here to each value of x correspond two values of y. No part of the curve lies to 
the right of the line x = 4, or to the left of the line a; = — 5, since by giving greater 
positive or negative values to x, the value of y b«>comes imaginary. 

* The learner is recommended to nse paper ruled into little sqoares, which is sold 
Ql^^er the oaoie of logarithm paper. 
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14 TUE RIGHT LINE. 

17. The whole science of Analytic Geometry is founded 
on the connexion which has been thus proved to exist between 
an equation and a locus. If a curve be defined by any 
geometrical property, it will be our business to deduce from that 
property an equation which must be satisfied by the coordinates 
of every point on the curve. Thus, if a circle be defined as 
the locus of a point (x, y), whose distance from a fixed point 
(a, b) is constant, and equal to r, then the equation of the circle 
in rectangular coordinates is (Art. 4), 

On the other hand, it will be our business when an equation is 
given, to find the figure of the curve represented, and to deduce 
its geometrical properties. In order to do this systematically, 
we make a classification of equations according to their degrees, 
and beginning with the simplest, examine the form and pro- 
perties of the locus represented by the equation. The degree 
of an equation is estimated by the highest value of the sum 
of the indices of x and y in any term. Thus the equation 
ay + 2a? + 3y = 4 is of the second degree, because it contains 
the term xy. If this term were absent, it would be of the 
first degree. A curve is said to be of the n^ degree when the 
equation which represents it is of that degree. 

We commence with the equation of the first degree, and we 
shall prove that this always represents a right line^ and, 
convercely, that the equation of a right line is always of the 
first degree. 

18. We have already (Art. 15) interpreted the simplest case- 
of an equation of the first degree, namely, the equation aj = a. 
In like manner, the equation y = h represents a line PN parallel 
to the axis OX^ and meeting the axis Y at a distance from 
the origin 0N= b. If we suppose b to be equal to nothing, 
we see that the equation y = denotes the axis 0X\ and in 
like manner that re = denotes the axis Y. 

Let us now proceed to the case next in order of simplicity^ 
and let us examine what relation subsists between the co- 
ordinates of points situated on a right line passing through 
the origin 
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If we take any point P 
on SQch a line, we see that 
hoOi the coordinates PM^ 
OMj will vary in length, 
but that the ratio PM: OM 
will be constant, being ^ 
to the ratio 

sinPOJf:sinJ/Pa 
Hence we see that the 
equation 

sin POM 
^^ fAnMPO^ 
will be satisfied for every 
point of the line OPj and 
therefore this equation is said to be the equation of the line OP* 

Conversely, if we were asked what locus was represented 
by the equation 

write the equation in the form ^ = tw, and the question is : " To 

find the locus of a point P, such that, if we draw PMj PN 
parallel to two fixed lines, the ratio PM : PN may be constant." 
Now this locus evidently is a right line OPy passing through 
O, the point of intersection of the two fixed lines, and dividing 
the angle between them in such a manner that 

BinPOM^^m BinPON. 

If the axes be rectangular, sinPON—cosPOM] therefore, 
*fn^ tan POMj and the equation y^mx represents a right line 
passing through the origin, and making an angle with the 
axis of x^ whose tangent is m, 

19. An equation of the form y^-\-mx will denote a line 
OP, situated in the angles FOX, Y'OX\ For it appears, 
from the equation y^-\-mx^ that whenever x is positive y 
will be positive, and whenever x is negative y will be negative. 
Points, therefore, represented by this equation must have their 
coordinates either both positive or both negative, and such 
points we saw (Art. 3) lie only in the angles YOX^ Y'OX\ 
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On the cjontrary, in order to satisfy the equation y = -t7iaj, 
if X be positive y mast be negative, and if x be negative y 
must be positive. Points, therefore, satisfying this equation 
will have their coordinates of different signs; and the line 
represented by the equation, must, therefore (Art. 3), lie in the 
angles Y'OX, YOX\ 

20. Let us now examine how to represent a right Ime PQ^ 
situated in any manner 
with regard to the axes. 

Draw OR through 
the origin parallel to P(?, 
and let the ordinate PM 
meet OR in R. Now it 
is plain (as in Art. 18), 
that the ratio RM : OM 
will be always constant 
[RM always equal, sup- 
pose, to m.OM); but the ordinate PM differs from RM by 
the constant length PR=^OQ^ which we shall call i. Hence 
we may write down the equation 

PM^RM-\-PR, or PM^m.OM^-PR, 
that is jf = mx + J. 

The equation, therefore, y-mx-\-b^ being satisfied by every 
point of the line PQ^ is said to be the equation of that line. 

It appears from the last Article, that m will be positive or 
negative according as OR^ parallel to the right line PQ^ lies in 
the angle YOX^ or Y'OX, And, again, b will be positive, 
or negative according as the point Q, in which the line meets 
OY^ lies above or below the origin. 

Conversely, the equation y=^mx-\rb will always denote a 
right line ; for the equation can be put into the form 

x 
Now, since if we draw the line QT parallel to OM, TM will 
be =&, and PT therefore =y-bj the question becomes: "To 
find the locus of a point, such that, if we draw PT parallel 
to or to meet the fixed line QT^ PT may be to QT in tL 
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constaDt ratio ;" and this locus evidently is the riglit line PQ 
passing through Q, 

The most general equation of the first degree, Ax-{ By-^- C=Oj 
can obviously be reduced to the form y = mx-\-bj since it is 
equivalent to 

A C 

this equation therefore always represents a right line- 

21. From the last Articles we are able to ascertain the 
geometrical meaning of the constants in the equation of a 
right line. If the right line represented by the equation 
y^mx-hb make an angle =a with the axis of x^ and =/3 
with the axis of y, then (Art. 18) 

sin a 
Bin)8' 

and if the asces be rectangular, m = tan a. 

We saw (Art. 20) that b is the intercept which the line ctxtB 

off on the axis of y. 

If the equation be given in the gcnefal form Ax-\- By -^^ C =^0^ 

we can reduce it, as in the last Article, to the form y = 7nx + b^ 

and we find that 

A _ sinot 

'^B" sm /3 * 

C 
or if the axes be rectangular ==tana; and that — 7* is the 

length of the intercept made by the line on the axis of y. 

Cor. The lines y = wiaj + 5, y = m'x-\'b' will be parallel io 
each other if 7n =* 7w', since then they will both make the same 
angle with the axis* Similarly the lines Ax fBy+C^Q^ 
A'x -\-B'y-\-C'^Oj will be parallel if 

A _A' 
B" li" 

Beside the forms Ax -{-By-^C^^O atid y = two; -f 5, there 
are two other forms in which the equation of a right line 
is frequently used; these we next proceed to lay before the 
reader. 
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22. To express the equation of a line MN in terms of the 
intercepts OM=ay ON=b which it cuts off on the axes. 
We can derive this from the form already considered 

-4j; + J?y + (7 = 0, or -gj:+ yvy + l=0. 

This equation must be satisfied by the coordinates of every 
point on MN^ and there- 
fore by those of Jf, which 
(see Art. 2) are a: = ^, 
y = 0. Hence we have 

^a+l=0, "^ = --- 

In like manner, since 
the equation is satisfied 
by the coordinates of -W, 
(a; = 0, y = ft), we have 

B_ 1 

Substituting which values in the general form^ it becomes 

- + f = 1. 
a h 

This equation holds whether the axes be oblique or rect- 
angular. 

It is plain that the position of the line will vary with the 
signs of the quantities a and h For example, the equation 

-4-^=1, which cuts oflf positive intercepts on both axes, ro- 

presents the line MN on the preceding figure; f ~ ^» cutting 

. off a positive intercept on the axis of Xj and a negative in- 
tercept on the axis of y, represents MN\ 

X 1/ 

Similarly} *" f ~ ^ represents NST ; 

X t# 

and - — ? ~ ^ represents M'lT. 

By dividing by the constant term, any equation of the first 
degree can evidently be reduced to some one of these four forma. 
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'Ex. t. Examine the podtion of the following linee, and find the intezoepta thej 

make on the axea : 

2aj-8y = 7; 8x + 4y + 9 = 0j 

8aj+2y = 6; 4y-5a;=20. 

Ex. 2. The ddee of a triangle heing taken for axes, form the equation of the line 
joining the joints which cnt off the m^ part of each, and shew, by Art. 21, that i% 



ifl parallel to the base. 



a b tn 



23. To express ike equation of a right line in terms of the 
length of the perpendicular on it from the origin^ and of the 
angles which this perpendicular makes with the axes. 

Let the length of the perpendicular OP^p^ the angle POM 
which it makes with the axis of a; = a, 
PON^P, OM^a, ON^h. \ 

We saw (Art. 22) that the equa- ^ 

tion of the right line MN was 



X y 
a 



1. 



Multiplj this equation by p^ and we 
have 




vC\ 



But - scosa^ ^ =co8^; therefore the equation of the line is 

X cosa + y cos 13 =p. 

In rectangnlar coordinates, which we shall generally use, we 
have )3 = 90" — a ; and the equation becomes x cos a + y sina =/?. 
This equation will include the four cases of Art. 22, if we 
suppose that a may take any value from to 360*. Thus, for 
the position NM'j a is between 90° and ISO"*, and the coefficient 
of a; is negative. For the position M'N\a is between 180* and 
270*, and has both sine and cosine negative. For MN\ a is 
between 270* and 360*, and has a negative sine and positive 
cosine. In the last two cases, however, it is more convenient 
to write the formula a; cosa + y sina = — j9, and consider a to 
denote the angle, ranging between and 180*, made with the 
positive direction of the axis of a?, by the perpendicular pro^ 
duced. In using, then, the formula a; C08a4y sina=^, we 
suppose jp to be capable of a double sign, and a to denote the 
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angle, not exceeding 180", made with tbe axis of x either by 
the perpendicular or its production. 

The general form -4x4 % + (7:^0, can easily be reduced 
to the form a? cos a -f y sin a = j? ; for, dividing it by VC-^* + ^), 
we have 

A_ _ B G 

But we may take 

VC^' + i?-) '*''""' *°^ V(l*+"^ "*'""» 

since the sum of squares of these two quantities » 1. 

Hence we learn that ^^/^^ ^ and ^^^.^ ^^ are re- 

spectively the cosine and sine of the angle which the per- 
pendicular from the origin on the line [Ax-\-By'\- C=0) makes 

Q 

with the axis of ar, and that -n-ri — oTx is the length of this 
perpendicular* 

*24. To reduce the equation Ax-\-By+ C7=0 [rej erred to 
oblique coordinates) to the form x cosa + y cos 13=^ p. 

Let us suppose that the given equation when multiplied 
by a certain factor B is reduced to the required form, then 
^^ = cosa, BB = cos 13. But it can easily be proved that, if a 
and fi be any two angles whose sum is a>, we shall have 

cos*a + cos*/3 -^ 2 cos a cos/9 cosco = sin^oi. 
Hence JP (^" + J5' - 2AB cos ©) = sin" «, 

and the equation reduced to the required form is 
A sin o) J? sin 01 



^(4-4- Jf^ ^-2AB cos oi) * "^ V(-4* + jy - 2AB cos lo) ^ 

C sin fti _ 

And we learn that 

A sin (» B sin q> 



V(^* + B^-'2AB cos fti) ♦ V(^'+ ^* - 2-4i^ cos w) » 
* Articles ftnd Chapters marked with fm^asteiiak may be omitted on a first reading. 
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are respectively the cosines of the angles that the perpendicular 
from the origin on the line Ax±Bi/+ (7=0 makes with the 

axes of X and y ; and that ., ., . p ^ — ttt^ r '^ ^^^ length 

of this perpendicular. This length may be also easily ca]« 
culated by dividing the double area of the triangle NOM^ 
{ON, OM sin a) by the length of MN^ expressions for which 
are easily found. 

The square root in the denominators is, of course, susceptible 
of a double sign, since the equation may be reduced to either 
of the forms 

05 cos a +y cos/8— 2^ =» 0, « cos (a + 180°) f y cos (/8 + 180°) +/? = 0. 

25. To find the angle between two lines whose equations with 
regard to rectangular axes are given. 

The angle between the lines is manifestly equal to the angle 
between the perpendiculars on the lines from the origin; if 
therefore these perpendiculars make with the axis of x the 
angles a, a', we have (Art. 23) 

, A' . , B 



Hence em (a - a ) = ^Tpqr^i^ ^(^'. + 5'.) 5 

, „ AA' + BB 

cos ta - a ; - ^^^. + B] ^{A* + B') * 

:. ,. ^ X / M BA'-AB 

and therefore tan fa — a 1 = -j-r, — jr™ . 

^ ' AA +BB 

Cob. 1. The two lines are parallel to each other when 
BA'-AB = (Art 21), 
tnnce then the angle between them vanishes. 

Cob. 2. The two lines are perpendicular to each other when 
AA' + BB='0^ since then the tangent of the angle betweea 
tbem becomes infinite. 
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If the equations of the lines had been given in the form 

y =s mx -I- J, y = m*x + V ; 

since the angle between the lines is the difference of the angles 
they make with the axis of x^ and since (Art. 21) the tangents 
of these angles are m and m\ it follows that the tangent of the 

required angle is , ; that the lines are parallel if wi = m' ; 

and perpendicular to each other if mm +1=0. 

•26. To find the angle between two Unes^ the coordinates being 
oblique. 

We proceed as in the last article, using the expressions of 

Art. 24, 

A sin 09 
cos a 



cousequenttyi 



Hence 



cosa = 



sma 



6m a = 



V(^'' + 2?''-2^Scosa))» 
A sin (a 

B—A cos 09 

''V(A+W^AB~^o^) ' 

B "A cos &> 
V(^" + ^"-2i'Z?'co3a>)* 



. , _ ,x [ BA --AB') sinc j 

sm \(i a ) - ^^^. ^^_ 2^5cosa)) V(-i'*+fi'' - 24'2?' cos a>) ' 

,. BB'^AA-[AB^AB)zQ%fo 

cos (a - a J - ^^^, j^B'-^AB cos co) Vl^'" + B' - 'lAB cos ©) * 

. {BA-'AB)^\xi^ 

^^^^^""^^^ AA -^ BB ^ (AB -^^ BA) oosa,' 

Cor. 1. The lines are parallel if BA =^AB. 

Cue. 2. The lines are perpendicular to each other if 

AA -^-BB^ {AB + BA) cos a>. 

27. A right line can be found to satisfy any two conditions. 

Each of the forms that we have given of the general equa^ 
tion of a right line includes two constants. Thus the forms 
y— ntjc + i, a; cos a +^ siua=/^y involve the constants m and b^ 
p and a. The onlj form which appears to contain more con-: 
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Btants is Ax + J9^ + (7= ; but in this case we are concerned not 

with the absolute magnitudes, but only with the mutual ratios 

of the quantities -4, jB, C For if we multiply or divide the 

equation by any constant it will still represent the same line : 

'We may divide therefore by C, when the equation will only 

A B 
contain the two constants pi -p' Choosing, then, any of these 

forms, such as y =» ma? + i, to represent a Kne in general, we 
may consider m and h as two unknown quantities to be deter- 
mined. And when any two conditions are given we are able 
to find the values of m and i, corresponding to the particular 
line which satisfies these conditions. This is sufficiently illus- 
trated by the examples in Arts. 28, 2^, 32, Sdw 

28. To find the equation of a right line paralTel to a given 
one^ and passing through a given point xy\ 

If the line y = mx + i be parallel to a given one, the con- 
stant m is known (Cor., Art. 21). And if it pass through a 
fixed point, the equation, being true for every point on the line, 
is true for the point a?y, and therefore we have y* = 7nx -k-b^ 
which determines b. The required equation then i» 

y =s inx + y — mx\ or y — y' = w (x — aj'). 

If in this equation we consider m as indeterminate, w& 
have the general equation of a right line passing through the* 
point o^y. 

29. To find the equation of a right Tine passing through two^ 
fixed points xy\ a:' y". 

We found, in the last article^ that the general equation of 
a right line passing through x'^ is one which may be written 
in the form 

z — x ' 

where m is indeterminate. But since the line must also pass 
through the point xy'\ this equation must be satisfied when 
the coordinates x\ y", ai*e substituted for x and y ; hence 
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jSubstituting this value of m, tbe equation of the line becomes 

y-y'^ .v"-y ;^ 

35—05 35—05 

In this form the equation can be easily remembered, but, 
clearing it of fractions, we obtain it in a form which is some- 
times more convenient, 

iy' - f) x-{x'- a:") y + x'y" - y'x" = 0. 

The equation may also be written in the form 
{x-x')[y-y") = {x-:^')iy-y'). 

For this is the equation of a right line, since the terms xy^ 
which appear on both sides, destroy each other; and it is 
satisfied either by making x = x\ y^y\ or as = a?", y—y". 
Expanding it, we find the same result as before. 

Cor. The equation of the line joining the point a5y to the 
origin is yx = xy. 

Ex. 1. Form the eqnatioiiB of tbe sides of a triangle, the coordinates of whose 
yertices are (2, 1), (8, - 2), (- 4, - I). Ana. » + 7y + 11 = 0, 8y - a; = 1, 8a; + y = 7. 

Ex. 2. Form the equations of the sides of the triangle formed by (2, 8), (4, ~ &), 
(- 8, - 6). Am, » - 7y = 89, »» - 6y = 8, ias + y = H. 

Ex. 8. Form the equation of the line joining the points 

• m+» ' m+n 

Ana, (y'-y")«-(«'-iOy + *'y"-y'*^ = 0. 
Ex. 4. Form tbe equation of the line joining 

(c'y'and — ^_,3L__iL.. 

Ana. (y" + y'"-2y')«- (a:" + a:'"-2a0y + «V-y"«' + «'y-y'^«'=0. 

Ex. 5. Form the equations of the bisectors of tbe sides of tbe triangle described 
in Ex. 2. Ana. VJx - 8y = 26, 7» + ^ + 17 = 0, 6» - 6y = 21. 

Ex. 6. Form the equation of tbe line joining 



to 



Jiw.x{/(m-n)y'+m(n-/)y"+n(/-m)y'"}-y{/(m-n)a;'+m(n-Z)«^+iiP-M)aj'"} 
= Im ijf'aif' - xY) + «» (y'V" - x'y") + nl (y"V - ^x"'). 

30. To find the condition that three points shall lie on one 
right line. 

We found (in Art. 29) the equation of the line joining two 
of them, and we have only to see if the coordinates of the 
third will satisfy this equation. The condition, therefore, is 
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^liich can he pat into the more symmetrical form 

8L To find the coordinates of the point of intersection of two 
right lines whose equations are given* 

Each equation expresses a relation ivhich mast be satisfied bj 
the coordinates of the point required 5 we find its coordinates, 
therefore, by solving for the two unknown quantities x and y, 
from the two given equations. 

We said (Art. 14) that the position of a point was deter- 
mined, being given two equations between its coordinates. The 
reader will now perceive that each equation represents a locus on 
which the point must lie, and that the point is the intersection of 
the two loci represented by the equations. Even the simplest 
equations to represent a point, viz. a5=a, y = ij are the equa- 
tions of two parallels to the axes of coordinates, the intersection 
of which is the required point. When the equations are both 
of the first degree they denote but one point ; for each equation 
represents' a right line, and two right lineB can only intersect in 
one point. In the more general case, the loci represented by 
the equations are curves of higher dimensions, which will inter** 
sect each other in more points than one. 

Ex. 1. To find the coordinates of the vertices of the triangle the equations of 
lehoee sides area: + y = 2;»-8y = 4;8x + 5y + 7 = 0. 

Ans, (-^,-^),(V,-V),(f,-4)- 

Ez. 2. To find the coordinates of the intersections of 

^«*. (I, v),(-A,m(-i, VX 

£z. 8. Find the coordinates of the intersections of 

2a: + 3y=I8j 6a;-y = 7; x-4y+10=0. 

Ans, They meet in the point (2, 8), 

"&%.. 4. Find the coordinates of the yertices, and the equations of the diagonals^ 
of the quadrilateral the equations of whose sides are 

2y-3x = 10, 2y+a: = 6, 16a; - lOy = 83, 12a; + 14y + 29 = 0. 

Am, (-l,i), (3, f), (^,-§), (-3,i)jfiy-a; = 6, 8x + 2y+l = 0. 

* In using this and other similar formulae, which we shall afterwards have occaaioa 

to employ, the learner must be careful to take tlie coordinates ^ 

in a fixed order (see engraving). For instance, in the second member y' %^ ' 

of the formula just given, y, takes the place of y„ a-, of Xj, and a*, t'I ) I 

©f X,. Then, in the third member, we advance from y^ to y„ from A^^ Jw 

X3 to x„ and from Xj to Xj, always proceeding in the order just ^^ *^ 
indicated. 
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Ex. 6. Find the intersections of opposite sides of the same quadrilateral, and the 
equation of the line Joining them. Aru, (88, ^^), (- V» W)> ^^^S - ^^^' = ^^6^- 
Ex. 6. Find the diagonals of the paraUelogrsm formed by 
« = a, x = a% y = bi y = d*. 
Ans, {h-b')as-{a-a')y = a*b-ab'', {b-b^x+(a-a')y = ab- a*b'* 

Ex. 7. The axes of coordinates being the base of a triangle and the bisector of 
the base, form the equations of the two bisectors of sides, and find the ooordinates 
of their intersection. Let the coordinates of the vertex be 0, ^, those of the base 
angleer-.O, ««l-^,0. ^^ 8x',-,'<r-«'y' = 0i fe'y + y-, - x-y- = , (o,^). 

Ex. 8. Two opposite ddes of a quadrilateral are taken for axes, and the other 

two are 

- + i^-l — +i^ -1. 
2a ^2^-*' 2a' ^2^'-^' 

find the coordinates of the middle points of diagonals. Aw. (a, b\ (a', b\ 

Ex. 9. In the same case find the coordinates of the middle point of the line 
joining the intersections of opposite sides, 

An», ^'^^ --^^ , ^'^'Jj^Z^^'^ J *°^ *^® '^™ ^* *^® '^'"^^ ^^"^ (^- ^ 
that this point divides externally, in the ratio a'b : o^, the line joining the two middle 
points (a, b'), (a', b\ 

32. To find ike equation to rectangular axes of a right line 
passing through a given pointy and perpendicular to a given line^ 
y = mx + J. 

The condition that two lines should be perpendicular, being 
mm==- 1 (Art* 25), we have at once for the equation of the 
required perpendicular 

It is easy, from the above, to see that the equation of the per- 
pendicular from the point xy on the line Ax -^ By-^ C= is 

A{y-y')^B{x^x'), 
that is to say, we interchange the coefficients of x and y^ and alter 
the sign of one of them. 

Ex. 1. To find the equations of the perpendiculars from each vertex on the 
opposite side of the triangle (2, 1), (3, - 2), (- 4, - 1). 
The equations of the sides are (Art. 29, Ex. 1) 

« + 7y -I- 11 = 0, 8y - » = 1> Sa: + y = 7| 
and the equations of the perpendicnlars 

7x-y=18, 8« + y = 7, 8y-a; = l. 
The triangle is consequently right-angled. 

Ex. 2. To find the equations of the perpendiculars at the middle points of thft 
^de of the same txiangle. The coordinates of the middle points being 



Digitized by VjOOQIC 



THE SiaHT UNS. 27 

The perpendionkTB an 
7a-y + 2 = 0,8as + y + ft = 0, 8y-af + 4 = 0, iSitenecUng in (- |, - 1>. 

Ex. 8. Find the equations of the perpendicnlaiB from the Tertioes of the triangle 
(2,8), (4,-6), (-8,-6>(aeeArt.29,Ex.2), 

Atu,7x'\'y = l7, &r + 9y + 25 = 0, »-4y = 21; intersecting in (Hi - WX 

Ex. 4. Find the equations of the perpendicnlan at the middle points of the sidea 
of the same triangle. 

Ant, 70 + y-k2 = O, 5« + 9y + ie = d, as-4y = 7; mtersecting in (- ^, - fi)« 

Ex. 5. To find in general the equations of the perpendicnlan from the Tertioes OA 
the opposite sides of a triangle, the coordinates of whose vertioes are given. 

Am, (aj" -0« + (y" -!r')y+(^^" +y'y")-(ic'ic" +y'y" )=0, 
(«^'-a!' ) «+ (y"'-/ )y+ («^*' +y'y ) - (ar' V" + y'y ") = 0, 
(fi/ -aj")«+(y' -y*)y+(a:*V'+y^y')-(a;"V +y"y) = 0. 
Xx. 8. Find the equations of the perpendicnlais at the middto points of the lideik 

AM.ia^' -«'")« + (y"-y'")y = *(a^''-«^ + *(y^ -y'"^r 

(*'"-«' )ar + (y'"-y')y = i(«'"*-a^)+i(y"''-y^). 
(a* -«"^)«+(y' -y")y = |(x^-ar"«)+4(y^ -y"«). 

Ex. 7. Taking for axes the haae of a triangle and tiie perpendicnlar on it frook 
the vertex, find the equations of the other two perpendiculars, and the coordinatea 
of their intenection. The coordinates of the vertex are now (0, y^i <^ ^^ th» 
hfiSe angles (a;", 0), (- a;"'; 0). 

Ant. af'*^{x^ar)+i/'Sf = Oyar{x + af")''fy^Q, (o, 5~^). 

Ex. 8. Using the same axes, find the equations of the perpendiculars at the middle: 
points of sides, and the coordinates of their intersection. 

Am. 2(«^'»+y'y)=y'«-a^''«,2(ar''«-yy)=*''«-y^,2x==»"-r''', i^^T^^^lz^^. 

Ex. 9. Form the equation of theperpendicular from a^y' on the line x eos a+y sin a =p {r 

and find the coordinates of the intersection of this perpendicular with the given line. 

Ant, {fl/ + oosaCp — a/cosa — y'stna), y' + sina (;? — a:'cosa — y'sina)}, 

Ex. 10. Fhid the distance hetween the latter point and atff^, 

^^» ± (i> - a^cosa - y' sina)^ 

33. To find the equation of a line passing through a given 
point and making a given angle <f>^ vnth a given line if » tnx + h 
(the axes of coordinates being rectangular). 

Let the equation of the required line be 

y-y' = m' («-«'),, 
and the formula of Art. 25, 

, - m-^m' 

tan^ = T-T-— /ft 
1 + mm 

enables us to detenmne 

m — tan^ 



1 + m tan ^ 
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34. To find the length of the perpendicular from any point 
aj'y on the line whose equation is x cos a + y cos/8 — ^ = 0, 

We have already indicated (Ex. 9 aud 10, Art. 32) one way 
of solving this question, and 
we wish now to shew how the 
same result may be obtained 
geometrically. From the given 
point Q draw QR parallel to 
the given line, and QS perpen- 
dicular. Then OK^x\ and 
OT will be —x' cosa. Again, 
since 8QK = ^8, and QK=y', 

hence a?' cosa +y' cos^S ^ OR. 

Subtract OP^ the perpendicular from the origin, and 

X* cos a + y cosiS —p = PR = the perpendicular Q Fl 

But if in the figure the point Q had been taken on the side 
of the line next the origin, OR would have been less than OP^ 
and we should have obtained for the perpendicular the expression 
j> — a' cos a — y' cos /8 ; and we see that the perpendicular changes 
sign as we pass from one side of the line to the other. If we 
were only concerned with one perpendicular, we should only 
look to its absolute magnitude, and it would be unmeaning to 
prefix any sign. But if we were comparing the perpendiculars 
from two points, such as Q and 8^ it is evident (Art. 6) that the 
distances QV^ fiT, being measured in opposite directions, must 
be taken with opposite signs. We may then at pleasure choose 
for the expression for the length of the perpendicular either 
±(p — a;' cosa- y' cos/8). If we choose that form in which the 
absolute term is positive, this is equivalent to saying that the 
perpendiculars which fall on the side of the line next the origin 
are to be regarded as positive, and those on the other side aa 
negative ; and vioe versd if we choose the other form. 

If the equation of the line had been given in the form 
Ax + By+C=OjWQ have only (Art. 21) to reduce it to tbQ) 
form 

or cos a + y cos i8 r-p = 0, 
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and the length of the perpendicular from any point xy 
Ax-^^By'-^-G (^3?^ + J9y-f G) sincj 

" V(^"+^) '^"^Vl^F+^^^^^coso))' 
according as the axes are rectangular or oblique. By comparing 
the expression for the perpendicular from o^y with that for the 
perpendicular from the origin, we see that a'y' lies on the same 
Bide of the line as the origin when Aoi + By + G has the same 
Bign as (7, and vice versd. 

The condition that any point x'y' should be on the right line 
Ax + -By + (7=0, is, of course, that the coordinates x'y' should 
satisfy the given equation, or 

Ax' + By'-^- (7=0. 

And the present Article shows that this condition is merely the 
algebraical statement of the fact, that the perpendicular from 
the point x'y' on the given line is = 0. 

Ex. 1. Find the length of ths perpendicular from the origin on the line 
8a? + 4y + 20 = 0, 
the axes behig rectangular. Ant. 4. 

Bx. 2. Find the length of the perpendicular from the point (2, 8) on 2a; + y - 4 = 0. 

a 

Ant. -{z , and the given point ia on the aide remote from the origin. 

JO 

Ex. 8. Find the lengths of the perpendiculars from each vertex on the opx)osite 
eide of the triangle (2, 1), (8, - 2), (-4, - 1). 

Ant. 2 4(2), ^(10), 2 ^(10), and the origin is within the triangle. 

Ex. 4. Find the length of the perpendicular from (8, — 4) on 4a; + 2^ = 7, the 
angle between the axes being 60®. 

Ant. I y and the point is on the side next the origin. 

Ex. 5. Find the length of the perpendicular from the origin on 

a (aj - a) + 6 (y - 6) = 0. Ant. 4{a* + 4«). 

35. To find the equation of a line bisecting the angle between 
two linesj x cosa-^y sina— jp = 0, x cos/3 + y sin/8-y = 0. 

We find the equation of this line most simply by expressing 
algebraically the property that the perpendiculars let fall from 
any point ocy of the bisector on the two lines are equal. This ^ 
immediately gives us the equation 

X cosa + y sina— ^ = ±(a; cos/8 + y siniS— p'), 

since each, side of this equation denotes the length of one of 
tbose perpendiculars (Art. 34). 
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If the eqaations had been given in the form Ax + 5y + (7= 0, 
A'x + B'y + C" ss 0, the equation of a bisector would be 

Ax + By+0 _ A'xJtBy^ C 
s/iA'-^B') ""* V(^'" + ^) • 

It is evident from the double sign that there are two bisectors : 
one such that the perpendicular on what we agree to consider 
the positive side of one line is equal to the perpendicular on 
the negative side of the other ; the other such that the equal 
perpendiculars are either both positive or both negative. 

If we choose that sigo which will make the two constant 
terms of the same sign, it follows, from Art. 34, that we shall 
have the bisector of that angle in which the origin lies ; and if 
we give the constant terms opposite signs, we shall have the 
equation of the bisector of the supplemental angle. 

Ex. 1. Reduce th^ equationB of tlie bisectora of the angles between two lines to 
the form a; cos a + y sin a =p, 

^M.xcMU(a + P) + 90^}+yrin{H« + i3)+90<^} = 2irfff^ 

.cos|(« + «+ysinH« + « = 2-^j'(f3^. 

Ex. 2. Find the equations of the bisectors of the angles between 

Aus, 7a; - 9y + 84 s 0, 9x 4- 7y = 12. 

36. To find the area of the triangle fiormed hy three points. 

If we multiplj the length of the line joining two of the 
points, by the perpendicular on that line from the third point, 
we shall have double the area. Now the length of the perpen- 
dicular from xj/^ on the line joining o;^,, xj/^ the axes being 
rectangular, is (Arts. 29, 34) 

and the denominator of this fraction is the length of the lino 
joining xj/^j a?^„ hence 

yi (^.-a?,) +y. («a-a5|) +y,K-aj.) 

represents double the area formed by the three points. 

If the axes be oblique, it will be found, on repeating tho 
investigation with the formnlaa for oblique axes, that the only 
change that will occur is that the expression just given is to be 
multiplied by sin <o. Strictly speaking, we ought to prefix to 



Digitized by VjOOQIC 



THE EIGHT LINE. 81 

these exprcBsions the double sign implicitly involved in the 
square root used in finding them. If we are concerned with 
a single area we look only to its absolute magnitude without 
regard to sign. But if, for example, yre are comparing two 
triangles whose vertices a:,y„ a;^^, are on opposite sides of the 
line joining the base angles x^y^, a;^„ we must give their areas 
different signs; and the quadrilateral space included by the four 
points is the sum instead of the difference of the two triangles. 

Cor. 1. Double the area of the triangle formed by the lines 
loining the points a?,^^, x^^ to the origin is y^^^ — y^x^^ as appears 
by making x^= 0, y^' ^9 '^^ ^^^ preceding f(H*mula. 

Cor. 2. The condition that three points should be on one 
right line, when interpreted geometrically, asserts that the area 
of the triangle formed by the three points becomes = (Art. 30). 

37. To express the area of a polygon %n terms of the eo- 
ordinates of its angular points. 

Take any point xy within the polygon, and connect it with 
all the vertices xjf^y xj/^.,.x^^ ; then evidently the area of the 
polygon is the sum of the areas of all the triangles into which 
tt^ figure is thus divided. But by the last Article double these 
areas are respectively 

«(y, -y^-yip^t -^^+^j/s -^j/^t 
«(y, -.yJ-yl^. -a^J+^-y* -^jfzr 

« (y-t - y J - y (^^.-i - ^n) + ^.^ly. - ^^y^-ir 
»(y. -"y.)-y(^» -^.) + «j^, -«,y,^ 

When we add these together, the parts which multiply x anJ y 
vanish, as they evidently ought to d>, since the vabfe of the total 
area must be independent of the manner in which we divide it 
into triangles ; and we have for double the area 

This may be otherwise written, 

«,(y.-yJ+^.(y.-yi)+^.(y4-yJ+-^i.(yt-y«-i)» 

or else 

yi(^i.-"a^J+ytK-^.)+y.(^.-^J+-y«(^«.i"^i)- 
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Ex. 1. Find the area of the triangle (2, 1), (8, - 2), (- 4, - 1). Ans. 10. 

Ex. 2. Find the area of the triangle (2, 8), (4, - 6), ( - 3, - 6). Ans, 29. 

Ex. 8. Find the area of the quadrilateral (1, 1), (2, 8), (3, 3), (4, 1). Ans. 4. 

38. To find the condition that three right lines shall meet in 
a point. 

Let their equations be 

Ax-]-Bi/-\-O^0, A'x-\-By^C* = 0, A"x-\- By+ C'^O. 
If they intersect, the coordinates of the intersection of two of 
them must satisfy the third equation. But the coordinates of 

the mtersection of the first two are -r-^ Arfy^^r^. — at^* 

AB — AB^ AB - AB 

Substituting in the third, we get, for the required condition, 
A" {BC - 5' (7) + B" ( CA' '-C'A)-\- C" [AB' - A'B) = 0, 

■which may be also written in either of the forms 
A {B'C"''B"C') + B(C'A"'' O'A') + C[A'B'-' A"B') =0, 
A [BC" - B'C) + A' {B'C- BC") + A" {BC ^ B'G) = 0. 

*39. To find iJie area of the triangle formed hy the three lines 
Ax-\-By+C^Q, A'x + B'y-\-C^6, A"x-\-B'g-\- C'^O. 

By solving for x and y from each pair of equations in turn 
we obtain the coordinates of the vertices, and substituting 
them in the formula of Art. 36 we obtain for the double area 
the expression 

BC'-BC ( A'C-C 'A" _ A'C-^CA ] 
AB' - BA' [BA" - A'B' B'A - A"B] 
BC'-B'C 



+ 2 



'G"-B'G' Uy-^ C"A ^ AC'-CA ') 
'B' - BA" [B'A --'A'B BA - AB) 
B'y^BC'^ (AG'^CA _ A C'-C A") 
■*" A'B - B'A [BA - AB BA" - AB'\ * 

But if we reduce to a common denominator, and observe that 
the numerator of the fraction between the first brackets is 
[A"[BC'-BG)'^A[BC"^B'G')-^A{B'C-C"B)} 

multiplied by A\ and that the numerators of the fractions 
between the second and third brackets are the same quantity 
multiplied respectively by A and A^ we get for the double area 
the expression 

[A [B'G" - B'G') + A [B'G^ BG") + A" jBG' - BG)}* 
[AB - BA) [AB" - BA") [A'B ^ B'A) 
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If the three lines meet in a point, this expression for the 
area vanishes (Art« 38); if anj two of them are parallel, it 
becomes infinite (Art. 25). 

40. Oiven the eqiuztions of two right lines^ to find the equation 
of a third throitffh their paint of intersection. 

The method of solving this qaestioti, which will first occur 
to the reader, is to obtain the coordinates of the point of inter- 
section by Art 31, and then to substitute these values for xy' in 
the equation of Art. 28, vi2., y — y' =m (a; — a?'). The question, 
however, admits of an easier solution by the help of the following 
important principle : If 8—0^ 8'=^ 0^ be the equations of any tufo 
tocij then the locus represented by the equation 8 + kS' = {where 
h is any constant) passes through every point common to the tw0 
given loci. For it is plain that any coordinates which satisfy 
the equation /9=0, and also satisfy the equation 8'^% must 
likewise satisfy the equation 8^-k8 ^0* 

Thus, then, the. equation 

which is obviously the equation of a right line, denotes end 
passing through the intersection of the right lines 
^0? + ^+ a=iO, Ax + B'y-\- (7 = 0, 
for if the coordinates of the point common to them both be sub- 
stituted in the equation [Ax + By-{- 0) + k {Ax -^-By^ G) = 0, 
they will satisfy it, since they make each member of thd 
equation separately = 0* 

Ex. 1. To find the equation of the line joining to the origin the intersection of 

-4a; + By + C= 0, A'x + B'y + C?' = 0. 

ttnltiply the filrst by C\ the second by C, and subtract| and the equation of the 

xequired lino is (-4C - -4'C) a: + {JB(? - CBT) y = ; for it passes through the origin 

(Art. 18), and by the present article it piasses throtigh the intefse&tion of the giren lines. 

Ex. 2. To find the equation of the line drawn through the intersection of the same 
fines, parallel tor ther axis of «. Aim. {BA' - AE) y-^CA' -AC = ^, 

Ex. 3. To find the equation of the line joining the intersection of the same lines 
to the point a; y. Writing down by this article the general equation of a line through 
the intersection of the given lines, we determine k from the consideration that it mni»t 
be aatisfied by the coordinates a;'/, and find for the required equation 

{Ax-^By-^-CT] {AW-i-&y'+Cr)={As^ + B^ + C) (A'x + Ry + (T). 

Ex. 4. Find the equation of the line joining the point (2, 8) to the intersection of 
*» + 8y + 1 = 0, 8« - 4y = 5. 

An$, U(2aj + 3y + l) + U 8aj-4y-5) = 0; or 64ar - 2% = 6». 
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41. The principle established in the last article gives as a 
test for three lines intersecting in the same point, often more 
convenient in practice than that given in Art 38. Three inght 
lines will pass through the same point if their equations being 
multiplied each by any constant quantity^ and added together^ the 
sum is identically = ; that is to say, if the following relation 
be true, no matter what x and y are : 

l(Ax + By^G)+m{A'x-\-B'y-^ C) -\-n{A"x + B"y+ C") = 0. 

For then those values of the coordinates which make the first 
two membera severally = must also make the third = 0. 

Ex. 1. The three bisectors of the sides of a triangle meet in a point. Their 
equations are (Ai*t. 29, Ex. 4) 

(y" +y"'-2y' )a:-(a:" +ar'"-2a:' )y + (xY - ^'x' ) + {x'Y -y"V) = 0, 

(y' + y -2y")a!-(ar"' + a:' -2x") y -f (^'V-S^'V^ + (arV -y'x") = 0, 

(y' + y" - 2y"') X - (x' + x" - 2x"') y + {xY' - y V" ) + (x'Y' - y'V") = 0. 

And since the three equations when added together vanish identically, the lines 

represented by them meet in a point. Its coordinates are found, by solving between 

any two, to be ^ (x' 4- x" + x'"), hilf'-^y"-^ y"')- 

Ex. 2. Prove the same thing, taking for axes two sides of the triangle whose 

lengths aie«Mrf*. ^«.2f + «_i = o, * + ^-l = 0, 5-? = (K 

a 6 'ah a 

Ex. 8. The three perpendiculars of a triangle, and the three perpendiculan at 
middle points of sides respectively meet in a point. For the equations of Ex. 6 
and 6, Art. a2, when added together, vanish identically. 

Ex. 4. The three bisectors of the angles of a triangle meet in a point. For theit 
equations are 

(x coso + y sin o — p ) — (x cos/? + y sin/3 — p') = 0, 
(x C0B/3+ y sin/3 —/>') — (x cosy + y siny —p") = 0. 
(xcosy + y siny-y)— (xcosa + y ana—p ) = 0. 

*42. To find the coordinates of the intersection of the line 
Joining the points x'y'j x"y"j with the right line Ax + -By 4 G^O. 
We give this example in order to illustrate a method (which 
we shall frequently have occasion to employ) of determining the 
point in which the line joining two given points is met by a 
given locus. We know (Art. 7) that the coordinates of any 
point on the line joining the given points must be of the form 
__ mx" -^-nx^ _ my" -f ny ^ 
* m + n '^ in + w ' 

m 
and we take as our unknown quantity — j the ratio, namelyi in 
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which the line joining the points is cnt by the given locus ; and 
we determine this unknown quantity from the condition, that 
the coordinates just written shall satisfy the equation of the 
locus. Thus, in the present example, we have 

A — .4J5_-y_L_J^ ^ (7=0; 

hence — = -__;; — -fy, — -- 

n Ax -f Bj/ -t ' 

find consequently the coordinates of the required point are 
{Ax' -\- Bi/' -\- C)x"^ [Ax"-¥By"^- G)af 
^" {Ax'-\-By-\-C)-'{Ax"-^iBy"-\-G) ' 

with a similar expression for y. This value for the ratio m : n 
might also have been deduced geometrically from the considera- 
tion that the ratio in which the line joining x'y\ x"y" is cut, is 
equal to the ratio of the perpendiculars from these points upon 
the given line ; but (Art. 34) these perpendiculars are 

Ax'^By'-\-G ^ Ax"^By"^'0 

The negative sign in the preceding value arises from the fact 
that, in the case of internal section to which the positive sign of 
m : n corresponds (Art. 7), the perpendiculars fall on opposite 
sides of the given line, and must, therefore, be understood as 
having different signs (Art. 34), 

If a right line cut the sides of a triangle BGj GAj ABj in 
the points LMN^ then 

BLJJM^N_ 
LG.MA.NB^''^' 

Let the coordinates of the vertices be xYj oi*y'\ a;'"y'", then 

BL A^'^B f^G , M 

LG^ Ax"'-\-B~y"U G 

GM Ax"'^By"'-vG Ta^ 

MA"'' Ax'-\-By'-\-G * 
AN__ Ax' ^By' +0 
NB" Ax"^-By"^C^ 
and the truth of the theo- 
rem is manifest. 
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*43. To find the ratio in which the line joining two points 
OJ^y,, xjf^^ is cut by the line joining two other points xjj/^^ xjf^. 
The equation of this latter line is (Art. 2d) 

Therefore, bj the last article, 

^ (y«-y4)«^.-(^«-^4)y.+«^.y4-«^4y«* 

It is plain (by Art. 36) that this is the ratio of the two triangles 
whose vertices are aj^y^, xj/^^ xjf^^ and xj^^^ sF^y,, or^^, as is also 
geometrically eyidept, 

If the lines connecting any assumed point with the vertices of 
Q triangle meet the opposite ^de^ ^C, CAj AB respectively^ ni 
2>, E^ F^ thm 

BD.CE.AF 

Let the assumed point be ar^^, and the vertices x^^^ x^^ 
xjy^ then 

-g^ ^ a^,fy«--y4Hg,(y4-"y,) + g4fyi-y. ) 

P^ a;,(y4-y.) + a;,(y,-yj+ir,(y,-yj' 

CE ^ g,(y,-y4) + g,fy4-y,) + a?4(y."y«) 
^ «,(y.-y4) + »'»(y4-yi)+^4(yi-y»)' 

AF ^ x^ (y, - y,) 4 x, (y, -y,) +a;, (y, ~y,) 
-f-B a:,(y,-yj + a;,(y,-y,) + a;,(y,-y^' 
imd the truth pf the theorem Ib eyidept. 

44. To find the polar elation of a right line (see Art. 12). 

Suppose we take, as our fixed axis, OP the perpendicular oxi 
the given line, then let Olt be \[ 
ftny radius vector drawn fron^ 
the pole to the given line 

OB^Pj BOP^e^ 
bpt, plainly, 

OBcobO^OP^ 
hence the equation is 

p QOB0=:p, 
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If the fixed asis be OA making an angle a with the perpen- 
dicular, then ROA =• 6^ and the equation is 

p cofl {0 - a) = j7. 

This equation may also be obtained bj transforming the 
equation with regard to rectangular coordinates, 

X cosa + y 8ina = p. 
Kectangular coordinates are transformed to polar by writing 
(or x^ p CO8 0, and for y, p And (see Art. 12) ; hence the equation 
becomes 

p[cos0 cosa + sin^ 8ina)=p; 

or, as we got before, p cos (5 — a) =p. 

An equation of the form 

p{A cos0 + BBin0)^O 

can be (as in Art. 23) reduced to the form p cos [0 - a) =j?, by 
dividing by *J[A* 4 B*) ; we shall then have 

A . B C 

^''^'=7(3^T^>'^''*==Vl^- + 5«)'^ = V(-4« + ^«)- 

321z. 1. Bednce to xectangnlar oooidinateB the equation 

/> = 2a sec f e + "^ V 
Ex. 2. Find the polar coordinates of the inteiBection of the following lines, and 
iJfio the angle between them : /> cos ^6 - r j = 20, ^ cos (O - ^ j = a. 

Ant. /) = 2a, 6 = ^, angle = ^ , 

"Ex. 8. Find the polar equation of the line passing through the points whose 
jwlar coordinates are />', O' ; p' , 6". 

Ans. />V' Bin(e' - O + /> ■» tf" - «+/»/>' on(0 - «0 = Ot 



Digitized by VjOOQIC 



( 38 ) 



CHAPTER III. 



EXAMPLES ON THE BIGHT LIKE. 



45. Having in the last chapter laid down principles by 
which jwe are able to express algebraically the position of any 
point or right line, we proceed to give some further examples 
of the application of this method to the solution of geometrical 
problems. The learner should diligently exercise himself in 
working out such questions until he has acquired quickness 
and readiness in the use of this method. In working such 
examples our equations may generally be much simplified by a 
judicious choice of axes of coordinates; since, by choosing for 
axes two of the most remarkable lines on the figure, several of 
our expressions will often be much shortened. On the other 
hand, it will sometimes happen that by choosing axes uncon- 
nected with the figure, the equations will gain in symmetry 
inore than an equivalent for what they lose in simplicity. 
The reader may compare the two solutions of the same question, 
given Ex. 1 and 2, Art. 41, where, though the first solution 
is the longest, it has the advantage that the equation of one 
bisector being formed, those of the others can be written down 
without further calculation. 

Since expressions containing angles become more complicated 
by the use of oblique coordinates, it will be generally advisable 
to use rectangular axes in any question in which the considera^ 
tion of angles is involved. 

46. Loci. — ^Analytical geometry adapts itself with peculiar 
readiness to the investigation of loci. We have only to find 
what relation the conditions of the question assign between the 
coordinates of the point whose locus we seek, and then the 
statement of this relation in algebraical language gives us at 
once the equation of the required locus. 
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Ex. 1. Given base and difference of sqoareB of sides of a triangle, to find the 
locos of vertex. 

Let ns take for axes the base and a perpendicnlar through ita middle point. Let 
the half base = e^ and let the coordinafces of the vertex 
bex^y. Then 

^C« = y« + (c + x)V BC» = y« + (c-«)«, 

AC* - BC^ = 4caj, 

and the equation of the locus is Aex = m*. The locoa 

ia therefore a line peipendicolar to the base at a dis- 

tance from the middle point ^ = ^t • ^t is eaay to see 

that the diflersnoe of squares of segments of base = difference of squares of sideSb 

Ex. 2« Find locus of vertex, given base and oot^l + m oot^B. 
It is evident, from the figure, that 




AR 



COtil = -77n = 



cotfl = 



CR^ y ' y 

and the required equation is c + x -f m (e — «) = j>y, the equation of a right line. 

Ex. 8. Given base and sum of sides of a triangle, if the perpendicular be pn^ 
duoed beyond the vertex until its whole length is equal to one of the sides, to find 
the locus of the extremity of the perpendicular. 

Take the same axes, and let us inquire what relation exists between the coordi- 
nates of the point whose locus we are seeking. The x of this point plainly is MR^ 
and the y is, by hypothesis, = AC; and if m be the given sum of sidesy 

BC=m-y. 
Now (Euclid II. 18) BC* = AB* + AC*- 2AB . ARi 

or (m-y)« = 4c* + y*-4<j(c + «), 

Bedocing this equation we get 

the equation of a right line. 

Ex. 4. Given two fixed lines, OA and OB, if any line AB be drawn to intersect 
them parallel to a third fixed line OC^ to find the locus of the point P where AB 
is cut in a given ratio ; viz. PA = nAB» 

Let us take the hues OA^ OC for axes, and let the 
equation of OB hey- mx. Then since the point B lies 
on the latter line, its ordinate is m times its abscissa ; or 

AB = mOA. Therefore P^ = wnCU J but P^ and 0-4 / ^x^ /P 
are the coordinates of the point P, whose locus is there- 
fore a right line through the origin, having for its equation 

y = mnx, O A 




♦ This is a particular case of Art. 4, and (; + x is the algebraic difference of the 
absdassB of the points A and C (see remarks at top of p. 4). Beginners often reason 
that since the line AR consists of the parts AMzz — e, and MR = x, its length is 
— c + a?, and not c + Xy and therefore that -4(7* = y» + (» — (j)«. It is to be observed 
that the sign given to a line depends not on the side of the origin on which it lies, 
but on the direction in which it is measured. We go from .4 to i2 by pitx^eeding 
in the positive direction AAf^c, and still further in the same direction MR = Xf 
therefore the length AR = c + x ; but we may proceed from A to £ by first going 
in the negative direction RM = — s^ and then in the opposite direction MB = o^ 
henoe the length RB ia c^v. 
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Ex. 5. PA drawn parallel to C7C, as before, meets any number of fixed lines in 
points By B', B", &c., and PA is taken proportional to the sum of all Ihe ordinates 
BAj B'Af Ac, find the locus of P. 

Atu, If the equations of the lines be 

y = mxf y = m'x + n', y = m"x + n", k^ 
the equation of the locus is 

hy^mx-ir {m'x + n^ + {m"x + n") + 4c. 

Ex. 6. Given bases and sum of areas of any number of triangles haTing a oooum>n 
Vertex, to find its locus. 

Let the equations of the bases be 

X oosa +yBino— p = 0, X cos/J + y sin/J — p, =f 0, Ac, 

and their lengths, a, bf c, Ac« ; and let the given sum = m* ; then, since (Art« 84) 
OEOOsa + y sina— j> denotes the perpendicular from the point xy on the first line, 
a(a;oosa^y8ma— j>) will be double the area of the first triangle^ Ac, and the 
equation of the locus will be 

a(ajcoBo+y8ino-i>)+ft(xcos/J+yslni5-pi)+o(xoosy + y sin y -;?,) + Ac. = 2toV 

which, since it contains x and y only in the first degree, will represent a right fine. 

Ex. 7. Given vertical angle and sum of sides of a triangle, find the locus of the 
point where the base is cut in a given ratio. Ja 

The sides of the triangle are taken for axes, N/^\P 

and the ratio PK : PL is given =n:m, Thea 
by similar triangles, 



(m + »)» ^^^^+«)y 
TO * n ' 




and the locus is a right line whose equation is — + - = . 

Ex. 8. Find the locus of P, if when perpendiculars PMf PN are let faB on tw9 
fixed lines, 0M-\- ON is given. 

Taking the fixed Imos fof axes, it is e^dent 
that OM^x + y co6(0, ON = y + x cobcd, and 
the locus is a; + y = constant. 

Ex. 9. find the locus if MN be parallel to 
a fixed line. 

Ant. y + X coscD :am{x-{-y cos or). 

Ex. 10. If AfN be bisected [or cut in a given 
ratio] by a given line y = mx-hn. 

The coordinates of the middle point ex- O Ob) M 

pressed in terms of the coordinates of P are |(z + y cos w), ^ (y + x oosco) ; and since 
these satisfy the equation of the given line, the coordinates of P satisfy the equation 

y + X cosM = TO (x + y C0Sf») + 2i». 

Ex. 11. P moves along a given line y = mx + 1», find the locus of the middle point 
of MN. If the coordinates of P be a, fi, and those of the middle point x, y, it has 
just been proved that 2x=a + /3oo8a>, 2y = /3+acoscD. Whence solving for a, /S, 

a sin'w = 2x — 2y cos<0, fi Btn*w = 2y — 2x cos w. 
But a, /? are connected by the relation /} = ma + a, hence 

2if^2x oosw = TO (2x ~ 2y oosoi) + it sin't*. 
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47. It 18 customary to denote by x and y the coordinates of 
a variable point which describes a locus, and the coordinates of 
fixed points by accented letters. Accordingly in the preceding 
examples we have from the first denoted by x and y the 
coordinates of the point whose locus we seek. But frequently in 
finding a locus it is necessary to form the equations of lines 
connected with the figure ; and there is danger of confusion 
between the x and y, which are the running coordinates of a 
point on one of these lines, and the x and y of the point whose 
locus we seek. In such cases it is convenient at first to denote 
the coordinates of the latter point by other letters such as. a, )9, 
until we have succeeded in obtaining a relation connecting these 
coordinates. Having thus found the equation of the locus, we 
may if we please replace a, /3 by a; and y, so as to write the 
equation in the ordinary form in which the letters x and y are 
used to denote the coordinates of the point which describea 
the locus. 

Ex. I. Find the locos of the vertex of a triangle, giren the base CD, and th« 
ratio AMiNB of the parts into which the sides 
divide a fixed line AB parallel to the base. Tale 
AB and a perpendicular to it through A for axes, 
and it is neoessarj to express AM^ NB in terms 
of the coordinates of P, Let these coonii- 
nates be o/3, and lot the coordinates of (7, /; be 
a^y', a'V, the y of both being the same since CJ) 
is parallel to AB. Then the equation of PC joining 
the points a^, x'y' is (Art. 29) 

This equation being satisfied by the a? and y of every point on the line PC is satisfied 
by the point J/, whose y = and whose x=:AM, Making then y = in thia 
equation we get 

AM^%:^. 

In like manner, AN - ^" " "^ i 

and if ^^ = <?, the relation ^ .If = kB\ gives 

We have now expressed the conditions of the problem in terms of the coordinates of 
thepomt P J and now that there is no further danger of confusion, we may replacC: 
«> ^, by «, yi when the equation of the locus, cleared of fractions, becomes 
y^-xi^-h {cCy-yO-Cya/'-x/)}. 
Ex. 2. Two vertices of a triangle ABC move on fixed right Unes LM, LKy and 
the three sides pass through three fixed points 0, P, Q which Ue on aright lin« 
find the locus of the third vertex. 
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Take for axis of x the right line OPy containing the three fixed points, and for 
axis of y the line OL joining the inter- 
section of the two fixed lines to the point 
through which the base passes. Let the 
coordinates of (7 be a, /3, and let 
OL = b, OM = a, ON=a\ OP=e, OQ = (f. 
Then obyiouslj the equations of LJfj LN 
are 



-:^?=»-^M='- 




The equation of CP through a/3 and 
P (y = 0, « = c) is 

(a-(?)y-/ax + ^ = 0. 
The cooidinatcs of J, the intersection of this line with 




-:-f=^. 




_ flj (a - r) + ffTjGr _ b{a- c) p 
•™ *< - ~b{a-c) + af ' y» - 4 (a - (?) + o/J* 

The coordinates of B are found by simply accentuating the letters in the preceding: 
a'b (g - O + gV/3 b(a'-c^)^ 

Now the condition that two points Xi^i, x^^ shall lie on a right line passing through 

the origin is (Art. 80) ^* = ^. 
ar, X| 

Applying this condition we have 

b{a-c)^ = ^ (a' - O P_ 

ab{a-c) + acp a'b (o - c') + a'c'p * 

We have now derived from the conditions of the problem a relation w'uich must be 

satisfied by a/3 the coordinates of C; and if we replace a, /3 by x, y we hare the 

equation of the locus written in its ordinary form. Clearing of f i-actions, we hare 

(• - c) [a'b (x - O + a'<^y] = («' - O [o* (a - c) + aey], 

{acT - a'c ) X .y_, 

•'^ e<^ {a -a')- aa' (c - O 6 ~ » 

the equation of a right line through the point L. 

Ex. 8. If in the last example the points P, Q lie on a right line passing not 
through but through L, find the locus of vertex. 

We shall first solve the general problem in which the points P, Q have any 
position. We take the fixed Hnes LM, LN for axes. Let the coordinates of 
P, Q, d?, C be respectively x*/, x'V'i »"y "» «/3 » ^'^ t^ condition which wo 
want to express is that if we join CP, CQ, and then join the points A^ B, in which 
these UneB meet the axes, the line AB shall pass through 0. The equation of CP 

M (P - yO » ~ (a - «') y = /9^' - ay*. 

And the intercept which it makes on the axis of x is 

In like manner the intercept which CQ makes on the axis of y Is 

The equation of AB is 

LA^LB-^' ^fix'-ay' ^ ay" ^ {iuT "**' 
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And tlie oonditton of the piobleni is that this equation shall be satisfied by the 
coordinates x"*}f'\ In order then that the point C may fulfil the conditions of the 
problem, its coordinates a/9 must be connected by the relation 



= L 



When this equation is cleared of fractions, it in general involTes the coordinates 
a/3 in the second degree. But sappose that the points zft/y x'V lie on the same 
line passing through the origin y = mx, so that we have }/ = mx\ y" = mx", the 
equation may be written 

Clearing of fractions and replacing a, /3 by x and y^ the locus is a right line, tIs. 

48. It is often convenient, instead of expressing the condi- 
tions of the problem directly in terms of the coordinates of the 
point whose locus we are seeking, to express them in the first 
instance in terms of some other lines of the figure; we must 
then obtain as many relations as are necessary in order to 
eliminate the indeterminate quantities thus introduced, so as to 
have remaining a relation between the coordinates of the point 
whose locus is sought. The following Examples will suflSciently 
illustrate this method. 

Ex. 1. To find the locus of the middle points of rectangles inscribed in a given 
triangle. 

Let us take for axes CB and AB ; let C72 = pj RB = «, AR:=^ /. The equations 
of JC and ^67 are 



-, = i and^ + - = l. 
r pa 




Now if we draw any line FS parallel to the base 
at a distance FK = A;, we can find the absciB6«B of 
the points F and 5, in which the line FS meets 
AC and BC^ by substituting in the equations of 
AC and BC the value y^k. Thus we get from 
the first equation A K R 

|-.%i,.-.xopjJi:=-^(i-|)j 

and from the second equation 

k X / tK 

^-+;=l;.-.xorJ?i: = ,(l-|). 

Having the abscisssa of F and S, we have (by Art. 7) the abscissa of the middle 

point of FS, via. a? = — g- . ^1 _-j . This is evidently the abscLwa of the middle 

point of the rectangle. But its ordinate \ay-^k. Now we want to find a relation 
which will subsist between this ordinate and abscissa whatever k be. We have 
only then to eliminate k between these equations, by substituting in the first the 
valoe of k (= 2y}, derived from the second, when we have 



2«=(.-0(l-|), 
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or ; — ;, + -f = I- 

8 — a p 

This 18 the eqnatioD of the locus which we seek. It obviously represents a right line, 

and if we examine the intercepts which it outs off on the axes, we shall find it to be the 

line joining the middle point of the perpendicular CR to the middle point of the base. 

Ex. 2. A line is drawn parallel to the base of a triangle, and the points where it 
meets the sides joined to any two fixed poitats on the base ; to find the locus of the 
point of intersection of the joining lines. 

We shall preserve the same axes, Ac,, as in Ex, I, and let the coordinates of the 
fixed points Tand V, on the base, be for T (tn, 0), and for V (»», 0), 

Th^ equation of FT will be found to be 

U' U - -J + ml y + *a; - Arm = 0^ 
pud that of 5F to be 

I^ow since the point whose locus we are seeking lies on both the lines FT, SV, each 
of the equations just written expresses a relation which must be satisfied by its co- 
ordinates. Still, since these equations involve A:, they express relations which are only 
true for that particular point of the locus which corresponds to the case where the 
parallel FS is drawn at a height k above the base. If, however, between the equations 
we eliminate the indeterminate k, we shall obtain a relation involving only the 
coordinates and known quantities, and which, since it must be satisfied whatever be 
the position of the parallel FS^ will be the reqnii^ equation of the locus. 
In order, then, to eliminate k between the equations, put them into the form 

FT («' + m)y-A (-y-« + m) = 0, 

imd 8V (»-n)y-I;('y + «-nJ = Oj 

and eliminating k we get for the equation of the locus 

(»-«) (j;y- « + »») = («' + «) (^y + «-«). 

Bnt this 18 the equation of a right line, since x and y are only in the first degree. 

Ex. 3. A line is drawn parallel to the base of a triangle, and its exti-emlties 
joined transversely to those of the base ; to find the locus of the point of intersection 
of the joining lines. 

This is a particular case of the foregoing, but admits of a simple solution by 
choosing for axes the sides of the triangle AC and CB. Let the lengths of those 
lines be a, 3, and let the lengths of the proportional intercepts made by the parallel 
be /ia, fjib. Then the equations of the transversals will be 

?+^ = i,„a^ + f = i. 

a fib fia 

Subtract one from the other, diyide by th^ constant 1 — " , and we get for t)ie 

I* 
equation of the locnp 

a * ~ "' 
which we have elsewhere found (see p. 34) to be the equation of the bisector of the 
Vase of the triangle. 

Ex. 4. Given two fixed points A and 5, one on each of the axes, if A' and fl* be 
taken on the axes so that OA' + OB* = OA-\-OB: fipd the locus of the intersection 
Of AB', A'B. 
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Let OA = a, 0B = b, OA' = a + k^ then, from the oonditioiis of the problem, 
OB^ — b — k. The equations of AR^ A*B are respectively 

a^b-k"^' o + ife^*-*' 
or te + ay - a* + A (a - x) = 0, 

te + oy-o* + i:(y-3)=0. 
fiabtnctingy we eliminate Jt, and find for the equation of the locos 

« + y = a + 6. 

Ex. 5. If on the base of a triangle we take any portion AT^ and on the other side 
of the base another portion BS^ in a fixed ratio to ^ 7" and draw ET and FS parallel 
to a fixed line CR\ to find the locos of 0, the point of intersection of EB and FA, 

Take AB and CR for axes; let AT- jt, BR = $^ 
AR = 8% CR = Pf let the fixed ratio be m, then 
f$ will = mA ; the coordinates of 5 will be {jt-mk, 0), 
and of r {-(«'- i), 0}. 

The ordinatee of E and F will be fonnd by sub- 
stituting these values of « in the eqoationa oi AC 
BDdBC. We get for 

E, x=^{s'-k),yJj. 

and for F, z-a-mkt y= '^ , 

Kow form the equations of the transverse lines, and the equation of EB it 

pk pks 




(, + ,',,.) y + ^:^x-?^' = o, 



imd the equation of ^F is 

, ,_ tnpk mpW ^ 

To eliminate k, sobtract one equation from the other, and the result, divided 
by ife, will be 

which is the equation of a right line. 

Ex. 6. PP' and QQ! are any two parallels to the sides of a parallelogram ; to 
find the locus of the intersection of the lines PQ and P'Q. 

Let us take two of the sides for our axes, and let the lengths of the sides be a 
and b, and let AQ! = m, AP — n. Then the equa- ^ . 

tion of PQ, joining P (0, n) to Q (m, b) is ^^^ ^ 

{b — n) x-my + mn — Of 
and the equation of P'(^ joining P' (a, n) to 
G'(»»,0)i8 

nx — {a — m)y — mn = 0. 

There being two indeterminates m and n, we 

should at first suppose that it would not be pos- A Q B 

Bible to eliminate them from two equations. However, if we add the above equations, 

it wiU be found that both vanish together, and we get for our locus 

bx — ay = 0, 
the equation of the diagonal of the parallelogram. 

Ex. 7. Given a point and two fixed lines ; draw any two lines through the fixed 
point, and join transversely the points where they meet the fixed lines j to find the 
Itfcus of intersection of the transverse lines. 
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Take the fired lines for axes, and let the equations of the lines through the fixed 
point be 

TO n ' m u 

The oonditiong that these lines should pass through the fixed point x't^ give us 

or, subtracting, 

Now the equations of the tranrerse lines clearly are 

^+?; = l,and4 + ^=l| 
or, subtracting, 

\m mV \n n'J 
Now from this and the equation just found we can eliminate 

and we have x'y + ^a; = 0, 

the equation of a right line through the origin. 

Ex. 8. At any point of the base of a triangle is drawn a line of given length, 
parallel to a given one, and so as to be out in a given ratio by the base : find the 
locus of the intersection of the Unes joining its extremities to those of the base. 

49. The fundamental idea of Analytic Geometry is that 
every geometrical condition to be fulfilled by a point leads to 
an equation which must be satisfied by its coordinates. It 
is important that the beginner should quickly make himself 
expert in applying this idea, so as to be able to express by an 
equation any given geometrical condition. We add, therefore, 
for his further exercise, some examples of loci which lead to 
equations of degrees higher than the first. The interpretation 
of such equations will be the subject of future chapters, but 
the method of arriving at the equations, which is all with which 
we are here concerned, is precisely the same as when the locus 
is a right line. In fact, until the problem has been solved, we 
do not know what will be the degree of the resulting equation. 
The examples that follow are purposely chosen so as to admit 
of treatment similar to that pursued in former examples, 
according to the order of which they are arranged. In each of 
the answers given it is supposed that the same axes are chosen 
and that the letters have the same meaning as in the corre- 
sponding previous example. 

Digitized by VjOOQIC 



EXAMPLES ON THE RIGHT LINE. 47 

Ex. 1. Find the locus of vertex of a triangle, giren base and sum of squares 
of sldeB. Ant. z* + y« = im« - c*. 

Ex. 2. Given base and m squares of one side ± n squares of the other. 

Atu, (m + n) («« + y*) + 2 (m + n) «c + (m ± «) c» =ja^. 
Ex. 8. Given base and ratio of sides. 

Ex. 4. Given base and product of tangents of base angles. 

In this and the Examples next following, the learner will use the values of the 
tangents of the base angles given Ex. 2, Art. 46. Ans. y« + m«x* = mV. 

Ex. 5. Given base and vertical angle or, in other words, base and sum of base 

angles. Ana. sr* + y» - 2cy ootC = «". 

Ex. 6. Given base and difference of base angles. Ans, «* — ^ + 2xjf cot 2> = <^. 

Ex. 7. Given base, and that one base angle is double the other. 

Ah§, 8a:« - y« + 2cx = c*. 

Ex. 8. Given base, and tan (7= m tan P. Ans, m (x' + ^ ~ c^ = 2<7 (c — a;). 

Ex. 9. PA is drawn parallel to 0(7, as in Ex. 4, p. 89, meeting two fixed lines in 
points ^, ^ ; and J*A* i£ taken = PB . PB', find the locus of P, 

Ans. mx {m'x + »' ) = y {mx + m'x + n*), 

Ex. 10. PA IB taken the harmonic mean between AB and AB'. 

Ans. 2mx {m'x ^n') zzy (mx + m'x + n*). 

Ex. 11. Given vertical angle of a triangle, find the locos of the point where the 
base is cnt in a given ratio, if the area also is given. Ans. xy — constant* 

Ex. 12. If the base is given. 



X* y* 2x.vcosai ft* 

Ans. — « + -^ ' = 7 ; — Ti • 

m' «' mn (w + »)• 



Ex. 18. If the base pass through a fixed point. - mx' , ^ _ . 

Ex. 14. Find the locus of P [Ex. 8, p. 40} if MN\b constant. 

Ans. z* + y^ + 2xy oosw = constant 

Ex. 15. If JfiNTpass through a fixed point. . *' . tf . 

X-{*yC08Ctf y + XCOSCM 

Ex. 16. If MN pass throagh a fixed point, find the Iocib of the intersection of 

x' y* _ 
parallels to the axes through M and N, Ans. — + - = 1. 

Ex. 17. Find the locus of P [Et. 1, p. 41] if the line CD be not parallel to AB. 

Ex. 18. Given base CD of a triangle, find the locus of vertex, if the intercept AB 
on a given line is constant. 

Ans, (x'y-y'x)(y-y")-(a:''y-y"»)(y-yO = <'(y-yO(y-Sr>. 

50. Problems where it is required to prove that a moveable 
right line passes through a fixed point. 
We have seen (Art. 40) that the line 

or, what is the same thing, 

(4 + i^')a:+(2?+AF)y+0 + i(7-0, 
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where h is indetermiDate, always passes through a fixed poiot, 
namelj, the intersection of the lines 

Ax-^-By^ (7=0, and A'x -^ By \ C7' = 0. 

Hence, if the equation of a right line contain an indeterminate 
quantity in the first degree^ the right line will always pass through 
a fixed point, 

Ex. 1. Giren vertical angle of a triangle and the snm of the reciprocals of the 

Bides, the base will always pass through a fixed point. 

X y 
Take the sides for axes ; the equation of the base is - + r = 1, and we are given 



the condition 




1 
'a' 


therefore, equation of baae 


is 

a m a * 




where m is constant and a 


indetermimite, that is 






i(x-y) + ^-l = 


% 



where - is indeterminate. Hence the base must always pass through the intersection 
of the two lines a; — y = 0, and y = m, 

Ex. 2 Given three fixed lines OA, OBj OC^ meetmg in a point, if the three vertices 
of a triangle move one on each of these lines, and two sides of the triangle pass through 
fixed points, to prove that the remaining side passes through a fixed point. 

Take for axes the fixed lines OA, OB on which the base angles move, then the 
line OC on which the vertex moves will have ' 

an equation of the form y = mx, and let the ^ ^ -^ ^ 

fixed points be a^y\ x**y'\ Now, in any position 
of the vertex, let its coordinates be x = a, and 
consequently y=:.ma\ then the equation of^Cia i- 

(aj' - a) y - (y* -»»«)«+ a (y* -««:') = 0. ^ ^ ^ ' 

Similarly, the equation of BC is 

(a?" -€^y-{^' -mcC^x-ifai^* - nus") = 0. q ^ 

Now the length of the intercept OA ia found by making x = in equation AC, at 

ajy'- mx) 

Bimilai-ly, OB is found by making y = in BC, or 

y —ma ' 
Hence, from these intercepts, equation of AB is 

U" -tna _ xf -^a 
*y"-wx" «'y'-.-^-«- 
But since a is indeterminate, and only in the firet degree, this Kne always passes through 
a fixed point. The particular point is found by arranging the equation in the form 
y" *' / mx V \ 

F^r^' ' - F^is? y - » (;»r;^, - 71^ + 1) = 0. 
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Henoe tbe line paaaeB through the intersection of the two lines 

tr" of 

- mx y t t — ft 

y" — iiMS" y' — ma/ "" 

Ex. 3. If in the la^t example the line on which the vertex C moYes do not pass 
iluongh 0^ to determine whether in an j case the base will pass through a fixed point. 

We retain the same axes and notation as befoze, with the only difference that the 
equation of the line on which C moves will be y = ma; + a, and the coordinates of tho 
Tertex in any position will be a, and ma + n. Then the equation of AC\A 

(a/ — a)y— (/ — ma — «)a! + a(y' — noT) - im/ s= 0, 

The equation of BC is 

^ . _ g (y" - inx') - nsf ^ p _ o (y^* ~ m x") - nx" 
of -a ' ~ y"-ma-n * 

The equation of AB is therefore 

y " — mn—n ^ of — a 

* 'aiy" - mx") - nx" ~ ^ a (y' - ma^) -- fuf ~ 
Kow when this is deaied of fractionS| it vrill in general contain a in the second degree, 
and therefore the base will in general not pass through a fixed point ; {/) however^ 
the points 7!%f, ^*tf* lit in a right line {jf = kx) passing through Of we may substitute 
in the denominators y" = kaf', and y' =r kx^j and the equation becomes 

f/'-ma-n x^-a ,. . 

»« -g; y -jr-=a(A-m)-fi, 

which contains a in the first degree only, and therefore denotes a right line passing 
through a fixed point. 

Ex. 4. If a line be such that the sum of the perpendiculan let fall on it from 
a number of fixed points, each multiplied by a constant, may = 0, it will pass through 
a fixed point. 

Let the equation of the line be 

X cos a + y sin a— j> = 0, 
then the perpendicular on it from aftf is 

a/coea + y'sina-pi 
and the conditions of the problem g^ve us 
to' (a/ cos o + y* sin a — p) + m" (x" cos a + y" sin o — p) 

+ m"' (a;'" coe a + y"' sin a -p) + 4«. :x 0. 
Or, using the abbreviations £ {mxT) for the sum* of the mx, that is, 

mV + m'V' + m"V" + &c., 
and in like manner £ {^jf) for 

and £ (m) for the sum of the m's or 

m' + m" + m'" + Ac, 



* By sum we mean the algebraic sum, for any of the quantities m', m", Ac. may 
be negative, 

H 
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we may write the preceding equation 

£ (w»x') cos o + r {rnrf) sin a — pZ (m) = 0. 
Substituting in the original equation the value of p hence obtained, we get for the 
equation of the moveable line 

xL (m) cos a + yS (f») sin o — r (inx') oofl a — £ {my') sin a = 0, 
or xZ (n») - £ (wm^ + {y£ (w) - I {my')] tan a = 0. 

Now as this equation involves the indeterminate tan a in the fir^t degree, the line 
passes through tlie fixed point determined by the equations 

xL (to) - £ {foaf) - 0, and y£ (m) - £ (my*) = 0, 
or, writing at full length, 

_ m'x' + m"x" + m" V^ + Ac. __ m'y' + Wy 'jfm' Y" + *C. 
* ~ m' + m" 4- m'" + Ac. » ^ ~ »|> -f «»" + m'" + Ac. 
This point has sometimes been called the centrt of mean position of the given pointa 

51. If the equation of any line involve the coordinates of 
a certain point xy in the first degree, thus, 

then if the point x'y' move along a right line, the line whose 
equation has just been written will always pass through a fixed 
point. For, suppose the point always to lie on the line 

then if, by the help of this relation, we eliminate x' from the 
given equation, the indeterminate y' will remain in it of the first 
degree, therefore the line will pass through a fixed point. 

Or, again, if the coefficients in the equation Ax-\-By \- C=0 
he connected by the relation a A -^bB + cC=0 {where a, J, c are 
constant and Aj Bj C may vary)^ the line represented by this equa-^ 
tion will always pass through a fixed point. 

For by the help of the given relation we can eliminate Cj 
and write the equation 

{ex- a) ^ + (cy - b) 2?= 0, 
a right line passing through the point \x^-^y^-\ • 

62. Polar Coordinates. — It is, in general, convenient to use 
this method, if the question be to find the locus of the extremities 
of Hues drawn through a fixed point according to any given law. 

Ex. 1. A and B are two fixed points; draw through B any line, and let fall on 
ft perpendicular from Ay AP\ produce AP m} that the rectangle AJP ,AQ may be 
constant ; to find the locus of the point Q, 
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£1 



Take A for the pole, and AB fox the fixed axis, then AQiAOXii radios Tector, 
designated by ^, and the angle Q^£ = 0, and our object 
is to find the relation exif^ting between p and 6. Let us 
call the constant length AB = Cy and from the right-angled 
triangle APB we have AP=c oos 0, but AP .AQ:= const. = JH t 
therefore 

h 
peiX)Bd = k^f or ^ cos 6 = - ; 

bat we have seen (Art. 44) that this is the equation of a right 

line peipendicular to AB, and at a distance from A = 




Ex. 2. Given the angles of a triangle ; one Tertez A Is fixed, another B moTOi 
along a fixed right line : to find the locus of the third. 

Take the fixed vertex A for pole, and AP perpendicular 
to the fixed line for axis, then AC= p^ CAP = B. Now 
since the angles of ^BC are given, ^5 is in a fixed ratio 
to AC{=zmAC) and BAP = 6- a; hut AP=zAB COB BAP; 
therefore, if we call ^P, a, we have 

m^ cos (6 — a) = a, 
which (ArL 44) is ihe equation of a right line, making 
an angle a with the given line, and at a distance from 




Ex. 8. Given base and snm of sides of a triangle, if at either extremity of the 
base B a perpendicular be erected to the conterminous side BC; to find che locus 
of P the point where it meets CP the external bisector of vertical angle. 

Let us take the point B for our pole, then BP will be our radius vector p ; and 
let us take the bas^e produced for our fixed axis, then 
PBJ) = 0, and our object is lo express p in terms of 0. 

Let us designate the sides and opposite angles of the py 

triangle a, 6, <r, Aj B, C, then it is easy to see that 

the angle ^CP=90°-i<7, and from the triangle ^ \ y^V 

PCS that a = ^ tan ^C. Hence it is evident that if ^ 

we could express a and tan ^C in terms of 0, we cou ^ ^ 

express p in terms of 0. Now from the triangle ABC we have 

ft»=o« + c«-2acccs5, 

but if the given sum of sides be m, we may substitute for *, i» - a j and cos jff plainly 
= sin0; hence 




and 



■»« - 2am -\- a^ = a* + c'* - 2ac sin 0, 

" ■" 2 (i» ~ c sin 0) • 



Thus we have expresaed a in terms of and constants, and it only remains to find 
an expresi<ion for tan ^ C. 



Now 



*^*^= 3(l + cosC) > 



but *sixiC7 = osiaJ? = tfoos0, and * cos(7=a-cco8 j? = a~tf sin0j 

beaoa tuLlC= "^^f , 
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We are now able to express p in terms of 0, for, substitute in the equation 
a 7 /> tan I C, the valnes we have found for a and tan ^C, and we get 
m' — g* _ people ^ _ TO* - 0* 

2(w-<?sin0)~(m-cBinO)' °''^<^*'- 2c ' 
Henoe the locus is a line perpendicular to iihe base of the triangle at a distance 

. -, TO»-C» 
ZrOm JS = rr — , 

zc 

The student may exercise himself with the corresponding locus, if CP had been 
t^e internal bisector, and if the difference of sides had been given. 

Ex. 4. Given n fixed right lines and a fixed point ; if through this point any 
radius vector be drawn meeting the right lines in the points r^ r^ rf...rn, and on 

this a point R be taken such that -77^= 7^ — ^-w + 1^— +•" tt'i to fi'id the 

OIC UTi c/Tj (//*, i/r« 
locus of R, 

Let the equations of the right lines be 

^ cos (0 - a) =pi ; /o COS (0 - /8) =p^ <ba 
Then it is easy to see that the equation of the locus is 

« __ COS (0 - a) COS (0-/9) . 

the equation of a right line (Art. 44). This theorem is only a particular case of 
a general one, which we shall prove afterwards. 

We add, as in Art. 49, a few examples leading to equations of higher degree. 

Ex. 5. £P is a fixed line whose equation is /> cos = m, and on each radius vector 
is taken a constant length PQ ; to find the locus of Q [see fig., Ex. 1]. 

AP is by hypothesis = —-a ; therefore ^^ = P = Zr^a + df which, transformed 

to rectangular coordinates, is (a; — w)* (»* + y*) = cPx*. 

Ex. 6. Find the locus oi Qfif P describe any locos whose polar equation is given, 
p = <f> (0). We are by hypothesis given AP in terms of 0, but AP ia the p of the 
locus — rf J we have therefore only to substitute in the given equation p — d for p. 

Ans. p-d=4>{e). 

Ex. 7. If AQbe produced so that AQ may be double AP, then ^P is half the 
p of the locus, and we must substitute half p for p in the given equation. 

Ex. 8. If the angle PAB were bisected, and on the bisector a portion AP* be 
taken so that AP^ = mAP, find the locus of P* when P describes the right line 

A COS = m. PAB is now twice the of the locus, and therefore AP = — '-^^ , and 

the equation of the locos is />' cos 20 = m\ 
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♦CHAPTER IV- 

APPLICATION OP ABRIDGED NOTATION TO THE EQUATION OF 
THE BIGHT LINE. 

53. We have seen (Art. 40) that the line 

(a: cos a + y sin a- p) - k {x cos ff + y Bin 13 —p') = 

denotes a line passing through the intersectloa of the lines'^ . 

X cos a + y sin a — p = 0, x cos /8 + y sin ^8 —p = 0. 

We shall often find it convenient to use abbreviations for 
these quantities. Let us call 

ar cos a + y sin a - 1?, a ; a: cos ^ + y sin ^8 — p', 0. 

Then the theorem just stated may be more briefly expressed ; the 
equation a — A;/8 = denotes a line passing through the intersec- 
tion of the two lines denoted by a = 0, /8 = 0. We shall for 
brevity call these the lines a, ^3, and their point of intersection 
the point a/S, We shall, too, have occasion often to use abbre- 
viations for the equations of lines in the form Ax + JBy + (7=0. 
We shall in these cases make use of Roman letters, reserving 
the letters of the Greek alphabet to intimate that the equation 
is in the form 

X cosa + y sina-^ = 0. 

54. We proceed to examine the meaning of the coefficient k 
in the equation a -4/8 = 0. We saw (Art. 34) 
that the quantity a (that is, a? cosa + y sin a -jt?) 
denotes the length of the perpendicular PA let fall 
from any point xtf on the line OA (which we 
suppose represented by a). Similarly, that /8 is the 
length of the perpendicular FB from the point zy on the line 
OJ?, represented hy 13. Hence the equation a -4/8 = asserts 
that if, from any point of the locus represented by it, perpen- 
diculars be let fall on the lines OA^ OB^ the ratio of these per- 
pendiculars (that is, PA : PB) will be constant and » k. Hence 




O B 
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the locus represented by a — iy8 = is a right line through 0, and 

It follows from the conventions concerning Bigns (Art. 34) that 
a+i/? = denotes a right line dividing externally the angle 

A OB into parts such that -: — 7— -n = k. It is, of course, assumed 

in what we have said that the perpendiculars PA^ PB are those 
which we agree to consider positive ; those on the opposite 
sides o( oLf being regarded as negative. 

Ex. 1. To express in this notation the proof that the three bisectors of the angles 
of a triangle meet in a point. 

The equations of the three bisectors are obviously (see Arts. 35, 54) a — ^ = 0, 
^ — y = 0, y — a = 0, which, added together, vanish identically. 

Ex. 2. Any two of the external bisectora of the angles of a triangle meet on the 
third internal bisector. 

Attending to the convention about signs, it is easy to see that the equations of 
two external bisectors are a + ^ = 0, a + y = 0, and subtracting one from the other 
we get ^ — 7 = a, the equation of the third internal bi^sector. 

Ex. 8. The three perpcndicnlam of a triangle meet in a point. 

Let the angles opi)osite to the sides a, /3. y be ^, B, C respectively. Then since 
the perpendicular divides any angle of the triangle into parte, which are tlie com- 
plements of the remaining two angles, therefore (by Art. 54) the equatious of the 
perpendiculars are 

aooei4-/9ooeB = 0, /9cob£- y oobC7= 0, y cosC- a coe^ = 0, 
which obviously meet in a point. 

Ex. 4. The three bisectoTS of the sides of a triangle meet in a point. 
The ratio of the perpendiculai-s on the sides from the point where the bis^ector 
meets the base plainly is sin i4 : sin B. Hence the equations of the three bisectors are 
a sin A— fianB = Of /3sin^ — ysin(7=0, ysinC— asinil = 0. 

Ex. 5. The lengths of the sides of a qnadriiateral axea,bje,d', find the equation 
of the line joining middle points of diagonals. 

Afu aa- bfi + cy — dd=.0'j for this line evidently passes through the inter- 
section of aa - b(i, and ey — di; but, by the last example, these are the bisectors 
of the base of two triangles having one diagonal for their common base. In like 
manner aa — di, bfi — cy intersect in the middle point of the other diagonal. 

Ex. 6 To form the equation of a perpendicular to the base of a triangle at its 
extremity. Ans. a + ycosB = 0. 

Ex. 7. If there be two triangles such that the perpendiculars from the vertices of 
one on the sides of the other meet in a point, then, vice versti. the perpendiculars from 
the vertices of the second on the sides of the firat will meet in a point. 

Let the sides be a, /3, y, a', /^, y', and let us denote by (a/i) the angle between 
« and ^. Then the equation of che perpendicular 

from o/? on y' is a cos (/^y') - /3 cos (ayO = 0, 
from /9y on a' Is /3 cos (yu') — y coa {fiu) = 0, 
from ya on /3' is y cos (a/i*) - c cos (y/J') ^ 0. 
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The condition that these should meet in a point is found by eliminatinfr /9 between 
the first two, and examining whether the resulting equation coincideB with the 
third. It it 

cos (a/30 COS ifiy') C0» (r«') = COS (a'^) COR C^y) COS (y'a). 
But the symmetry of this equation shews that this is also the condition that the 
perpendiculars from the vertices of the second triangle on the sides of the first 
should meet in a point. 

55. The lincB a — ^^ = 0, and 7<:a — y8 = 0, are plainly such 
that one makes the same angle with the line a which the other 
makes with the line fiy and are therefore equally inclined to the 
bisector a - )8. 

Ex. If through the Tertices of a triangle there be drawn any three lines meeting 
in a point, the three lines drawn through the same angles, equally inclined to the 
bisectoTB of th&angles, will also meet in a point. 

Let the sides of the triangle be a, /3, y, and let the equations of the first three 
lines be 

la — mfi = 0, m/3 — ny = 0, «y — /a = 0, 

which, by the principle of Art. 41, are the equations of three lines meeting in a 
point, and which obviously pass through the points a/3, fiy, and yo. Now, from 
this Article, the equations of the second three tines will be 

/ III * m n ' » / ^ 

which (by Art. 41) must also meet in a point. 

66. The reader Is probably already acqnainted with the fol- 
lowing fundamental geometrical theorem ; — " If a pencil of four 
right lines meeting in a point be intersected by any transmrse 
right line in the four points A^ P^ P^ D^ then ,^ , 

AP PB / y 

the ratio Apipn ** constant^ no matter how / / p 

the transverse line be dravm,'*^ This ratio is 

called the anharmonic ratio of the pencil. In q^ 

fact, let the perpendicular from on the transverse line =p ; then 

p,A P= OA. OP.sin A OP^both being double the area of the triangle 

AOP) ; p.PB= OP.OB sinPOB] p^AP^ OA.OP sin^OP'j 

p.PB^OP.OB wiu POB', hence 

p\AP.PB^ OA.OP. OP. OB. sin^OP.sin POB^, 

p\AP.PB^ OA.OP.OP.OB.sinAOP.sinPOBi 

AP.P B _ sin^OP.sinFQ g 

^P.JRB "" 8in-4(3P'. sinPOiJ' 
but the latter is a constant quantity, independent of the position 
of the transverse line. 
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67. If a — ii3 = 0, a - k'fi = 0, be the eqaations of two lines, 

k 
then T} will be the anharmcrdc ratio of the pencil formed by the 

four lines a, )8, a - 4,3, a - k'0^ for (Art. 54) 

y _ sin .4 OP ,, _8in^0P' 
^'fi'in FOB' ^ -BinFOB' 

k B\n A OP. f^m FOB, 



therefore 



k' Bin A UP. s\n FOB 



but this Is the anharmonic ratio of the pencil. 

k 
The pencil is a harmonic pencil when ^^ => 1, for then the 

angle A OB is divided Internally and externally into parts whose 
sines are In the same ratio. Hence we have the Important 
theorem, two lines whose equations are a— i^ = 0, a + i/J = 0, 
form with a, j3 a harmonic pencil. 

68. In general the anharmonic ratio of four lines a — i^, 
a - ZiS, a- wiiS, a- w^S Is iZr^\(i~lA ' ^^^ '®^ *^° pencil be 
cut by any parallel to fi in the four points if, Z, Jf, ^, and the 

. . NL.MK t> , . o 
ratio IS xTi^ r ^ » •'^at since p 

has the same value for each of 
these four points, the perpen- 
diculars from these points on a are 
(by virtue of the equations of the 6~" ? 

lines) proportional to i, 7, »i, n; and AK, AL, AM^ -4^ are 
evidently proportional to these perpendiculars ; hence NL is pro- 
portional to n — Z; MKio m— i; NMton- m; and LKiol-k, 

69. The theorems of the last two articles are true of lines 
represented in the form P- AF, P— IP, &c., where P, P denote 
au; + iy + c, a'x + iy + c\ &c For wo can bring P to the 
form a; cos a + y sin a -p by dividing by a certain factor. The 
equations therefore P- kP = 0, P— ZP = 0, &c , are equivalent 
to equations of the form a — kpfi = 0, a — lp0 = 0, &c., where p 
is the ratio of the factors by which P and P must be divided 
in order to bring them to the forms a, )3. But the expressions 
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for anbarmonic ratio are unaltered when we substitute for k^ Ij 
fw, n ; kpj Ip^ mpj np. 

It is wortby of remark, that since the expressions for 
anbarmonic ratio only involve the coefficients k^ Z, nt, n, it follows 
that if we have a system of any number of lines passing through 
a point, P-kPj F—lFj &c. ; and a second system of lines 
passing through another point, Q^kQ^ Q — lQj&(^.<, the line 
P- kP being said to correspond to the line Q^kQ^ &c. ; then 
the anbarmonic ratio of any four lines of the one system is 
equal to that of the four corresponding lines of the other system* 
We shall hereafter often have occasion to speak of such systems 
of lines, which are called homogvaphic systems. 

60. Oiven three lines a, iS, 7, forming a triangle /* the equation 
of any right linej ax-\^hy-\^c=^0^ can be thrown into the form 

la-hmQ-^-ny^O. 

Write at full length for a, /9, 7 the quantities which they 
represent, and la + m/S + ny becomes 

(7 cosa + m cos^S + n 0037) a? + (? sina f m An0 4 n a\ny) y 

- ijp + mp -f nf) = 0. 
This will be identical with the equation of the given line, 
if we have 

I cosa + m cosi8 -f n C0S7 =* a, Z sina + wi sin/8 + n sin7 = J, 
Ip + mp + np" =s — c, 

and we can evidently determine Z, jw, w, so as to satisfy these 
three equations. 

The following examples will illustrate the principle that it is 
possible to express the equations of all the lines of any figure 
in terms of any three, a ^ 0, /8 = 0, 7 = 0. 

Ex. 1. To deduce analytically the harmonic properties of a complete quadrilateral. 
(See figure, next page). 

I«t the equation of -4C be « = ; of AB^ fi = 0; of BD, y = j of AD 
la-mfizzO; and of BC, m/3 - ny = 0. Then we are able to express in terms of 
these quantities the equations of all the other lines of the fi 'ui-e. 



• We say " forming a triangle," for if the lines a /?, y meet in a point, U + w/3 + n^ 
must always denote a line passing through the same point, since any values of the 
coordinates which make o, /3, y separately = 0, must make Ut + ml3 + ny = 0. 

I 
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For instance, the eqnatioa of CD is 
la — mp + ny = 0, 
for it is the equation of a right line passing 
through the intecsection of la — mp and y, that 
is. the point Dj and of a aud in/9 — ny, that is, 
the point C. Again, la — ny = is the equit- 
tion of OEf for it passes through ay or ^, and 
it also passes through the' intersection of AD 
and BC, since it is = {la - w/3) + (m/3 - ny). 

£F joins the point ay to the point A l^ 

{la — j»/3 + »»y, ^), and its equation will be found to be 7a + ny = 0, 

From Art. 57 it appears that the four lines HAj £0f £B, and EF form a 
harmonic pencil, for their equations have been shown to be 

= 0, y = 0, and la±ny=: 0. 

Again, the equation of FOj which joins the points {la + ny, /3) and {la-m^, mfi- ny) 
w 

la - 2fw/3 + wy = 0. 

Hence (Art. 67) the four lines F£f FC, FO, and f!& are a harmonic pencil, for 
their equations are 

Zo - TO/3 + ny = 0, /3 = 0, and 7a - m/3 + ny + «i^ = 0. 
Again, OC, OE, OD, OFaxe a harmonic pencil, for their equations are 

la — mfi = Ot w/3 — ny = 0, and la-m^± (m/3 - ny) = 0. 

Ex. 2. To discuss the properties of the system of lines formed by drawing through 
the angles of a triangle tliree hues meeting in a point. 

Let the equation of AB be y = 0; of AC^ /3 = ; of BC, a = ; and let the lines 
OA, OB, OC, meeting in a point, -| 

be wi/3 — ny, ny — /a, la - ni/3 (see 
Art. 65). 

Now we can form the eqna- J^ 

tlons of all the othor lines in the 
figure. 

For example, the equation of 
EFiB 

in/5 + ny — 7a = 0, 

since it passes through the points 

(^, ny - la) or E, and (y, mfi - la) N 
otF. 

In like manner, the equation oi DFia 

la — n»/3 + ny = 0, 
and of BE la + w/3 - ny = 0. 

Now we can prove that the three points L, Af, JV are all in one right line, whose 
equation is 

7o + ni/3 + «y = 0, 

for this line passes through the points {la + m/3 — ny, y) or N; {la — mfi + ny, j9) 
or M; and (»»/3 + ny — 7a, a) or L, 
The equation of Cy is 

la-\-mfi = 0, 

for this is evidently a line through (a, /9) or C, and it also passes through N, wnoe 
it = (7a + m^ + ny) - ny. 
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Hence BN U cut harmonically, for the equaUooa of the fonr lines CN^ CA* 
CF, CBaie 

a = 0, /3 =3 0, Ia-fHfi = Oy /a + mjS =? 0. 

The equations of this example can be applied to many particular cases of frequent 
occurrence. Thus (aee Ex. 8, p. 04) the oqimtion of the line joining the feet 
of two perpendiculars of a triangle is a cos^ + /3oos^ — y C08C= 0; while 
acos^+j9oo8£ + y cos C passes through the intersections with the opposite sides 
of the triangle, of the lines joining the feet of the perpend iculara. In like manner 
a siuil + /} sin^— y tinC represents the line joining the middle points of two 
sides, Ac. 

Ex. 8. Two triangles are said to be homoUgovSj when the intersections of the 
correspondhig sides lie on the pamc right line called the axis of homology ; prove 
that the lines joining the oorresponding vertices meet in a point [called the ctrUr€ 
of homology]. 

Let the sides of the first triangle be a, /9, y ; and let the line on which the come* 
sponding sides meet be 2a + mp + ny ; then the equation of a line through the 
intersection of this with a must be of the form ^a + m^ -f ny = 0, and similarly those 
of the other two sides of the second triangle are 

la + »n*/3 + fly = 0, 7a + m^ + n y = (►. 

But snbtracthig snecessively each of the last three equations from ODother, we 
get for the equations of the lines joining corresponding vertices 

(/-0« = (»-»«')A (»-i»')^ = (ft-n')y, («-n')y = (/-n«. 
which obviously meet in a point. 

61. To find the condition that two lines la + mfi + W7, 
Va + w«')8 + n 7 may he mutually perpendicular » 

Write the equations at full length as in Art. 60, and apply 
the criterion of Art. 25, Cor. 2 (.44' + jBjB' = 0), when we find 

IV + mm! + nii + [mn + m'n) cos (iS - 7) + [nV + ril) cos (7 - a) 

+ [Im' + Vm) cos (a - )8) = 0. 

Now since /9 and 7 are the angles made with the axis of x bj 
the perpendiculars on the lines iS, 7, iS — 7 is the angle between 
those perpendiculars, which again is equal or supplemental to 
the angle between the lines themselves. If we suppose the 
origin to be within the triangle, and A^ By G to be the angles 
of the triangle, ^3 — 7 is the supplement of A. The condition 
for perpendicularity therefore is 

ff+mwi'+n«'-(?wn'-|-?n'n) cos4 - (nf+n'?) co9B-(77n'+rm) cosC=0. 

As a particular case of the above, the condition that Iol + m^ + nrf 
may be perpendicular to 7 is 

n = m cos -4 -I ? cos B. 

In like manner wc find the length of the perpendicular from x'^y 
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on fa + mfi + ny. Write the equation at full length and apply tbe 
formula of Art. 34, when, if we write x cosa + y dina-^ = a', 
&c., the result is 

7a+mff-\-ny' 

Vif + 7W* + n* — 2mn co^A - 2/if cos Z?— 2lm cos C) * 

Ex. 1. To find the equation of a perpendicular to y through its extremity. The 
equation is of the form la-\-ny = 0. And the condition of thia article gives 
ft = / cos £, as in Ex. 6, p. 54. 

Ex. 3. To find the equation of a perpendicular to y through its middle point. 
The middle point being the intersection of y with a sin >4 — /3 sin J?, the equation 
of any line through it is of the form a sin^ — ^ sin £ + ny = 0, and the condition 
of this article gives n = sin {A- S), 

Ex. 8. The three perpendiculars at middle points of sides meet in a point. For 
eliminating a, /3, y in turn between 

aemA- fi sin B-\-y sin(^ — 5) = 0, p em B - y sin C + a sim{B - C) = 0, 

y^e get for the lines joining to the three vertices the intersection of two perpen- 

a B y 

diculars -: ~ ^Qg b = - /i ; ^Jicl the symmetry of the equations proves that the 

third perpendicular passes through the same point. The equations of the perpen- 
diculars vanish when multiplied by sin^C, wa^A, sin^f, and added together. 

Ex. 4. Find, by Art. 25, expi^essions for the sine, cosine, and tangent of the angle 
between la + m^A- «y, Pa + m'/3 + n'y. 

Ex. 6. Prove that a qobA +/9co3-5 + yooBCis perpendicular to 

a sLnA cos -4 sin (^ - (7) + /3 sin B cos-B sin {C - A) + y sin C cob C ^{A - B), 

Ex. 6. Find the equation of a line through the point a'/S'y' perpendicular to the 
liney. Am. a (j9' + y' cos J) -/3 (a' + y' oos^) + y (/S' qqs^- «'qos^). 

62« We have seen that we can express the equation of any 
right line in the form la + m^ -f W7 = 0, and so solve any prohlem 
by a set of equations expressed in terms of a, ^8, 7, without any 
direct mention of x and y. This suggests a new way of looking 
at the principle laid down in Art. 60. Instead of regarding a 
as a mere abbreviation for the quantity x cosa+y sin a — p, we 
may look upon it as simply denoting the length of the perpen- 
dicular from a point on the line a. We may imagine a system 
of trilinear coordinates in which the position of a point is defined 
by its distances from three fixed lines, and in which tbe 
position of any right line is defined by a homogeneous equation 
between these distances, of the form 

7a -f m^ + W7 = 0. 

Tbe advantage of trilinear coordinates is, that whereas In 
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Cartesian (or x and y) coordinates the utmost simplification we 
can introduce is by choosing two of the most remarkable lines in 
the figure for axes of coordinates, we can in trilinear coordi- 
nates obtain still more simple expressions by choosing three of 
the most remarkable lines for the lines of reference a, /3, 7. The 
reader will compare the brevity of the expressions in Art. 54 
with those corresponding in Chap. il. 

63. The perpendiculars from any point on a, /8, 7 are 
connected by the relation aa -KiyS + 07 = JhT, where a, b, c, are 
the sides, and M double the area, of the triangle of reference. 
For evidently aa^ J/8, cy are respectively double the areas of 
the triangles OBG, OCA, OAB. The reader may suppose 
that this is only true if the point be taken within the triangle ; 
but he is to remember that if the point were on the other 
side of any of the Hues of reference (a), we must give a negative 
sign to that perpendicular, and the quantity aa-^bff + cy would 
then be double 0C4+ OAB- OBC^ that is, still = double the 
area of the triangle. Since sin^ is proportional to a, it is plain 
that a sin-4 + /8 sin jB + 7 sin G is also constant, a theorem which 
may otherwise be proved by writing a, /3, 7 at full length, as in 
Art. 60, multiplying by sin(/3 — 7), sin (7 -a), sin(a — /8), 
respectively, and adding, when the coefficients of x and y vanish, 
and the sum is therefore constant. 

The theorem of this article enables us always to use homo^ 
geneous equations in a, iS, 7, for if we are given such an equation 
as a » 3, we can throw it into the homogeneous form 

i/a = 3(aa + i)8-f C7). 

64. To express in trilinear coordinates the equation of the 
parallel to a given line la + mfS + ny. 

In Cartesian coordinates two lines Ax + Bg-^ C^ Ax + Bg-\- C, 
are parallel if their equations differ only by a constant. It 
follows then that 

la + mjS 4- n7 + ^ (a sin -4 4- /8 sin 5+ 7 sin 0) = 

denotes a line parallel to Za -f mjS + W7, since the two equations 
differ only by a quantity which has been just proved to be 
constant. 
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In the same case Ax-\-By-^ C+ {Ax-^- By-{- C) denotes a 
line also parallel to the two given lines and half-way between 
them; hence if two equations P = 0, P'=0 are so connected 
that P- P* = constant, then P+ P denotes a parallel to P and 
P' half-way between them. 

Ex. 1. To find the equation of a parallel to the base of a triangle drawn throngh 
the vertex. Ans. a sin A 4- /3 edn /? = 0. 

For this, obvionsly, is a line through a/3 ; and writing the equation in the foim 
7 sin (7 — (o sin -4 + /a sin iB + y sin C) = 0, 
it appeazB that it differs only by a constant fram y =s 0, 

We see, also, that the parallel a sin ^4 + /3 sin B, and the bisector of the base 
a sin^ — /3 sin £, form a harmonic pencil with a, /3, (Art. 57). 

Ex. 2. The line joining the middle points of sides of a triangle is parallel to the 
base. Its equation (see Ex. 2, p. 68) ia 

a sln^ + /3 sin JB — y sin C^ 0, or 2y sin (7=: a sin il + /3 sin B + y sin C. 

Ex. 8. The line aa- bp + ,cy^dd (pee Ex. 5, Art. 54) paraes through the middle 
point of the line joining ay, fid. For {aa, + cy) + {bfi + dd) is constant, being twice the 
area of the quadrilateral ; hence aa + <?y » ^ + di are parallel, and {aa + cy) — {Ofi + ild) 
is also parallel and half-way between them. It therefore bisects the line joining (ay), 
which is a point on the first line, to (/3£) which is a point on the second. 

65. To write in the form la + mff -^ny — O the equation of tJie 
line joining two given points x'y\ x"y\ 

Let a', as before, denote the quantity a;' cosa+y sin a- ^. 
Then the condition that the coordinates x'y' shall satisty the 
equation la + m^ + n7 = may be written 
loL +mff +n7 =0. 
Similarly we have Iol' + wiyS" + ny' = 0. 

Solving for - , - y from these two equations, and substituting 

in the given form, we obtain for the equation of the line joining 
the two points 

a (/Sy - iP') + /9 (Va" - yV) + 7 (a /3" - a"/3') = 0. 

It is to be observed that the equations in trilinear coordi* 
nates being homogeneous, we are not concerned with the actual 
lengths of the perpendiculars from any point on the lines of 
reference, but only with their mutual ratios. Thus the preceding 
equation is not altered if we write pa', p/8', py^ for a', (i\ y\ 
Accordingly, if a point be given as the intersection of the lines 

- = - = - , we may take L m. n as the trilinear coordinates 
I m n^ •' ' ' 
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of that point. For let p be the common value of these fractions, 
and the actual lengths of the perpendiculars on a, ^3, 7 are 
?/), wp, np, where p is given by the equation alp + hmp + cnp = J/, 
but, as has been just proved, we do not need to determine />. 
Thus, in applying the equation of this article, we may take for 
the coordinates of intersection of bisectors of sides, sin^sinC, 
sin (7 sin ^, sin ^ sin jS; of intersection of perpendiculars, 
cos5 cos (7, cos cos^, cos-4 cos5; of centre of inscribed circle 
1, 1, 1 ; of centre of circumscribing circle cos^, cos-B, cos (7, &c 

Ex. 1. Find the equation of the line joining intenections of perpendiculars, and 
of bisectors of sides (see Art. 61, Ex. 5). 
Ans, a sin^lcos^ sin [B — C)-\-^&mB co^B9Xii{C—A)+y sin C cos C sin (^ — B) = 0. 

Ex. 2, Find equation of line joining centres of inscnbed and circamscribing circles. 
An$, a (cos B — cos 6') + /? (cos C — cos -rl) + y (cos A — cos B) = 0, 

66. It IS proved, as in Art. 7, that the length ot the pcr- 

pendicalar on a from the point which divides in the ratio I : m 

the line joining two points whose perpendiculars are a , a" is 

la 4- ma." 

—J — - . Consequently the coordinates of the point dividing 

in the ratio l:m the line joining a/3'y\ oi'ff'y" are la + wia", 
Ifi* H- «i/3", hi' -f my\ It is otherwise evident that this point 
lies on the line joining the given points, for if a'/Sy, a'ff'y* 
both satisfy the equation of a line Aa + B^ + Oy = 0, so will 
also la' + ma!\ &c. It follows hence, without diflScuIty, that 
la-ma!\ &c., is the fourth harmonic to la! -\-ma'\ a', a"; that 
the anharmonic ratio of a' - ia", a' — la'\ a' - wia", a' — na" is 

) „ w/— t( ' *^^ ^^^ ^^^^^ given two systems of points on 

two right lines a'-W, a'-?a",&c., a'" - ia"", a'" - 7a"", &c.; 
these systems are homofjrapMc^ the anharmonic ratio of any four 
points on one line being equal to that of the four corresponding 
points on the other. 

Ex. The intersection of perpendiculars, of bisectors of sides, and the centre of 
drcumscribtng circle lie on a right line. For the coordinates of these points are 
cos J9 cos C, d'C, pin B sin C, &c., and cos^, &c. But the last set of coordinates may 
be written sin B sin C — cos B cos C, &c. 

The point whose cooixlinates are cos (5 — C), cos(C— ^4), cos (i4 — -B) eyidently 
lies on the same right line and is a fouHh harmonic, to the three preceding. It will 
be found hei^eafter that tliis is the centre of the circle through the middle points 
of the sides. 
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67. To examine what line is denoted by the equation 

a aia A + 13 sin 5+ 7 sin G= 0. 

Tills equation is included in the general form of an equation 

of a ripfht line, but we have seen (Art. 63) that the left-hand 

member is constant, and never = 0. Let us return, however, 

to the general equation of the right line Ax + -% + 0=0. We 

G G 
saw that the intercepts cut off on the axes are — -^ , "" "p 5 

consequently, the «maller A and B become the greater will be 
the intercepts on the axes, and therefore the more remote the 
line represented. Let A and B be both = 0, then the intercepts 
become infinite, and the line is altogether situated at an infinite 
distance from the origin. Now it was proved (Art 63) that the 
equation under consideration is equivalent to Go: + Oy + G= 0, and 
though it cannot be satisfied by any finite values of the coordi- 
nates, it may by infinite values, since the product of nothing by 
infinity may be finite. It appears then that a sin^+yS sin)9+7 sin G 
denotes a right line situated altogether at an infinite distance from 
the origin; and that the equation of an infinitely distant right 
line, in Cartesian coordinates, is0.a?+0.y4-(7=0. We shall, 
for shortness, commonly cite the latter equation in the less 
accurate form (7=0. 

68. We saw (Art. 64) that a line parallel to the line a = 
has an equation of the form a+ (7=0. Now the last Article 
shows that this is only an additional illustration of the principle 
of Art. 40. For a parallel to a may be considered as intersecting 
it at an infinite distance, but (Art. 40) an equation of the form 
a+ C=0 represents a. line through the intersection of the lines 
a = 0, (7 = 0, or (Art. 67) through the intersection of the line a 
with the line at infinity* 

69. We have to add that Cartesian coordinates are only a 
particular case of trilinear. There appears, at first sight, to be 
an essential difference between them, since trilinear equations 
are always homogeneous, while we are accustomed to speak of 
Cartesian equations as containing an absolute term, terms of the 
first degree, terms of the second degree, &c. A little reflection, 
however^ will show that this difference is only apparent, and 
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that Cartesian equations must be equally homogeneous in reality^ 
though not in form. The equation 2d = 3^ foi' example^ roust 
mean that the line a; is equal to thi'ee feet or three incbesy or, in 
shorty to three times some linear unit ; the equation xy = % must 
mean that the rectangle xy is equal to nine square feet or square 
inches, or to nine squares of some linear unit ; and so oiL 

If we wish to have our equations homogeneous in form as well 
as in reality, we may denote our linear unit by 0, and write the 
equation of the right line 

Comparing this with the equation 

and remembering (Art. 67) that when a line is at an infinite clis^ 
tance its equation takes the form 2; = 0, we learn that equations 
in Cartesian coordinates are only the particular form assumed 
hy trilinear equations when two oj the lines of reference are 
what are called the coordinate axes^ while the third is eU an 
infinite distance* 

70. We wish in Conclusion to give a brief account of what id 
tneant by systems of tangential coordinates^ in which th6 position 
of a right line is expressed by coordinates^ and that of a point by 
an equation. In this Tolume we limit ourselres to what is not 
so much a new system of coordinates as a new way of speaking 
of the equations already in use. If the equation (Cartesian or 
trilinear) of any line be \aj + ytAy + y3 = 0, then evidently,- if 
X, /lA, V be known, the position of the line is known j and we 
may call these three quantities (or I'ather their mutual ratios 
with which only we are concerned) the coordinates of the right 
line. If the line pass through a fixed point xyz\ the relation 
must be fulfilled x\ 4 t/fjk + aV = J if therefote we are giveti 
any equation connecting the coordinates of a line, of the form 
aX + i/* + cv = 0^ this denotes that the line passes through the 
fixed point (a, J, c), (see Art. 51), and the given equation may 
be called the equation of that point. Further^ we may use 
abbreviations for the equations of points, and may denote by 
a, )8 the quantities a;'X + 3/V + aV, £c"X + y V + 2' V ; then it is 
evident that la + m^ = is the equation of a point dividing in 

K 
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a given ratio the line joining the points a, /8; that Ia = m/3j 
m/3 = ny^ ny^la are the equations of three points which lie on 
a right line ; that a + i/8, a — k/S denote two points harmonically 
conjugate with regard to a, ^, &c. We content ourselves here 
with indicating analogies which we shall hereafter develope 
more fully ; for we shall have occasion to show that theorems 
concerning points are so connected with theorems concerning 
lines, that when either is known the other can be inferred, and 
often that the same equations differently interpreted will prove 
either theorem. Theorems so connected are called reciprocal 
theorems. * 

Ex. Interpret in tangential coordinates the eqnations used in Art. 60, Ex. 2. 

Let a, fi, y denote the points A, B, C; m/3 ~ ny, ny — Za, la — m/3, the points 
Jjf M, N; then m/3 + ny - la, ny + Za — m/3, la + mfi — ny denote the vertices of the 
triangle formed by LA, MB, NC; and la + 111^ + ny denotes a point in which 
meet the lines joining the yertioes of this new triangle to the corresponding rertices 
of the original : mp + ny, ny + la^ la-^ mfi denote D, E, F, It is easy hence to see 
the points in the figiue, which are hanaonically conjugate. 
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CHAPTER V, 



• EQUATIONS ABOVE THE FIRST DEGREE REPRESENTINa 
RIGHT LINES. 

71. Before proceeding to speak of the curves represented 
by equations above the first degree, we shall examiae some cases 
where these equations represent right Tines, 

K we take any number of equations Z = 0, JIf = 0, N= 0, &c., 
and multiply them together, the compound equation LMN&c. = 
will represent the aggregate of all the lines represented by Itsr 
factors; for it will be satisfied by the values of the coordinates 
which make any of its factors = 0. Conversely, if an equation of 
any degree can he resolved into others of lower degrees^ it will repre^ 
sent the aggregate of all the loci represented by its different factors. 
If, then, an equation of the n**^ degree can be resolved into n 
factors of the first degree,, it will represent n right lines. 

72. A homogeneous equation of the n*^ degree in x and y 
denotes n right lines passing tJirough the origin. 

Let the equation be 

X* -px'^u + qp^'if - &c ...4 (y*» Ow 
Divide by y*, and we get 

Let a, 5, c, &c., be the n roots of this equation, then it is 
resolvable into the factors 

g-«)(f-')(r-)^-\ 

and the original equation is therefore resolvable into the factors 

(a? — ay) (a; — hy) (a: — ey) &c. = 0. 
It accordingly represents the n right lines x - ay = 0, &c., all of 
which pass through the origin. Thus, then, in particular, the 
homogeneous equation 

aj'-^a;y+2y' = 
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represents the two right lines a; — ay = 0, a? - 6y = 0, where a and 
b ftre the two roots of the quadratic 

It is proved, in like manner, that the equation 
denotes n right lines passing throygh the point (a, b). 

Ex. L What locns is represented by the equation xtf = 0? 
4n», The two axes ; since th^ equatlQn is satisQed h^ either q| the aapposltiona 
a? = 0, y = 0. 

Ex. 2. What locns is represented by »• - y* = 0? 

Ans, The bisectors of the angles between the axes, x±y = (see Art. 85). 

Ex. 8, What locos is represented by x» — 6xy + 6y* = ? Ana. a:-2y=0, aj-3y=0, 

Ex. 4, What locus is represented bya;»-2a7y8ec0 + y« = O? 

Ans, a? = ytan(45°±ie), 
Ex. ^ What lines are represented by as^ - 2xtf t%n - y^ = ? 
Ex. 6. What lines are represei^ted by »» -r &c^ + llaiy* - Cy» = f 

73. Let ns examine more minutely the three cases of the 
solution of the equation x^ —pxy 4 qy^ = 0, according as its roots 
are real and unequal, real and equal, or both imaginary. 

The first case presents no difficiilty ; a and b are the tangents 
of the angles which the lines make with the axis of y (the as^e^ 
being supposed rectangular), p is therefore the svim of those 
tangents, and ^ their product. 

In the second case, when a = 5, it was once usual among 
geometers to say that the equation represented but one right 
line (a; — ay = 0). We shall find, however, many advantages in 
malting the language of geometry correspond exactly to that of 
algebra, and as we do not say that the equation above has only 
one root, but that it has two equal roots, so we shall not say 
that it represents gnly one line, but that it represents tivo coincident 
right lines. 

Thirdly, let the roots be both imaginary. In this case no real 
coordinates can be found to satisfy the equation, except the 
coordinates of the origin a? = 0, y = ; hence it was usual to say 
that in this case tlie equation did pot represent right lines, but 
was the equation of the origin. Now this langpage appears to 
us very objectionable, for we saw (Art. 14) that two equation^ 
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are required to determine any point, hence we are nnwiUing 
to acknowledge any single equation as the equation of a point. 
Moreover, we have been hitherto accustomed to find that two 
different equations always had different geometrical significations, 
but here we should have innumerable equations, all purporting to 
be the equation of the same point ; for it is obviously immaterial 
what the values of p and q^ are, provided only that they give 
imaginary values for the roots, that is to say, provided that ^* be 
less than 4j. We think it, therefore, much preferable to make 
our language correspond exactly to the language of algebra ; and 
as we do not say that the equation above has no roots when j9* 
is less than 4j, but that it has two imaginary roots, so we shall 
not say that, in this case, it represents no right lines, but that 
it represents two imaginary right lines. In short, the equation 
X - pxy + qy* = being always reducible to the form 
{x^ay) {x - Jy) = 0, we shall always say that it represents two 
right lines drawn through the origin ; but when a and b are real, 
we shall say that these linjBs are real ; when a and b are equal, 
that the lines coincide ; and when a and b are imaginary, that the 
lines are imaginary. It may seem to the student a matter of 
indifference which mode of speaking we adopt ; we shall find, how- 
ever, as we proceed, that we should lose sight of many important 
analogies by refusing to adopt the language here recommended. 
Similar remarks apply to the equation 

Aa?'\'Bxy+Cy*^Oj 

which can be reduced to the form of -~ pxy + ?y = 0, by dividing 
by the coefBcient of oj*. This equation will always represent 
two right lines through the origin ; these lines will be real if 
jB* — 4-40 be positive, as at once appears from solving the 
equation ; they will coincide if -B*- 4^(7=0 ; and they will be 
imaginary if B* — AAC be negative. So, again, the same 
language is used if we meet with equal or imaginary roots In the 
^olution of the general homogeneous equation of the n^ degree. 

74. To find the angle contained by the lines represented by the 
equation a? —pxy + jy* = 0. 

Let this equation be equivalent to [x - ay) [x - by) = 0, then 

the tangent of the angle between the fines is (Art. 25) " , 
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but the product of the roots of the given equation = j, and their 
diflference = »J{p^ — 42). Hence 

1 + 2 
If the equation had been given in the form 

it would have been found that 

tan^=-i-^j^^-2. 

Cor, The lines will cut at right angles, or tan 4> will become 
infinite, if j =* — 1 in the first case, or if -4 -f (7= in the second. 

Ex. Find the angle between the lines 

»« + xy - 6y» = 0. Ans. 45*> 

»»-2xy 8ece + y* = 0, Ans, Q, 

*If the axes be oblique we find, in like manner, 

tan ^ = —7-—?^ — D ' . 

^ -4+ (7- -Bcoso) 

75. To find the equation which will represent the lines bisecting 
thii angles between the lines represented by the equation 

Let these lines be x — ay = 0, a? — Jy = ; let the equation of 
the bisector be a; — /Ay = 0, and we seek to determine /x. Now 
(Art. 18) fiis the tangent of the angle made by this bisector with 
the axis of y, and it is plain that this angle is half the sum of the 
angles made with this axis by the lines themselves. Equating, 
therefore, tangent of twice this angle to tangent of sum, we get 

2fi _ a+i 

but, from the theory of equations, 



therefore 



2fi B 
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This gives US a quadratic to determine /a, one of whose roots 
will be the tangent of the angle made with the axis of y .by the 
internal bisector of the angle between the lines, and the other 
the tangent of the angle made by the external bisector. We 
can find the combined equation of both lines by substituting in 

the last quadratic for /i its value = - , and we get 

and the form of this equation shows that the bisectors cut each 
other at right angles (Art. 74). 

The student may also obtain this equation by forming 
(Art. 35) the equations of the internal and external bisectors 
of the angle between the lines a; — ay = 0, aj-J^ = 0, and 
multiplying them together, when he will have 

and then clearing of fractions, and substituting for a + J, and ab 
their values in terms of -4, B^ (7, the equation already found is 
obtained. 

76, We have seen that an equation of the second degree 
may represent two right lines; but such an equation in general 
cannot be resolved into the product of two factors of the first 
degree, unless its coe65cients fulfil a certain relation, which can 
be most easily found as follows. Let the general equation of 
the second degree be written 

ax* + 2kxt/ + bf + 2gx + 2/t/ + c = 0,t 

or aa;*+ 2 (*j^+^)a; + Jy* + 2/y + c = 0. 



* It is remarkable that the roots of this last equation will always be real, even 
the roots of the equation Ax' + Bxy + Cy* = be imaginary, which leads to the 
curious result, that a pair of imaginary lines has a pair of real lines bisecting 
the angle between them. It is the existence of such relations between real and 
imaginary lines which makes the consideration of the latter profitable. 

t It might seem more natural to write this equation 

a3?-\-bxy + cy^+dx + ey +/= 0, 

but as it is desirable that the equation should be written with the same letters all 
through the book, I have decided on using, from the first, the form which wiU 
hereafter be found most convenient and symmetiicali It will appear hereafter 
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Solving this equation for x we get 

ax = ^{hy-^g)±^/[^h^-^ah)f-\-2{hg-af)y-\-{g^'ac)]. 

In order that this may be capable of being reduced to the 
form a? = wy + w, it is necessary that the quantity under the 
radical should be a perfect square^ in which case the equation 
would denote two right lines according to the different signs 
we give the radical. But the condition that the radical should 
be a perfect square is 

Expanding, and dividing by a, we obtain the required condition^ 
viz. 0*0 + 2^4-0/^- J/- cA* = 0.* 

1. Yerify that the following equation lepiesents light lines, and find the lineal 

«j» - 6a!y + 4y« + « + 2y - 2 = 0. 
Aw, Solving for a; as in the text, the lines are found to bo 

»-y-l = 0, a;-4y + 2 = 0, 
i^. 2. Terify that the following equation represents right lines f 

(oaj + /3y - r«)« = ( o« + /3« - r«) (a» + y« - r») * 
Ex. 8. What lines aze represented by the equation 

aB^-sry + y*-aJ-y + l = 0? 

Ans. The imaginary lines a; + 0y+6* = O, « + e^ + = O, where 6 is 6ne of thd 
imaginaiy cube roots of 1. 

Ex. 4. Determine A, so that the following equation may re^jreseiit right lines i 

a? + Vixy + y* - 5« - 7y + 6 - 0. 

Am, Substituting these ralues of the coefficients in the general condition, we g6t 
for A the quadratic 12A< -^ 85A + 25 = 0, whose roots are f and \* 

*77. The method used in the preceding Article, though tbe 
most simple in the case of the equation of the second degree, Is 
not applicable to equations of higher degrees ; we therefore give 
another solution of the same problem^ It is required to ascertain 

that this equation is intimately connected with the homogeneous equation in threa 
variables, which may be most symmetrically written 

a** + 4y* + <?«' + 2/y« + 2y«aj + V\xy = 0. 
The form in the text is derived from this by making 2 = 1. The coefficient 2 is affixed 
to certain terms, because formulas connected with the equation, which we shall have 
occasion to uoe, thus become simpler and more easy to be i-emembered. 

♦ If the coefficients/, ^, h in the equation had been written without numerical 
multipliers, this condition would have been 

Aahc ■{■fgh -ap- hg^ - ch^ = 0, 
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whether the given eqaation of the second degree can be identical 
with the product of the equations of two right lines 

Multiply out this product, and equate the coefficient of each 
term to the corresponding coefficient in the general equation of 
the second degree, having previously divided the latter by c, 
so as to make the absolute term in each equation =3 1* We thus 
obtain five equations, viz. 

from which eliminating the four unknown quantities a, a', ^3, ^S', 
we obtain the required condition. The first four of the equa- 
tions at once give us two quadratics for determining a, a' ; ^, yS' 5 
which indeed might have been also obtained from the considera'- 
tion that these quantities are the reciprocals of the intercepts 
made by the lines on the axes ; and that the intercepts made by 
the locus on the axes are found (by making alternately x^O^ 
^ = 0, in the general equation) from the equations 

ax*+2gx+c = 0j ly* '{'2fy-{-c = Q. 

We can now complete the elimination by solving the quadraticer, 

substituting in the fifth equation and clearing of radicals; of 

we may proceed more simply as follows : Since nothing shews 

whether the root a of the first quadratic is to be combined with 

2h 
the root ^3 or ;3' of the second, it is plain that — may have 

c 

either of the values off + afi or op + a'^S*. This is also evident 

geometrically, since if the locus meet the axes in the points 

i, TJ ; Jf, If' ; it is plain that if it represent right lines at all, 

these must be either the pair LM^ 11 M\ or else LM\ L'M^ 

whose equations are 

{ax + Py-l) {a'x + iS'y-l) ^ 0, or (otu + iS'y - 1) [alx-^-^y - I) « 0, 

The sum then of the two quantities off 4 a'^S, a^ + o!ff 

«(« + «') ()8-^)8') = ^|^, 
and their product 

^ C C 

h 
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Hence - is given by the quadratic 

which, cleared of fractions, is the condition already obtained. 

Ex. To determine h so that oc* + 2*ay + Sf*-fo-7y + 6 = may represent right 
lines (see Ex. 4, p. 72). 

The intercepts on the axes are given by the equations 

a*-6a: + 6 = 0, y*-7y + 6=0, 
whose roots area?=2, aj=:8; y = l, y = 6. Forming, then, the equation of the lines 
■ joining the points so found, we see that if the equation represent right lineS) it moat 
be of one or other of the forms 

(a? + 2y-2)(2a; + y-6)=0, (aj + 8y-8) (8« + y-6) = (\ 
- whence^ multiplying out, h is determined. 

*78. To find how many conditions must he satisfied in order 
that the general equation of the n^ degree may represent right lines. 

We proceed as in the last Article ; we compare the general 
equation, having first by division made the absolute term = 1| 
' with the product of the n right lines 

(00? + %- 1) [a'x + fi'y - 1) (a"aj + i8"y- 1) &c. = 0. 

Let the number of terms in the general equation be N*^ then 
from a comparison of coefficients we obtain N—l equations 
(the absolute term being already the same in both) ; 2n of these 
equations are employed in determining the 2n unknown quan- 
tities a, a', &c., whose values being substituted in the remaining 
. equations afford -AT— 1 - 2n conditions. Now if we write the 
general equation 

A 

+ i?aj+ Cy 

-^Dx^ + Exy+Fy^ 

4- Ox* + Hx^y + Kxy^ + L/ 

+ &c. = 0, 

it is plain that the number of terms is the sum of the arithmetic 
series 

i^=l4 2 + 3+...(n+l)=i!l±ll^; 

hence N-l^ \ ^ ' ; jy-l-2n= \ . \ 
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THE CIBCLEL 



79. Before proceeding to the discassion of the general equa 
tion of the second degree, it seems desirable that we should 
shew, in the simple case of the circle, how all the properties of a 
curve may be deduced from its equation, without assuming any 
previDus acquaintance with the geometrical theory. 

The equation, to rectangular axes, of the circle whose centre 
is the point {afi) and radius is r^ has already (Art. 17) been 
found to bo 

Two particular cases of this equation deserve attention, as 
occurring frequently in practice. Let the centre be the origiui 
then a = Oy /3 = 0, and the equation is 

Let the axis of a; be a diameter, and the axis of y a per- 
pendicular at its extremityi then a = r, /S == 0, and the equation 
becomes 

80. It will be observed that the equation of the circle, to 
rectangular axes, does not contain the term a;y, and that the 
coefficients of aj* and y* are equal. The general equation therefore 

ooj' + 2^y + jy* + 2^ar + 2/y + c = 
cannot represent a circle, unless we have h^O and a = &• Any 
equation of the second degree which fulfils these two conditions 
may be reduced to the form {x — a)* + (y — fif = r*, by a process 
corresponding to that used in the solution of quadratic equations. 
If the common coefficient of as' and y* be not already unity, by 
division make it so ; then having put the terms containing x and 
y on the left-hand side of the equation, and the constant term 
on the right, complete the squares by adding to both sides the 
sum of the squares of half the coefficients of x and y. 
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Ex. Reduce to the fbnn (» - a)« + (y - /3)« = r«, the equation! 

Ans. (a!-l)« + (y-2)« = 25j (»^*)» + (y -^)« = |f ; andthecoordiimteBof the 
centre and the xadins aie (1, 2), and 5 in the first case; ^| ^) and i 4(62) intheaecoud. 

If we treat In like manner the equation 

tlien the coordinates of the centre are — , — • and the radius 

ifl - V(?'+/-a^)* 

If g* +/* - ac IB negative, the radius of the circle is imagihary, 
and the equation being equivalent to (a? - a)" + (y - ^)" -f r" = 
cannot be satisfied by any real values of x and y. 

If ^+/*« ac, the radius is nothing, and the equation being 
equivalent to (a: — a)" + (y - fiY = 0, can be satisfied by no 
coordinates save those of the point (a)9). In this case then the 
equation used to be called the equation of that point, but for the 
reason stated (Art. 73) we prefer to call it the equation of an 
infinitely small circle having that point for centre. We have 
seen (Art. 73) that it may also be considered as the equation of 
the two imaginary lines (a: — a) ± (y - fi) V(— 1) passing through 
the point {afi). So in like manner the equation a;* 4 y* =? may 
be regarded as the equation of an infinitely small circle having 
the origin for centre, or else of the two imaginary linesaj±yV(- 1). 

81. The equation of the circle to oblique axes is not often 
used. It is found by expressing (Art. 5) that the distance of 
any point from the centre is equal to the radius, and is 

(aj-a)'+2(a;-a) (y-iS) cosa)+ (y-/3)" = r*. 
If we compare this with the general equation, we see that 
the latter cannot represent a circle unless a = 5 and A = a cos m. 
When these conditions are fulfilled we find by comparison of 
coeiHcients that the coordinates of the centre and the radius are 
given by the equations 

a + i8cosa>«-'2, )8 + a cosa) = --^, a' + )8' + 2a^ cosc»-r'=- • 
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Since a, /3 are determmed from the first two equations, which 
do not contain c, we learn that two circles will be concentric if 
their equations differ only in the constant term. 

Again, if c = 0, the origin is on the curve. For then the 
equation is satisfied by the coordinates of the origin a; = 0, y = 0. 
The same argument proves that if an equation of any degree want 
'the absolute term^ the curve represented passes through the origin. 

82. To find the coordinates of the points in which a given 
right line a cos a + y sin a =^ meets a given circle oj* + y* = r*. 

Equating to each other the values of y found from the two 
equations we get, for determining x^ the equation 

sma ^ '' 

or, reducing a? - 2px cos a +p* - r^ sin*a = ; 
hence, x =p cos a ± sin a V(^' — p*) i 

and, in like manner, 

y =^p sin a T cos a ^/{r^ — jp*)- 

(The reader may satisfy himself, by substituting these values 
in the given equations, that the - in the value of y corresponds 
to the -i- in the value of Xy and vice versd). 

Since we obtained a quadratic to determine a?, and since every 
quadratic has two roots, real or imaginary, we must, in order to 
make our language conform to the language of algebra, assert 
that every line meets a circle in two points, real or imaginary. 
Thus, when p is greater than r, that is to say, when the distance 
of the line from the centre is greater than the radius, the line, 
geometrically considered, does not meet the circle ; yet we have 
seen that analysis furnishes definite imaginary values for the 
coordinates of intersection. Instead then of saying that the 
line meets the circle in no points, we shall say that it meets it in 
two imaginary points, just as we do not say that the corre- 
sponding quadratic has no roots, but that it has two imaginary 
roots. By an imaginary point we mean nothing more than a 
point, one or both of whose coordinates are imaginary. It is a 
purely analytical conception, which we do not attempt to repre- 
sent geometrically ; Just as when we find imaginary values for 
roots of an equation, we do not try to attach an arithmetical 
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meaning to onr result. But attention to these imaginary 
points is necessary to preserve generality in our reasonings, for 
we shall presently meet with many cases in which the line 
joining two imaginary points is real, and enjoys all the geome- 
trical properties of the corresponding line in the case where the 
points are real. 

83. When p^r it is evident, geometrically, that the line 
touches the circle, and our analysis points to the same conclu- 
sion, since the two values of x in this case become equal^ as da 
likewise the two values of y. Consequently the points answer- 
ing to these two values, which are in general different, will in 
this case coincide. We shall, therefore, not say that the tangent 
meets the circle in only one point, but rather that it meets it in 
two coincident points; just as we do not say that the corre- 
sponding quadratic has only one root, but rather that it has two 
equal roots. And in general we define the tangent to any curve 
as the line Joining two indefinitely near points on that curve. 

We can in like manner find a quadratic to determine the 

points where the line Ax + jBy'\- C meets a circle gfiven by the 

general equation. When this quadratic has equal roots the line 

is a tangent. 

Ex. 1. Find the ooozdinateB of the inteisectloiis of a^ + ^* = 65 ; Sx + y = 25. 

Ans, (7, 4) and (8, 1) 

Ex. 2. Knd interaectionfl of (aj - «)* + (y - 2tf)» = 25c^ j 4» + 3y = 86^. 

Ans, The line touches at the point (6c, Sc), 

Ex. 8. When will y = mx + b tonch ai» + y« = r»? Ans, When 6» = r» (1 + w*). 
Ex. 4. When will a line through the origin, y = mx^ touch 

a (x» + 2ay ooa • + y«) + 2ya: + 2^ + c = ? 
The points of meeting are given hj the equation 

a (1 + 2»i 008 • + 1»«) as* + 2 (^ +/m) aj + « = 0, 
which will have equal roots when 

to +/»»)• = fl«(l + 2niC0B»+ TO*). 
We have thus a quadratic for determining m. 

Ex. 5. Find the tangents from the origin toa^ + y*-6a;-2y-(-8=:0. 

Ans, a: - y = 0, x + 7y = 0. 

84. When seeking to determine the position of a circle 
represented by a given equation, it is often as convenient to do so 
by finding the intercepts which it makes on the axes, as by 
finding its centre and radius. For a circle is known when. 
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three points on it are known ; the determination, therefore, of 
the four points where the circle meets the axes serves completely 
to fix Its position. By making alternately y == 0, a; » in the 
general equation of the circle, we find that the points in which 
it meets the axes are determined by the quadratics 

The axis of x will be a tangent when the first quadratic has 
equal roots, that is, when g^ = acj and the axis of y when f* = ac 
Converselyi if it be required to find the equation of a circle 
making intercepts X, X' on the axis of a;, we may take a = 1, and 
we must have 25r=s— (X + X'), c = XX'. If it make intercepts 
/i, /i' on the axis of y, we must have 2/= — (/i + /i'), o^^fifA. 
Thus we see that we must have XX'^/i/*' (Euc in. 36). 

Kx. 1. Find the points wherethe axes are cat by «»+^-6af-7y + 6 = 0. 

Ans. X = 8, » = 2 ; y = 6, y = 1. 

Ex. 2. What is the equation of the cixde which touches the axes at distances from 
the origin = a ? Ant, a^ + y' — 2ax — 2ay + a» = 0. 

Ex. 3. Find the equation of a drcle, the axes being a tangent and any line through 
the point of contact. Here we have x, X', /u all = j and it is easy to see from the 
figure that fi' = 2r sin », the equation therefore is 

fl^ + 2xy cos • + y« — 2fy sin m = 0. 

85. To find the equation of ike tangent at the point xy to a 
given circle. 

The tangent having been defined (Art. 83} as the line joining 
two indefinitely near points on the curve, its equation will be 
found by first forming the equation of the line joiuiug any two 
points {xy^ x"y") on the curve, and then making X'^x" and 
y* —y" in that equation. 

To apply this to the circle : first, let the centre be the origin^ 
and, therefore, the equation of the circle a:' + y* = r*. 

The equation of the line joining any two points [x'y') and 
(a.'y')is(Art.29) 

y-y ^ y_^y . 

x — x' X " x" ' 

now if we were to make in this equation y' ^y" and x—x"^ the 
right-hand member would become indeterminate. The cause 
of this b, that we have not yet introduced the condition that 
the two points {x'y\ xy") are on the circle. By the help of this 
condition we shall be able to write the equation in a form which 
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will not become indeterminate when the two points are made to 
coincide. For, since 

,^ = a'« + y« = aj"" + y"', wehave«'"-a"'=y"«-y'', 

and therefore —, — ^ = -, ^« 

Hence the equation of the chord becomes 
yj-y'^_ qI^tS' 

x-oi y' + y* 

And if we now make oil = x" and y' =y"} we find for the equation 
of the tangent 

y-y' _ a! 
a?- X y ' 
or, reducing, and remembering that a?'* + y" = r*, we get finally 

xx' + yy = r*. 
Otherwise thus:* The equation of the chord joining two 
points on a circle maj be written 

(a?-a:') (a; - a:") + (y " ^ ) (y-y7=a:« + y«- r\ 
For this is the equation of a right line, since the terms 
x* + y* on each side destroy each other ; and if we make x = a?', 
y^y\ the left-hand side vanishes identically, and the right-hand 
side vanishes, since the point x'y* is on the circle. In like 
manner the equation is satisfied by the coordinates x"y\ This 
then is the equation of a chord ; and the equation of the tangent 
got by making x' ^x'*^ y*^y'\ ^ 

{x-x'y + {y-yr = a? + y'-t', 
which reduced, gives, as before, 3cx' + yy' = r^. 

If we were now to transform the equations to a new origin, 
so that the coordinates of the centre should become a, ^, we 
must substitute (Art. 8) ar - a, a?' - a, y - ^8, y' — )8, for a?, x\ y, y', 
respectively ; the equation of the circle would become 

and that of the tangent 

(X- a) {x'- a) + (y-/S) (y'-/9) = r»; 
a form easily remembered from its similarity to the equation of 
the circle. 

* This method ia due to Mr. Burnside. 
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Cor. The tangent is perpendicular to' the radius, for the 
equation of the radius, the centre being origin, is easily seen to be 
op'y-y'aj — 0; but this (Art. 32) is perpendicular to awj' + yy'arV 

86. The method used in the last article may be applied to 
the general equation* 

ax* + 2hxy ■\-hi/^ + 2gx + 2fy + c-0. 
l^he equation of the chord joining two points on the curve may 
be written 

= ax* + 2Axy + 6/ + 2gx + 2^ + {% 
For the equation represents a right line, the terms above the 
first degree destroying each other ; and, as before, it is evidently 
satisfied by the two points on the curve a?y', rc'y. Putting 
ar=^Xj y"=y, we get the equation of the tangent 
a(aj-"a;y+2A(a;-x')(y-y)+ 6 (y-y7=axV 2Axy+Jy*+2^a?+2/y+c ; 
or, expanding, 

2axx + 2A [xy + yx) 4 2hyy + 2gx + 2/y + c = aaj'*+ 2hx'y' + Jy'*. 
Add to both sides 2^x' + 2/y' + c, and the right-hand side will 
vanish, because x'y' satisfies the equation of the curve. Thus the 
equation of the tangent becomes 

aa;'a; + A(a;y + ya;) + Jyy+.9(aJ + J5')+/(y + y) + (j = 0. 
This equation will be more easily remembered if we compare 
it with the equation of the curve, when we see that it is derived 
from it by writing x*x and yy for oj* and y*, x'y +y'aj for 2xy, 
and X + x^ y' +y for 2x and 2y. 

Ex. 1. Find the equations of the tangentd to the curves xy'=d^ and y* 3 px. 

Ana. x'y + y'x = 2tf« and lyt/ =.p{x + acf), 

Ex. 2. Find the tangent at the point (6, 4) to (x - 2)* + (y - 3)* = 10. 

Ant. 8x + y= 19. 
Ex. 8. "What IB the equation of the chord joining the points x'y', x"y" on the 
Circlea:« + y» = r«? . Am. {x' + x^') x + (^ + y") y ^i^ + x^gef' + y'y". 

Ex. 4. Find the condition that Ax + ByA-CsO should touch 
(aj-i«)«4-(y-/3)»:±r». 

Ans, ~j / jg ^_ p»\ ' = ^ J since the perpendicular on the line from ctfi is eqnal to r, 

* Of conrse when this equation represents a circle we must have b^a, h = a cos w ; 
but since the process is the same, whether or not b or h have these particular vnhieS) 
^re prefer in this and one or two similar cases to obtain at onoe formulas which will 
afterwards be i^uired in our discussion of the general equation of the second dcgi^ee*. 

M T 
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87. To draw a tangent to the circle x' + y'^^f^ from any 
point xy\ Let the point of contact be x'rf\ then since, by hypo- 
thesis, the coordinates xy satisfy the equation of the tangent at 
xy\ we have the condition oix -f yy = r*. 

And since xy* is on the circle, we have also 
X -ry =r , 
These two conditions are sufficient to detenniue the coordinates 
ap", 3/". Solving the equations we get 

,_ rV±ryV (a^" + y"~0 „_ rY'^rxW {x'' + y'^^T^ 
^ " x''-\-y" ' ^ "" »'- + y" • ' 

Hence, from erery point may be drawn two tangents to a circle. 
These tangents will be real when aj'* + y" is >r*, or the point 
outside the circle; they will be imaginary when x'^+y'^ is <r% 
or the point inside the circle; and they will coincide when 
x'* + y** = «•*, or the point on the circle. 

88. We hare seen that the coordinates of the point* ©f 
contact are found by solving for x and y from the equationa 

^-^-yy'-^y a;'-fy = y^ 
Now the geometrical meaning of these equations evidently is, 
that these points are the intersections of the circle a;* + y*=r* 
with the right line xx -f yy = r^. This, last, then i& the equatioo 
of the right line joining the points of contact of tangents from 
the point x'y' ; as may also be verified by forming the equation 
of the line joining the two points whose coordinates were found 
in the last article.* 

We see, then, that whether the tangents from xY be real or 
imaginary, the line joining their points of contact will be the real 
line apaj* + yy^=r*, which we shall call the polar of x'y' with 
regard to the circle. Thi» line is evidently perpendicular to the 

♦ In general the equation of the tcmgent to any earre expresses a relation con- 
necting the cooidinates of any point on the tan^nt^ with the coordinates of the 
point of contact. If we are given a point on the tangent and required to find the 
point of contact, we have only to accentuate the coordinates of the point which is 
supposed to be known, and remove the accents from those of the point of contact, 
when we have the equation of a eurve on which that point must lie, and whose 
intersection with the given curve determines the point of centact. Thus, if the 
equation of the tangent to a curve tA any point ay be aa** + yy** = r*, the points 
of contact of tangents dmwn from any poixkt sc'y* must He on the curve aV+y'y' = »•*• 
It is only in the case of curves of the second degree that the equation which deter- 
niiucs the points of contact is similar In form to the equation of the tongeuU 
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line (ir*y-y'a; = 0), which joins o^y to the centre; and its dis- 

tance from the centre (Art. 23) is -7^-75 — 77: . Hence, the polar of 

any point P is constructed geometricallj by joining It to the 
centre (7, taking on the joining line a point Jf, such that 
CM.CP=^r*^ and erecting a perpendicular to CP at M. We 
see, also, that the equation of the polar is gimilar in form to that 
of the tangent, only that in the former case the point ^y is not 
supposed to be necessarily on the circle ; if, however, x'y be on 
the circle, then its polar is the tangent at that point. 

89. To find the equation of the polar of x't/ with regard to the 
curve ax* -f 2Ajcy + by* + 2gx 4 2fy + c =* 0. 

We have seen (Art. 86) that the equation of the tangent is 
axx-^h {xy+yx) + byy-i-g (a? + a:') 4/(y +/) + c = 0. 
This expresses a relation between the coordinates xy of any 
point on the tangent, and those of the point of contact x'y\ 
We indicate that the foimer coordinates are known and the 
latter unknown, by accentuating the former, and removing the 
accents from the latter coordinates. But the equation, being sym* 
metrical with respect to the coordinates xy^ xy\ is unchanged 
by this operation. The equation then written above (whicii 
when xy is a point on the curve, represents the tangent at that 
point), when oiy is not on the curve, represents a line on which 
lie the points of contact of tangents real or imaginary from 3!y\ 

If we substitute 7i!y* for xy in the equation of the polar we 
get the same result as if we made the same substitution in the 
equation of the curve. This result then vanishes when xy* is oa 
the curve* Hence the polar of a point passes through that point 
only when the point is on the curve, in which case the polar is 
the tangent. 

Cor. The polar of the origin is gx ■\-fy + c = 0. 

Bx. 1. Fmd the polar of (4, 4) with regard to (ar-l)«+(y-2)»=18. Ant, 8a>4-2y=?0. 
Ex. 2. Find the polar of (4, 6) with regard to a;*+y*-3j;-4y=8. Ana, 5x+6y=4S. 
Ex. 8. Find the pole oiAx + By +C=0 with regard to as" + y» = r«. 

- -^ f — ^ J , as appears from comparing the given equation with 

Ex. 4. Find the pole of 8* + 4y = 7 with regard to a^ + y« = 14. Ant, (6, 8). 
■ Ex. 5. Ffaid the pole of 2a; + 8y = 6 with regard to (a: - 1)« + (y - 2)« = 12. 

Ant, (- 11, - ie> 
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90. To find the length of the tangent drawn from any point to 
the circle (a? - «)* + (y - )8)* - r* = 0. 

The square of the' distance of any point from the centre 

and since this square exceeds the square of the tangent by the 
square of the radius, the square of the tangent from any point is 
found by substituting the coordinates of that point for x and y 
in the fii*8t member of the equation of the circle 

Smce the general equation to rectangular coordinates 

a (a:' + y") + 2gx-\2fy + o«0, 
when divided by a, is (Art. 80) equivalent to one of the form 

(cr-ar+(y-^)«-r' = 0, 
we learn that the square of the tangent to a circle whose equa- 
tion is given in its most general form is found by dividing by 
the coefficient of a;*, and then substituting in the equation the 
coordinates of the given point. 

The square of the tangent from the origin ig found by 
making x and ^ = 0, and is, thereforCi «= the absolute term in the 
equation of the circle, divided by a. 

The same reasoning is applicable if the azes be oblique. 

*91. To find the ratio in which the line joining two given 
points x'y\ x"y'\ is cut by a given circle. 

We proceed precisely as in Art, 42. The coordinates of any 
point on the line must (Art. 7) be of the form 

Ix" + mx' hf + my' 
l-^m * i + m ' 
Substituting these values in the equation of the circle 

«" + y'-r' = 0, 
and arranging, we have, to determine the ratio ?: m, the quadratic 

P (»""+/" - O + 2lm {x'x" + y'y" - r») + m» [x'* + y** - r«) « (K 
The values otlim being determined from this equation, we have 
at once the coordinates of the points where the right line meets 
the circle. The symmetry of the equation makes this method 
sometimes mor« couvcuicut than that used (Art. 82)« 
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: Hx"y* lie on the polar of xy\ we liave arV+yy'-r' = 
(Art. 88), and the factors of the preceding equation must be of 
the form I -k /aw, I— fim ; the line joining x'y^ x"y" is therefore cut 
internally and externally in the same ratio, and we deduce the 
well-known theorem, ani/ line draion through a point is cut har^ 
monically hy the pointy the circle^ and the polar of the point. 

*92. To find the equation of the tangents from a given point 
to a given circle. 

We have already (Art. 87) found the coordinates of the 
points of contact ; substituting, therefore, these values in the equa- 
tion xx" ■\-yy' — r* = 0, we have for the equation of one tangeut 

r [xx' + yy' - a?'- - y'") + [xy' - yx') V(a?'« + y'- - O = 0, 
and for that of the other 

r {xt! + yy* - «" - y") - [xy' - yx') V(a?'« + y* - r*) =0. 
These two equations multiplied together give the equation of the 
pair of tangents in a form free from radicals. The preceding 
article enables us, however, to obtain this equation in a still more 
simple form. For the equation which determines I : m will have 
equal roots if the line joining xy\ x"y" touch the given circle ; 
if then oj'y be any point on either of the tangents through xy, 
its coordinates must satisfy the condition 

(x" + y-0(a:» + /-r*)»(arx' + yy.ry. 
This, therefore, is the equation of the pair of tangents through 
the point x*y'. It is not difficult to prove that this equation is 
identical with that obtained by the method first indicated. 

The process used in this and the preceding article is equally 
applicable to the general equation. We find in precisely the 
same way that 2 : m is determined from the quadratic 

P (ox"* + 2hxY + If + ^gx" + 2/y" + c) 

+ ilm [ax'x" + h {xY + x"y') + hyY ^•g{x'^• x") +f[y'^y") + c] 
+ m»(aa?'"+ 2Aajy -f 6^4 2^a?' H- 2/^^' + c) = ; 
from which we infer, as before, that when x"y" lies on the polar 
of xy' the line joining these points is cut harmonically ; and also 
that the equation of the pair of tangents from xy' is 

(aa:"+ ihxy'-^hy'^-^ 2^7^ + 2^'4 c) (aa?' + 2^£cy + J^ +25rx+2^4 c) 
^{axx\h{xy^xy')^-lxjy'-\-g[x-\x')^f{ij^ry')^c^. 
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93. To find the equation of a circle passing through three 
given points. 

We have only to write down the general equation 

a;" + ;/ -{- 2gx + 2/g -{- c = Oy 

and then substituting in it, successively, the coordinates of each 
of the given points, we have three equations to determine tlie 
three unknown quantities (7, /, c. We might also obtain the 
equation by determining the coordinates of the centre and the 
radius, as in Ex. 5, p. 4. 

Ex. 1. Rud the circle through (2, 8), (4, 6), (6, 1). 

Ans. (a:-y)« + (y-f)« = V(8eep.4). 

Ex. 2. Fmd the circle throngh the origin and through (2, 3) and (3, 4). 

Here c = 0, and we have l3-\-4g-{- 6/= 0, 25 + 6^ + 8/*= 0, whence 2g = - 23, 2/= 1 1. 

Ex. 3. Taking the flame axes as in Art. 48| Ex. 1, find the equation of the circle 
through the origin and through the middle points of sides; and shew that it also 
passes through the middle point of base. 

Ans, 2i> (a« + y*)-;»(»-»')«-(P* + «')y = 0. 

*94. To express the equation of the circle through three points 
^ *y 1 ^ y\ ^"y"* *'* terms of the coordinates of those points^ 
We have to substitute in 

X* + / + 2<7.r + 2/y + c = 0, 
the values of (7, /J c derived from 

(aj'« +y- )-\-2gx' ■^'Ify +c = 0, 

K"+y") + 2^^"+2/y' +c=0, 

(a;"'« + y"«) + 2(7:c"' + 2//' + c = 0. 
The result of thus eliminating g^f c between these four equa- 
tions will be found to be* 

(a^ +!/' )[x' {f-f') + x"iy"'-t,') + x"'(y' -f)] 
-{x- +y'')[x"{!,--y )+x-(y -f) + x (y" -/')} 
+ {x"'+r){x"'(}, -y')+x (y' -y"')+x' [y'" -y )] 

-(x"-+y""){^ (y -y") + x' {y"-y )+x" (y -y' )}=o, 

as may be seen by multiplying each of the four equations by 
the quantities which multiply (ic*+y*)&c. in the last written 
equation, and adding them together, when the quantities multi* 
plying (7,/, c will be found to vanish identically. 

* The reader who is acquainted with the determinant notation will at once see how 
the equation of the drcle may be written in the form of a determinant. 
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If it were required to find the condition that four points 
should lie on a circle, we have only to write x^^ y^ for x and y 
in the last equation. It is easy to see that the following is the 
geometrical interpretation of the resulting condition. If A^ Bj 
Cy D be any four points on a circle, and any fifth point taken 
arbitrarily, and if we denote by BCD the area of the triangle 
BGD^ &c., then 

OA\BCD-\-0(P.ABD = OB\ACD^-OD\ABG. 

95. We shall conclude this chapter by showing how to find 
the polar equation of a circle. 

We may either obtain it by substituting for a:, p cos^, and 
for y, p sin d (Art. 12), in either of the equations of the circle 
already given, 

a(aj* + y*)4 2ya?+2/v + c = 0, or (a; - a)" + (j^ - ^)* = r», 

or else we may find it independently, from the definition of the 
circle, as follows : 

Let be the pole, G the centre of the circle, and OG the 
fixed axis; let the distance OG=^dj 
and let OP be any radius vector, and, 
therefore, = p, and the angle POG=^0j 
then we have 

PO*=OP*+OC'-20P.OCcosPO(?, 

that is, r' = p" + d" - 2pd cos ^, 

or p^-^dp cos&+t?-r' = 0. 

This, therefore, is the polar equation of the circle. 

If the fixed axis did not coincide with OG^ but made with it 
any angle a, the equation would be, as in Art. 44, 

p*-2dp cos(^-a)+d'-r' = 0. 

If we suppose the pole on the circle, the equation will take a 
simpler form, for then r = rf, and the equation will be reduced to 

p = 2r cos^, 

a result which we might have also obtained at once geometrically 
from the property that the angle in a semicircle is right ; or else 
by substituting for x and y their polar values in the equation 
(Art. 79) x''-{y* = 2rx. 
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CHAPTER VII. 



THEOREMS AND EXAMPLES ON THE CIBCLE. 

96. Having in the last chapter showa how to form the 
equations of the circle, and of the most remarkable lines related 
to it, we proceed in this chapter to illustrate these equation^ by 
examples, and to apply them to the establishment of some of 
the principal properties of the circle. We recommend the 
reader first to refer to the answers to the examples of Art. 49, 
to examine in each case whether the equation represents a circle, 
and if so to determine its position either (Art. 80) by finding 
the coordinates of the centre and the radius, or (Art. 84) by 
finding the points where the circle meets the axes. We add a 
few more examples of circular loci. 

Ex. 1. Given base and vertical angle, find the locus of yertez, tHe axes having 
any position. 

Let the coordinates of the extremities of base be a^y', 9i*}/\ Let the equation 
of one aide be 

y-y' = m(aj-a/), 
then the equation of the other side, making with this the angle C, will be (Art. C3) 

(1 + TO tanC) (y-y") = (m-tanC) (»-»"). 
Eliminating m, the equation of the locus is 

tanC{(y-y')(y-y'') + (»^a'') («-«'')} + «(y'-y'')-y(«'-»'') + ar'y''-yV' = a. 
If C be a right angle, the equations of the sides are 

y-y' = «» (»-«') J mCy-y") + («-«") =0, 
and that of the locus 

(y-yO(y-y") + (x-aO («-«") = 0. 

Ex. 2. Given base and vertical angle, find the locus of the intersection of perpen^ 
diculais of the triangle. 

The equations of the perpendiculars to the sides are 
TO(y'-y") + («-«") = 0, («i-tanC) (y-y') + (l + "»tan(7) (x-aO = 0. 
Eliminating m, the equation of the locus is 

tanC{(y-y')(y-y'0 + («-aO(x-«'')} = aj(y'-y'')-y(a^-«'') + «'y''-y'a^5 

an equation which only differs from that of the last article by the rign of tan C, and 
which is therefore the locus we should have found for the vertex had we been given 
{he same base and a vertical angle equal to the supplement of the given one. 

Ex. 8. Given any number of points, to find locus of a point such that m' times 
pquare of its distance from the first + m" times square of its distance from the second 
+ dec. = a constant ; or (adopting the notation used in Ex. 4, p. 49) such that £ i^mn'^ 
may be constant. 
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The Bqtiare of the distance of any point xy from «y ia (a? - «0« + (y - y^** 
Unltiply this by m\ and add it to the conespouding terms found by expressing the 
distance of the point xy from the other points a/y, Ac, If we adopt tiie notation 
of p. 49| we may write for the equation of the locus 

Z (m) «« + £ (w) y« - 2L {mxT) a: - 22 {my^ y + £ (tnse^ + 2 (my^ = (7, 
Hence the locus will be a circle, the coordinates of whose centre will b9 
S(»na:') „^£_(«»yO 

that is to say, the centre will be the point which, in p. 60, was called the centre of 
mean position of the g^ven points. 

If we inyestigate the value of the radius of this circle we shall find 

where £ (mr^ = C= sum of m times square of distance of each of the given points 
from any point on the drcle, and £ {mp') = sum of m times square of distance of 
each point from the centre of mean position. 

Ex. 4. Find the locus of a point 0, such that if parallels be drawn through it 
to the three sides of a triangle, meeting them in points B^ C; C^ A''^ A'\ B" -, the 
sum may be giren of the three rectangles 

BO.OC+C'0,OA'-^A"O.Off'^ 

Taking two sides for axes, the equation of the locus is 

«(«-«- J y) + y(*-y-^ar)+'^ = m^ 

or «* + y* + 2xycosC— aa:-^ + i»« = 0. 

This represents a drcle, which, as is easily seen, is concentric with the circumscribing 
circle, the coordinates of the centre in both cases being given by the equations 
2 (a + /3 oosC) = a, 2(fi+ a oo&C) = b. These last two equations enable us to solve 
the problem to find the locus of the centre of circumscribing circle, when two sides 
of a triangle are given in position, and any relation connecting their lengths is given. 

£x. 5. Find the locus of a point 0, if the line joining it to a fixed point makes the 
same intercept on the axis of a; as is made on the axis of y by a perpendicular through 
O to the joining line. 

Ex. 6. Find the locus of a point such that if it be joined to the vertices of a 
triangle, and perpendiculars to the joining lines erected at the vertices, these perpen- 
dicuhizB meet in a point. 

97. We shall next give one or two examples involving the 
prohlem of Art. 82, to find the coordinates of the points where 
a given line meets a given circle. 

Ex. 1. To find the locus of the middle points of chords of a given circle drawn 
parallel to a given line. 

Ijet the equation of any of the parallel chords be 

;tfC0Sflt + y8ina— p=:0, 
where a is, by hypothesis, given, and p is indeterminate ; the abscissee of the pointt 
where this line meets the circle are (Art. 82) found from the equation 

a? — 2px cosa +/?* — »^ sin'a = 0. 
STow, if the roots of this equation be o^ and s", the 9 of the middle point of tlio 

N 
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cbonS win (Art. 7) tio J (aZ + a/'), or, horn tke theoiy of ecjuationa, will =potwa. 
In like manner, the y of the middle point wiH equal peina. Henoe the eqaatioo 
of the locos ispzix tan a, that is^ a right line drawn throagh the centime perpendicular 
to the system of pavallel chords, sineo a is the angle made with the axis of m by 
a perpendicular to any of the chords. 

£x. 2. To find the condition tint the mteroept maile hy the circle en the Iiitt 
«oosa + ^sina=j» 
■hoold sctbtend a right angle at the point xy. 

We found (Art. 96, Ex. 1) the conditioo that the Unea joiniDg the pointe x'y% 
ttT]^" to xy should be at right angles to eadi other ; ris. 

(«-a/0 («-«"') + (y-y")(y-*y"^ = o. 

Let afj^, tT^* be the points whens the line meets the eircfe^ then^ fty the 
last example, 
fl/' + as''' = 2p coso, QiTar'^j^^r^mxL^at y" + y^'=:2j)8ina, y'y''=jj*-f«C0E?«fc 

Patting in these values, the required condition is 

9^-^^- ^paf oosa - ^jn^ 8in« + 2p« - f*=: (^ 

Ex. 8. To find the locos ol the middle point of a chord which sutntends m tight 
angle at a giren point. 

If X and y be the coordinates of the middle point, we hare, by Ex. 1, 
jyco6a = s, j»sma = y, p" = x» + y», 
and, substituting these values, the condition found in the last example becomes 
(aj -aO'+(y- yO' + «*•*• *•-*'*• 

Ex. 4. Given a line and a circle, to find a point such that if any eiiord be drawn 
through it, and perpendiculars let fall from its extremities on the given line, the 
lectangle under these perpendiculars may be constant. 

Take the given line for axis of x, and let the axis of y be the peipendieolar ca 
it from the centre of the given circle, whose equation will then be 

«' + (y-^» = »'*. 
Ii6t the coordinates of the sought point be sey, then the equation of any fine 
through it will be y — jf' = m {x ^ xT), Eliminate x between these two equation* 
and we get a quadratic for ^, the product of whose roots will be found to be 
y-ma?0« + m«(/y-r«) 

1+TO« 

This win not be Independent of m unless the numerator be divisible by 1 + ipi', and! 
it will be found that this cannot be the case unless a/ = 0, y^ = /3* — r*. 

Ex. 5. To find the condition that the intercept made on soosa + y sina— p 
by the circle 

*■ + »• + 2^ar + 2/y + c = 
may subtend a right angle at the origin. The equation of the pair of lines joining 
the extremities of the chord to the origin may be written down at once. For if we 
multiply the terms of the second degree in the equation of the circle by p% those of 
the first degree by p (a; cosa + y sina), and the absolute term by (a; cos a + y sin a)% 
we get an equation homogeneous in m and y, which therefore represents right lines 
drawn thiongh the origin; and it is satisfied by those points on the circle for which 
ffCOsa + ysina=p. The equation expsDided and arranged is 

(p' + 2y^C08a + cC08*a} sfi + 2{gp sin a -h/p cos a + c sin a cos a) a^ 

+ Cp* + 2/i) sin a + c sin* a) y« = «t 
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Thme two lines cot at right angles (An. 74) if 

%>* + ^ (y 008« +/siiia) + c = 0, 

Ex. 6. To find the locus of the foot of the perpendicular from the origin on a 
ehprd which subtends a right angle at the origin. The polar coordinates of the locus 
are p and « in the equation last found) and the equation of the locus is thereforo 

«(«*-fj^-f5^« + ?/V-fc = «, 

It will be foiud^nesamination that this is the flaxae dide as in Ex. 1» 

Ex. 7. If any ohoid he drawn through a fixed point on a diameter of a drcle and 
its extremities joined to either end of the diameter, the joining lines cot off on th* 
tangent at the other end portions whose reoidjigle is constant. 

Find, as in Ex. 6, the equation of the lines joining to the origin the intersections 
of «> + y* — 2rx with the chord f = m (a? — x^ which passes tluough the fixed point 
{off 0). The intercepts on the tangent are found by putting x = 2r in this equation 
«nd seeking the ooizesponding values of y. The ()rodupt of these values will h9 

ic'-2r 

found to be independent of 01, viz. 4r* — . — • 

98. We shall next obtain from the equations (Art. 88) a few 
of the properties of poles and polars. 

If a point A lis OH the polar of B^ then B lies on the polar of A. 
For the condition that x^ should lie on the polar of as'y is 
ajV+yy^ssr'} bat this is also the condition that the point 
z'y^ should lie on the polar of ary. It is equally true if we 
use the general equation (Art« 89) that the result of substituting 
the coordinates x^^ in the equation of the polar of x'ljf it the 
8aroe as that of substituting the coordinates of x'y' in the polar 
of af'y'\ This theorem then, and those which follow, are true 
of all curves of the second degree. It may be otherwise stated 
thus : if the polar of B pass through a fixed point A^ the locus of 
B is the polar of An 

99. Given a circle and a triangle ABC^ If we take the polars 
with respect to the circle of -4, 5, G, we form a new triangle 
A'B'C called the conjugate triangle, A' being the pole of 5(7, 
B' of CAj and G' of AB. In the particular case where the polars 
of A^ Bj O respectively are BCj CAj AB^ the second triangle 
coincides with the first, and the triangle is called a self*conJugats 
triangle. 

The lines AA% BB\ CC\ joining the corresponding vertices of 
U triangle and o^its conjugaiey meet in a point. 

The equation of the line joining the point xy' to the inter* 
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section of the two lines icjc"+yy"— r^ = and a;a^"+y/"-i^«0* 
is (Art. 40, Ex. 3) 

^ (icV + yy'- O (xaj''' + y/''-0 =0. 
In like manner 

SB', (xV + yY - r«) (rra:''' + yy"' " O 

• (x'V" + yY"-O(araj' + yy'-r") = 
and CC\ (xV' + yy"-r«)(jca;'+yy-r«) 

and by Art. 41 these lines must pass through the same point. 

The following is a particular case of the theorem just proved : 
If a circle be inscribed in a triangle^ and each vertex of the tri" 
angle Joined to the point of contact of the circle with the opposite 
side^ the three joining lines will meet in a point. 

The proof just given applies equally if we use the general 
equation. If we write for shortness i^i = for the equation of 
the polar of icy, (<w/a?+&c.aBO); and in like manner P,, P, for 
the polars otx tf\ Qi"%f"\ and if we write [1, 2] for the result of 
substituting the coordinates aj'y in the polar Qixy\ (aa?V'+&c.), 
then the equations are easily seen to be 

AA' [1.8]P. = [1,3]P„ 

BB^ [1,2JP, = [2,8]P., 

CG' [2, 8] P. -[1,8] P., 

which denote three lines meeting in a point. It follows (Art. 60, 
Ex. 3) that the intersections of corresponding sides of a triangle 
and its conjugate lie in one right line, 

100. Oiven any point 0, and any two lines through it; join, 
both directly and transversely the points in which tfiese lines meet 
a circle; then, if the direct lines intersect each other in P and the 
transverse in Q, the line PQ will be the polar of the point with 
regard to the circle. 

Take the two fixed lines for axes, and let the intercepts madg 
on them by the circle be X and \\ fjk and /a\ Then 

\ A* ' X /A 
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Will be the equations of the direct lines ; and 

the equations of the transverse lines. Now, the equation of the 
line PQ will be 

X X /A /4 ' 

for (see Art. 40) this line passes through the intersection of 
and also of ^4 1- 1, ^ + ^ - !• 

X /A ' X /A 

If the equation of the curve be 

X and X' are determined from the equation aic' + 2^a: + c = 
(Art. 84), therefore, 

1 + I=_5£ andl + 1--^ 

XX ' /^ M ^ 

Hence, equation of PQ is 

^iB+^ + c = 0; 

but we saw (Art. 89) that this was the equation of the polar of 
the origin 0. Hence it appears that if the point were given, 
and the two lines through it were not fixed, the locus of the 
points P and Q would be the polar of the point 0. 

101. Otven any two points A cmd By and their polars with 
respect to a circle whose centre is ; let fall a perpendicular AP 
from A on the polar of B^ and a perpendicular BQfrom B on the 

1 r A .7. 0^ OB 

polar of A, <^3Jp=£g- 

The equation of the polar of A (xY) is ^ + .v/ — '^ = ^ ? and 
BQj the perpendicular on this line from B{^"y )y is (Art. 34) 

gV^ + yy^-r' 
V(a;" + y") •. 
Hence, since V(aj'"+y*) = 0-4, we find 

Oyl.i?(2 = a?V + yy'-r'} 



Digitized by VjOOQIC 



94 THEOREMS AND EXAMPLES ON THE CIRCLE, 

and, for the same reason, 

tr OA op 

Hence AP'BQ' 

102. In working ont questions on the circle it is often con« 
venient, instead of denoting the position of a point on the curve 
by its two coordinates x'^^ to express both these in terms of a 
single independent variable. Thus, let ff be the angle which 
the radius to x'j/ makes with the axis of a?, then x'^r cos^j 
y^ = rsin^, and on substituting these values our formulsB will 
generally become simplified. 

The equation of the tangent at the point ofyf will by this suIh 
stitution become 

X cos^ + y sin^ = r; 

and the equation of the chord joining x'y\ Qi'}f\ which (Art. 86| 
Ex. 3) is 

will, by a similar substitution, become 

X cosi {» + r) + y siiii {ff + ff') - r cos^ {ff - ff\ 

ff and ff' being the angles which radii drawn to the extremitiea 
of the chord make with the axis of a;. 

This equation might also have been obtained directly from 
the general equation of a right line (Art. 23) x cosa + y 8ina=/>j 
for the angle which the perpendicular on the chord makes with 
the axis is plainly half the sum of the angles made with the axia 
by radii to its extremities, and the perpendicular on the chord 
.= rcosi(e'-r). 

Ex. 1. To find the coordinates of the intersection of tangents at two given pointft 
on the circle. The tangents being 

X cos (f + y sin 6* = r, x cos 6" + y sin B" = i\ 
the coordiaates of their intersection are 

.8ini(e' + 0-) 



C084(»' + O 

'"'"cosJC^'-^')' ^"■' 



cosi(<^-«") 

Ex. 2. To find the locus of the intersection of tangents at the extremities of 
a chord whose length is constant. 

Making the substitution of this article in 

(a' - «")« + (y' - y")« = constant, 
it reduces to cos (O' - 0") = constant,- or V^V* ^ constant If the giyen length of 
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the cfaard be 2r sin ^, then e' - 6^' = 2d» The coordinates therefore foand in the last 
example fulfil the condition 

(aj» + j^coB«A = f*«. 

Ex. 8. What IB the loons of a point where a chord of a oonstant length is cut 
in a given ratio? 

Writing down (Art. 7) the ooordinates of the point where the chord is cat in a 
given ratio, it will be found that they satisfy the oondlKon a^ + y* = constant. 

103. We have seen that the tangent to any circle aj'+y*=r* 
has an eqaation of the form 

X cos^ + y 8in^ = r; 

and it can be proved, in like manner, that the eqaation of the 
tangent to (» — a)* + (y — /8)* =* r* may be written 

[x — a) cos^ 4 (y — /3) sin = r. 

Conversely, then, if the equation of any right line contain an 
indeterminate in the form 

{x - a) cos^ + (y — /8) sin ^ = r, 
that line will touch the circle {x - a)* + (y - /8)' = r\ 

Ex. 1. If a chord of a constant length be inscribed in a circlCi it will always touch 
another circle. For, in the equation of the chord 

r cosi (0' + 0") +y sinn^ + 0") = »'«»i (O*- e") J 
by the last article, 6* — 0" is known, and 0* + 0" indeterminate ; the chord, thereforet, 
always touches the circle 

«» + y» = r* cos' d, 

Ex. 2. Given any number of points, if a right line be such that m' times the 
perpendicular on it from the first point + m'^ times the perpendicular from the second 
•f Ac. be constant, the line will always touch a circle. 

This only differs from Ex. 4, p. 49, in that the sum, in place of being = 0, is con* 
Btant. Adopting then the notation of that Article, instead of the equation there found, 

{xS (to) - 2 (ma;')} COB a + fe^ (to) - £ (to^)) sin o = 0, 
we have only to write 

{xZm - I {nuf)} cos o + {y£ (to) - L (wy^} sin o = constant. 
Hence this line must always touch the circle 

f L (tox')1« f Z (TOyOl«_ ^.. 

r--i(^|-^F-~2:(TO)/=^^'^'^°*' 

whose centre is the centre of mean position of the given points* 

104. We shall conclude this chapter with some examples of 
the use of polar coordinates. 

Ex. 1. If through a fixed point any chord of a circle be drawn, the rectangki 
3nder its segments will be constant {Etielid ill. 85, 86). 

Take the fixed point for the pole, and the polar equation is (Art. 95) 
1^ - 2/)<^ 0080 + «P - r» = j 
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the roots of which equation in /o are eTidently OP, OP', the Tallies of the radiiai 
vector answering to any given value of 6 or POC. 

Now, by the theory of equations, OP , OP*, the product of these roots will 
= (? — r*, a quantity independent of 0, and therefore constant, whatever be the 
direction in which the line OP is drawn. If the point be outside the circle, it 
is plain that d^ — r^ must be = the square of the tangent. 

Ex. 2. If through a fixed p«nt toij chord of a circle be drawn, and OQ taken 
an arithmetic mean between tiie segments OP, OP*, to find the locus of Q. 

We have OP + OP*, or the sum of the roots of the quadratic in the last example^ 
s: 2(J COS0 J but OP + OP* = 20(1, therefore 

(?Q = tfoo80. 

P 

Henoe the polar equation of the locus la ^ 




ps=<7ooe6. _ 

Now it appears from the final equation (Art. 95) 
that this is the equation of a circle described oa 
the line OCoa diameter. 

The question in this example might have been otherwise stated: "To find the 
locus of the middle points of chords which all pass through a fixed point." 

Ex. 8. If the line OQ had been taJcen a hartnonic mean between OP and OP* 

to find the locus of Q, 

2 OP OP' 
That is to say, OQ^-^j^^^p, \miOP,OP'-d^'-t^, and OP+(?P'=2(looBa; 

therefore the polar equation of the locus is 

P= . at OT /»COS0 = -= . 

This is the equation of a right Hne (Art. 44) perpendicular to OC, and at a 
distance from = d—-^, and, therefore, at a distance from C— j , Hence (Art 88) 

the locus is the polar of the point 0. 

We can, in like manner, solve this and similar questions when the equation ia 
given in the form 

for, transforming to polar coordinates, the equation becomes 



/»« + 2 (I coee+^sin 0^/9 + ^ = 0, 



and, proceeding precisely as in this example, we find, for the locus of harmonic meanfly 

_ c 

'*~""^co8 0+y sine* 
and, returning to rectangular coordinates, the equation of the loous is 

gx + fy + c^O, 
the same as the equation of the polar obtained already (Art. 89). 

Ex. 4. Given a point and a right line or circle ; if on OP the radius vector to the 
line or circle a part OQ be taken inversely as OP, find the locus of Q, 

Ex. 6. Given vertex and vertical angle of a triangle and rectangle under sides, 
if one extremity of the base describe a right line or a circle, find the locus described 
by the other extremity. 

Take the vertex for pole ; let the lengths of the sides be p and p', and the anglet 
they make with the axis and G', then we have /i/>' = ;fc> and 6' = C7, 
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The student must write down the polar eqaation of the locrifi which one base angle 
is said to describe ; this will give him a relation between p and ; then, writing for p, 

— ; f and for 0, C+O^, he will find a relation between p' and 0^, which will be the 

polar equation of the locns described by the other base angle. 

This example might be solved in like manner, if the ratio of the sides, instead 
of their rectangle, had been given. 

Ex. 6. Through the intersection of two circles a right line is drawn; find the 
locus of the middle point of the portion intercepted between the circles. 
The equations of the circles wiU be of the form 

/B = 2rcos(0-o)j /B = 2^008 (0-0*) J 

•nd the equation of the locus will be 

^ = r cos (0 - a) + r' COB (0 - a*) I 

which also represents a circle. 

Ex. 7. If through any point 0, on the circumference of a circle, any three chords 
be drawn, and on each, as diameter, a circle be described, these three circles (which, 
of course, all pam through C^) will intersect in three other points, which lie in one 
right line (See Cambridge Mathematical Joumaly vol. I. p. 169). 

Take the fixed point for pole, then if d be the diameter of the original circle, 
its polar equation will be (Art. 95) 

^ = ^ cos 0. 

In like manner, if the diameter of one of the other circles make an angle a with the 
fixed axis, its length will be = d cos a, and the equation of this circle will be 

/> = d cos a cos (0 — a). 

The equation of another circle will, in like manner, be 

/Bndoos/3 cos (0-/3). 

To find the polar coordinates of the point of intersection of these two, we should 
■eek what value of would render 

cos o cos (0 - o) = oos/3 cos (0 - /S), 

and it is easy to find that must = a + /3, and the corresponding value of 
p=: dcosa cos/3. 

Similarly, the polar coordinates of the intersection of the first and third drclep are 

= a + 7) and /d = d cos a cos y . 

Now, to find the polar equation of the line joining these two points, take the 
genersd equation of a right line, p cos (A — 0) = p (Art. 44), and substitute in it suc- 
cessively these values of and p, and we shall get two equations to determine p 
and At. We shall get 

p = <; oosa cos/3 cos{£ - (o + /3)) = <? cos o cosy cos {* - (o + y)}. 
Hence Jb = o + /3 + y, and p = rf cos o co3/3 cos y. 

The symmetry of these values shows that it is the same right line which joii> 
the intersections of the first and second, and of the second and third circles, and, 
therefore, that the three points are in a right Une. 
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CHAPTER VIII. 

PROPERriES OF A SYSTEM OF TWO OR MORE CIRCLES. 

105. To find the equation of the chord (ff intersection of two 
circles, 

l{ 8=^0j 8^=^0 be the equations of two circles, then any 
equation of the form 8-\- kS^ = will be the equation of a figure 
passing through their points of intersection (Art. 40). 

Let us write down the equations 

and It is evident that the equation 8-^Jc8^ = will m general 
represent a circle, since the coefficient of xy^O, and that of 
85* = that of y". There is one case, however, where it will re- 
present a right line, namely, when i = — 1. The terms of the 
second degree then vanish, and the equation becomes 

This is, therefore, the equation of the right line passing through 
the points of intersection of the two circles. 

What has been proved in this article may be stated as in 
Art. 60. If the equation of a circle be of the form i8+ k8' = 
involving an indeterminate k in the first degree, the circle passes 
through two fixed points, namely, the two points common to the 
circles 8 and 8\ 

106. The points common to the circles 8 and 8^ are found 
by seeking, as in Art. 82, the points in which the line 8— 8^ 
meets either of the given circles. These points will be real, co- 
incident, or im.aginary, according to the nature of the roots of 
the resulting equation ; but it is remarkable that, whether the 
circles meet in real or imaginary points, the equation of the^ 
chord of intersection, /S-iS' = 0, always represents a real line, 
having important geometrical properties in relation to the two 
circles. This is in conformity with our assertion (Art, 82}, that 
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the line joining two points may preserve its existence and its 
properties when these points have become imaginary. 

In order to avoid the harshness of calling the line 8— 8\ the 
chord of intersection in the case where the circles do not 
geometrically appear to intersect, it baa beea called* the radical 
axis of the two circles. 

107. We saw (Art. 90) that if the coordinates of any point 
xi/ be substituted in /ff, it represents the square of the tangent 
drawn to the circle 8 from the point xy. So also 8' is the 
square of the tangent drawn to the circle ^9'; hence the equation 
<S — iS' = asserts, that if from any point on the radical axia 
tangents be drawn to the two circles^ these tangents will be equal. 

The line (5- 8') possesses this property whether the circles 
meet in real points or not. When the circles do not meet in 
real points, the position of the radical axis is determined geome^ 
trically by catting the line joining their centres, so that the 
difference of the squares of the parts may » the difference of the 
squares of the radii, and erecting a perpendicular at this point ; 
AS is evident, since the tangents from this point must be equal 
to each other. 

If it were required to find the locus of a point whence tan- 
gents to two circles have a given ratio^ it appears, from Art. 90| 
that the equation of the locus will be /S-i*5'=0, which (Art. 105) 
represents a circle passing through the real or imaginary points 
of intersection of 8 and 8\ When the circles 8 and 8' do not 
intersect in real points, we may express the relation which they 
bear to the circle 8—k^8\ by saying that the three circles have 
a common radical axis. 

Ex. Find the coordinates of the centre, and the radios of kS + 18', 

Ant, Coordinates are -" - * , ITTT * '^**^ ^ *° ®*^' ^^^ ^® joining the oentrea 

of 3, 8' is divided in the ratio k : I. Radius is given by the equation 
{k + /)2r"2 = (A + ik^"^ + Ir'-^) - ^i^, 

where D ia the distance between the centres ol 8 and 8', 

108. Oiven any three circles^ if v)e take the radical axis of 
each pair of circles^ these three lines will meet in a pointy which 
is called the radical centre of the three circles. 

• By M. GaoJtier, of Tours (Joumai de Vioole PolyttchniqWy Cahier TiYU X8iaj^ 
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For the equations of the three radical axes are 

which, hy Art. 41, meet in a point. 

From this theorem we immediately derive the following : 
If several circles pass through ttoo faced points^ their chords of 
intersection with a faced circle will pass through a fixed point. 

For, imagine one circle through the two given points to be 
fixed, then its chord of intersection with the given circle will be 
fixed; and its chord of intersection with any variable circle 
drawn through the given points will plainly be the fixed line join- 
ing the two given points. These two lines determine by their 
intersection a fixed point through which the chord of intersection 
of the variable circle with the first given circle must pass, 

Ex. 1. Fmd the radical axis of 

«« + y*-4aj-5y + 7 = 05 a^ + y» + 6a? + 8y- 9 = 0. 

Ana, 109+%= 16. 
Ex. 2. Find the radical centre of 

(x-l)«+(y^2)« = 7j (»-8)» + j/«=:65 (» + 4)« + (y + 1)« = 9. 

♦109, A system of circles having a common radical axis 
possesses many remarkable properties, which are more easily 
investigated by taking the radical axis for the axis of y, and the 
line joining the centres for the axis of x. Then the equation of 
any circle will be 

aj" + y''-2fcc±S' = 0, 

where £* is the same for all the circles of the system, and the 
equations of the different circles are obtained by giving different 
values to k. For it is evident (Art. 80) that the centre is on 
the axis of a;, at the variable distance k ; and if we make a; = 
in the equation, we see that no matter what the value of k may 
be, the circle passes through the fixed points on the axis of y, 
y*±8* = 0. These points are imaginary when we give S" the 
sign +1 and real when we give it the sign — • 

*110. Thepolars of a given pointy with regard to a system of 
circles having a commcm radical aocis^ always pass through a 
faced point. 

The equation of the polar of afy' with regard to 

aD* + /-2A;x + S' = 0, 
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is (Art. 89) xaf + y/ - k {x + x')-^ S* = 0; 

therefore, since this involves the indeterminate k in the first 
degree, the line will always pass through the intersection of 
i»J?' + yy'+S' = 0, and a; + a?' = 0. 

*111. There can always he found two points^ however y such 
that their polars^ with regard to any of the circles^ will not only 
pass through a fixed pointy hut will he altogether fixed. 

This will happen when sea/ + yy + 8" = and iD + aj' = re- 
present the same right line, for this right line will then be the 
polar whatever the value of k. But that this should be the case 
we must have 

3^ = and a;'' = S', or a!-=±Z. 

The two points whose coordinates have been just found have 
many remarkable properties in the theory of these circles, and 
are such that the polar of either of them, with regard to any of 
the circles, is a line drawn through the other, perpendicular to 
the line of centres. These points are real when the circles of 
the system have common two imaginary points, and imaginary 
when they have real points common. 

The equation of the circle may be written in the form 

which evidently cannot represent a real circle if A* be less than 
£' ; and if A* = S*, then the equation (Art. 80) will represent a 
circle of infinitely small radius, the coordinates of whose centre 
arey = 0, x = ±h. Hence the points just found may themselves 
be considered as circles of the system, and have, accordingly, 
been termed by Poncelet* the limiting points of the system of 
circles. 

•112. If from any point on the radical axis we draw tan- 
gents to all these circles, the locus of the point of contact must 
be a circle, since we proved (Art. 107) that all these tangents 
were equal. It is evident, also, that this circle cuts any of the 
given system at right angles, since its radii are tangents to the 
given system. The equation of this circle can be readily found. 



♦ Traiie du ProprieUs ProjectiveBf p. 41, 
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The square of the tangent from any point (»=0, y=A) to the 
circle 

being found by substituting these coordinates in this equation 
is A* + 8* ; and the circle whose centre is the point {x = 0, y = h\ 
and whose radius squared = A* H- S', must have for its equation 

a^+(y-Ar = A'-^8^ 
or x*'^f--2hy = h\ 

Hence, whatever be the point taken on the radical axis (t.«, 
whatever the value of h may be), still this circle will always pass 
through the fixed points (y=0, x=±h) found in the last Article. 
And we infer that all circles which cut the given system at right 
angles pass through the limiting points of the system, 

Ex. 1. Pind the condition that two circles 

»« + y« + 2^aj + 2/y + <j = 0, ar« + y» + 2^a: + 2/'y + c* = 
should cut at right angles. Expressing that the square of the distance between th« 
centres is equal to the sum of the squares of the radii, we haye 

or, reducing, 2gg' + 2ff" = e + &, 

Ex. 2. Pind the circle cutting three circles orthogonally. We have three equations 
of the first degree to determine the three unknown quantities g^ f,Cy and the problem 
is solved as in Art, 94. Or the problem may be solved otherwise, since it is evident 
from this article that the centre of the required circle is the radical centre of the three 
circles, and the length of its radius equal to that of the tangent from the radical 
centre to any of the circles. 

Ex. 3. Pind the circle cutting orthogonally the three circles, Art. 108, Ex. 2. 

Ex. 4. If a circle cut orthogonally three circles /S^, iSf", 8"\ it cuts orthogonally 
any circle kS^ + IS" + mS"' = 0. Writing down the condition 

2g {kg' + Ig" + mg'") + 2/ ( kf + //" + mf") = (* + / + i») tf + (fe* + fc" + «ic'"), 
ve see that the coefficients of ^, /, m vanish separately by hypothesis. 

Similarly, a circle cutting 5*, <S" orthogonally, also cuts orthogonally ^5* + /5". 

Ex. 6. A system of circles which cuts orthogonally two given circles fif', 5" haa 
a common radical axis. This, which has been proved in Art. 112) may be prove<| 
otherwise as follows : The two conditions 

2^/ + 2^' = (? + c', 2gg" + %fJ" = o + €r, 
enable us to determine g and / linearly in terms of c. Substituting the values sa 
found in 

aj» + j^ + 2^aj + 2/y + tf = 0, 

the equation retains a single indeterminate e in the first degree, and thereforo^ 
(Art. 105) denotes a system having a common radical axis. 

Ex. 6. If AB be a diameter of a circle, the polar of A with respect to any dzvlt 
which cuts the first orthogonally will pass through B, 
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Ex. 7. The square of the tangent from any point of one circle to another ia 
tnoportional to the perpendicular from that point upon their radical axis. 

Ex. 8. To find the cmgle (a) at which two ciicles intersect. 

Let the radii of the circles be R, r, and let Z) be the distance between their 
centres, then 

D^ = IP + r^- 2Rr coso, 

since the angle at which the circles intersect ia eqnal to that between the radii to 
the point of intersection. 

When the circles are giyen by the general equations, this expression becomes 
2i?r cos o = 2Gg + 2Ff-C- c. 

If 8 = be the equation of the circle whose radius is r, the coordinates of the 
Centre of the other circle must fulfil the condition /P — 2Rr cos a = i9, as is evident 
from Art. 90, since />> — H is the square of the tangent to 8 from the centre of the 
other circle. 

Ex. 9. If we are given the angles a, /9 at which a circle cats two fixed circles ^, S*, 
the circle is not determined, since we have only two oonditious ; but we can determine 
the angle at which it cuts any circle of the system kS + 18^. For we have 

B^-2Rrcoaa = 8, iP - 2/2r' cos /3 = 5*, 
whence jp_^^cca + fr'oo«p^*a+M' 

*+/ A+Z ' 

which is the condition that the moveable circle should cut kS + 18* at the constant 
angle y j where (A: + ?) r" cos y = ir cos a + Zr' coe/3, r" being the radius of the 
circle k8 + IS', 

Ex. 10. A circle which cuts two fixed circles at constant angles will also touch 
two fixed circles. For we can determine the ratio ib : Z, so that y shall = 0, or cos y = 1. 
We have (Art. 107, Ex.) 

(* + /)* r"« =(* + ?) (;tr« + ?r^ - klD^ 
Substitutmg this value for r" in the equation of the last example, we get a qnadratio 
to determine k : L 

113. To draw a common tangent to two circles. 
Let tkeir equations be 

(a.-a)'+(2^-/9)' = »^ (S), 

and (aJ-a'r-f (y-i8')« = /« (fiT). 

We saw (Art. 85) that the equation of a tangent to {S) was 

(a:-a)(a^-a) + (y-i8)(/-)9) = r»; 
or, as in Art. 102, writing 

X^ — OL /I V' -" 5 • /t 

=co8^, ^ =sin^, 

r ' r ' 

(a; — a) cos0 + {y-ff) 8in^ = r. 
In like manner, any tangent to {S') is 

(a;- a) cos^+(y-y9') 8in^=/. 
Now if we seek the conditions necessary that these two 
equations should represent the same right line ; first, from com- 
paring the ratio of the coefficients of x and i/j we get tan^=tan^, 
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whence ff either = ^, or = 180° H- 0. If either of these conditions 
be fulfilled, we must equate the absolute terms, and we find, in 
the first case, 

(a-aO cos^ + (^-/3') sin^ + r-/ = 0, 
and in the second case, 

(a-a') cos^+(i8-/80 sin^ + r + / = 0. 
Either of these equations would give us a quadratic to deter- 
mine 0. The two roots of the first equation would correspond 




to the direct or exterior common tangents, Aa^ A'o! ; the roots 
of the second equation would correspond to the transverse or 
interior tangents, Bh^ B'V. 

If we wished to find the coordinates of the point of contact 
of the common tangent with the circle (5), we must substitute, 

in the equation just found, for cos^, its value, , and for 

sin 0. , and we find 

(a-a')(a^-a) + (/8-/8')(/~/9) + r(r-O = 0; 
or else, (a- O (ic'-a) + {ff-ff) (/- )8) +r (r + /) = 0. 

The first of these equations, combined with the equation {S) 
of the circle, will give a quadratic, whose roots will be the 
coordinates of the points A and A% in which the direct common 
tangents touch the circle {8) ; and it will appear, as in Art. 88, 

that 

(a'-a){a:-a) + (/9'-)8)(y-/9)=r(r-0 

is the equation of AA\ the chord of contact of direct common 
tangents. So, likewise, 

(flt'-a)(x-a) + (/9'-/9)(y-/9)=r(r + 
18 the equation of the chord of contact of transverse common 
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tangents. If the origin be the centre of the circle (5), then a and 
>8 = ; and we find, for the equations of the chordfl of contact, 

Ex. Find the (Sdmmon tangents to the circles 

a» + y«-4a;-2y + 4=:0, «• + y» + 4« + 2y-4 = 0. 
The chords of contact of common tangents with the first circle are 

2« + y = e, 2aj + y = 3. 
^e first chord meets the circle in the points (2, 2), (y, f)^ the tangents ftt which are 

y = 2, 4x-3y=10, 
fliid the second chord meets the ciircle in the points (I| 1)^ (}, |)| the tangents at 
which are 

«=1, 8a? + 4y = 6. 

114. The points and (X, in which the direct oi* transverse 
tangents intersect, are (for a reason explained in the next 
Article) called the centres of similitude of the two circles. 

Their coordinates are easily found, for is the pole, with 
regard to circle (iSj, of the chord AA\ whose equation is 

Comparing this equation with the equation of the polar of the 
point xy\ 

(aj'-ft)(a:-4) + (y^/3)(y-./9) = r*, 

, (a' - a) r , aV - ar 
we get (c - a = ^-^ 1— , or ct = r- « 

So, likewise, the coordinates of 0' are found to bd 
aV + ar' , ffr + 0r' 

These values of the coordinates indicate (see Art. 7) that the 
centres of similitude are the points where the line joining the 
centres is cut externally and internally in the ratio of the radii. 

Ex. Find the common tangents to the circles 

a^ + y»-6a:-8y = 0, a:« + y«- 4aJ - 6^ = 81 
The equation of the pair of tangents th2X)ugh a;'/ to 
(«-a)« + (y-^)« = r< 
is found (Art. 92) to be 

V-«)'+(y'-/3)'-»-*JK«-«)'+(y-ft'-»^l = {(«-«) (*'^«)+(y-/^^-^-''*l' 

p 
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Now the oooidinates of the exterior centre of similitude ai-e found to be (—2^-1) 
and hence the pair of tangents through it ia 

26(«*+y*-6x-8y)=^(5a?+gy-10)«j or ary + a! + 2y + 2 = aj or (ar-»- 2) (y-»- 1) = 
As the given circles interseet in real points, the other two common tangerits 
l)ecome imaginary ; bat their equation is found, by calculating the pair of tangenta 
through the other centre of similitude (V) V); ^ ^ 

40aj» -f ary + 40y« - 199x - 278y + 722 = 0- 

115. Every right line drawn through the intergection of com» 
mon tangents is cut similarly hy the two circles. 

It is evident that if an the radius vector to any point P there 
be taken a point Q, such that OF=m times OQ^ then the x and 
y of the point P will be respectively m times the x and y of tlie 
point Q ; and that, therefore, if P describe any curve, the locus 
of Q is found by substituting tox^ my for x and y in the equation 
of the curve described by P. 

Now, if the common tangents be taken for axes, and if we 
denote Oa by a, OA by a , the equations of the two circles are 
(Art. 84, Ex. 2) 

J»* + y* + 2a:y COS© — 2a a; — 2ay + a* = 0, 

a?" + y + 2xy costt) - 2ax - 2ay + a'' = 0. 

But the second equation is what we should have found if we 

had substituted , ^ —, ^or a;, y in the first equation; and it 

therefore represents the locus formed by producing each radius 
vector to the first circle in the ratio a : a\ 

Cor. Since the rectangle Op. Op is constant (see fig. next 
page), and since we have proved OB to be in a constant ratio to 
Op, it follows that the rectangle OIt.Op = OB!. Op is constant, 
however the line be drawn through 0. 

116. If through a centre of similitude we draw any two lines 
meeting the first circle in the points By R^ 5, 8\ and the second in 
the points p, p', c, cr', then the chords B8y pa-; B'8\ pa* will he 
parallel^ and the chords BS^ pa ; B'S\ pa will meet on the 
radical axis of the two circles. 

Take OB^ OS for axes, then we saw (Ar*. 115) that 
OB=-9nOpj OS=mOaj and that If the equation of the circle 
papa' be 

a (a:' + 2(ey cos © + y*) + 2^a: + ^fy + c = 0, 
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that of the other will be 
a (a* 4 2xy cobg) + y*) 

+ 2w» f^ra? +^) + «i'c = 0, 
and, therefore, the equation of the 
radical axis will be (Art. 105) 

2f^x+/y)+(w + l)c = 0. 

Now let the equations of pa and 
of pV be 

then the equations of B8 and 
B'S* must be 




X 



ma m6 ' ma ml) 



It is evident, from the form of the equations, that R8 Li 
parallel to pa ; and R8 and pa' must intersect on the line 



<^'i)<*\)- 



l + «ii 



or, as in Art. 100, on 

the radical axis of the two circles. 

A particular case of this theorem is, that the tangents at R 
and p are parallel, and that those at jS and p meet on the 
radical axis. 

117. Oiven three circles 8^ 5', 8" ; the line jotnttig a centra 
of similitude of 8 and 8' to a centre of similitude of 8 and 8'*^ 
vnllpass through a centre of similitude of 8' and 8'\ 

Form the equation of the line joining the first two of the points 

( ra'-ar' rff-^r\ f ral'-ar" rff'-^r" \ fr'a"^"a' //3"-r"/3^ ^ 
{r^r' ' r^r' J'Kr-^r" > r-r" )'\r'^r"'' r*^r" j» 
(Art. 114), and we get (see Ex. 6, p. 24), 

{r(/S'-)8") + ^'(i8"-i8) + r"(/S-)8')}ar 
- {r (a' - a")^r'{a" - a) + r"(a - a')}y 
^r{^a"'-l3"a') + r'{fi"(i-^/3(x")-{-r"{fia''-ffa]. 
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Now the symipetry of this equation 8u6Scientl7 shows, that tbo 
line it represents must pass through the third centre of similitude. 
This line is called an ctxU of similttucle of the three circles. 

Since for each pair of 
circles there are two cen- 
tres of similitude, there 
will be in all six for the 
three circles, and these 
will be distributed along 
four axes of similitude, 
as represented in the 
figure. The equations 
of the other three will 
be found by changing 
the signs of either r, or 
r', or r", in the equatioa 
just given. 

Cob. If a circle (2) touch two others {8 and fl"), the linejoin^ 
ing the points of contact will pass through a centre of similitude of 
8 and 8\ For when two oircles touch, one of their centres of 
aimilitude will coincide with the point of contact. 

If 2 touch 8 and 8\ either both eiiternally or both internally^ 
the line joining the points of contact will pass through the extern 
nal centre of similitude of 8 and 8\ If 2 touch one externally 
and the other internally, the line joining the pointa of contact 
will pass through the internal centre of similitude. 

•118. To find the locus of the centre of a circle cutting three 
given circles at equal angles. 

If a circle whose radius is £, cut at an angle a the three 
circles S, 8\ 8", then (Art. 112, Ex. 8) the coordinate^ of it^ 
centre fulfil the three conditions 

i8=:£'-2i?rcosa, fi' = 22* - 25/ cosa, fi" « £• - 2i?r" cosa. 

From these conditions we can at once eliminate ii* and 
Ji cos a. Thus, by subtraction, 

8- 8' =? 2B (r -- r) cosa, 8^ 8" ^ 25 (r" - r) coso, 
whence (5- 8') (r - r") = (S- 8") (r - r'), 

the equatioa of a line on which the centre must lie. It obviously 
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passes through the radical centre (Art. 108); and if we write 
for 8^ 8\ 8- 8"y their values (Art. 105), the coefficient of a In 
the equation is found to be 

^2{a(/-r") + a'(r"-r) + a"(r-r')}, 

while that of ^ Is 

^2{0{r'^r")^-l3'{r"'-r)^ff'{r^r% 

Now If we compare these values with the coefficients in the 
equation of the axis of similitude (Art. 117), we infer (Art. 32), 
that the locus Is a perpendicular let fall from the radical centre 
on an axis of similitude. 

It is of course optional which of two supplemental angles we 
consider to be the angle at which two circles intersect. The 
formula (Art. 112) which we have used assumes that the angle 
at which two circles cut is measured by the angle which the 
distance between their centres subtends at the point of meeting ; 
and with this convention, the locus under consideration is a per- 
pendicular on the external axis of similitude* If this limitation 
be removed, the formula we have used becomes 8=Il*±2Rr cosa ; 
or, in other words, we may change the sign of either r, r , or r" 
in the preceding formula, and therefore (Art. 117) the locus is a 
perpendicular on any of the four axes of similitude.* 

When two circles touch internally, their angle of Interseo 
lion vanishes, since the radii to the point of meeting coincide. 
But If they touch externally, their angle of intersection accord-- 
ing to the preceding convention is 180°, one radius to the point 
of meeting being a continuation of the other. It follows, from 

M 1 ■ ■li» !L ■ ^ 

* In fact> aU circles outtiDg three ciidea at equal angles have one of the axes 
of similitude for a common radical axis. Let £, £', Z" be three circles, all cutting 
the given circles at the sam^ angles a, /9, y respectively. Then the coordinates of tbo 
centre of each of the circles 8, 8*, 8" must fulfil the conditions 

Z = r«-2ri2co8a, 2:' = r»-2rii'co8/3, 2" = r« - 2ri2" cos y j 

If hence (ff cos a - i2" cos y) (£ - £0 = (i2 cos a - iZ* cos jS) (2 - £") , 

This litrhich appears to be the equation of a right line is satisfied bj the coordinates 
of the centre of 8, of 8*^ and of 8", three points which are not supposed to be on a 
right line. Now the only way in which what seems an equation of the first degree, 
anch aa ax + by + c ^ a'x + b'y + c^ can be satisfied by the coordinates of three points 
which are not on a right line, is if the equation is in truth an identical one, a = a', 
h — b\ c = y. The equation, therefore, written above denotes an identical relation of 
1^ form £ = JtZ' + /£", shewing that the three cirdos have a common radical axis. 
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what has been just proved, that the perpendicular on the external 
axis of similitude contains the centre of a circle touching three 
given circles, either all externally, or all internally. If we 
change the sign of r, the equation of the locus which we found 
denotes a perpendicular on one of the other axes of similitude 
which will contain the centre of the circle touching 8 externally, 
and the other two internally, or vice verad. Eight circles in all 
can be drawn to touch three given circles, and their centres lie, 
a pair on each of the perpendiculars let fall from the radical 
centre on the four axes of similitude. 

•119. To describe a circle touching three given circles. We 
have found one locus on which the centre must lie, and we could 
find another by eliminating B between the two conditions 

The result, however, would not represent a circle, and the solu* 
tion will therefore be more elementary, if instead of seeking 
the coordinates of the centre of the touching circle, we look for 
those of its point of contact with one of the given circles. We 
have already one relation connecting these coordinates, since 
the point lies on a given circle, therefore another relation be* 
tween them will suffice completely to determine the point.* 

Let us for simplicity take for origin the centre of the circle, 
the point of contact with which we are seeking, that is to say^ 
let us take a = 0, /S = 0, then if A and B be the coordinates of 
the centre of 2, the sought circle, we have seen that they fulfil 
tbe relations 

5- 5' = 2i? (r - /), S- 8" = 2i2 (r - r"). 

But if X and y be the coordinates of the point of contact of S 
with Sj we have from similar triangles 

r * r * 

Now if in the equation of any right line we substitute mx^ my for 
X and y, the result will evidently be the same as if we multiply 
the whole equation by wi, and subtract (wi- 1) times the absolute 
term. Hence, remembering that the absolute term in 8-^8' ia 

• This BolutioD is by M. Gergonne, Annalet det Mathdmatiques, yoI. vil. p. 28^. 
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(Art. 105)/"- r*- a'"- I3'\ the result of making the above Bub- 
Btitutions for A and B\n{S- 8') = 2R[r^ r') is 

or (i? + r)(flf-5')-iZ{(r-r')«-a'"-i8"'}. 

Similarly (i? + r) (5- 5") = i2{(r-r7- a'"-/S"'}. 

Eliminating R^ the point of contact is determined as one of 
the intersections of the circle 8 with the right line 

8-8' 8-8" 

a" + /3'- - (r - ry " a'" -f /3"' - (r - rj * 

120. To complete the geometrical solution of the problem, it 
is necessary to show how to construct the line whose equation has 
been just found. It obviously passes through the radical centre 
of the circles; and a second point on it is found as follows: 
Write at full length for 5— 8' (Art. 105), and the equation is 

a'« + /3" - (r - r'f " a'"* + IB''' - (r - rj 

Add 1 to both sides of the equation, and we have 

ag+ffV+(r -r)r a x 4 /3 ".y + (r" - r) r 
a' + yS'^-Cr-ry " a'" 4 yS'" - (r - r"/ * 

showing that the above line passes through the intersection of 
ax + I3'y -\'{r'-r)r = 0, a'x + &'t/ -h {r" - r) r = 0. 

But the first of these lines (Art. 1 13) is the chord of common 
tangents of the circles 8 and 8' ; or, in other words (Art. 114), is 
the polar with regard to 8 of the centre of similitude of these 
circles. And, in like manner, the second line is the polar of the 
centre of similitude of 8 and 8" ; therefore (since the intersection 
of any two lines is the pole of the line joining their poles) the 
intersection of the lines 

a'xH-/3>+(r'-r)r = 0, a'a; + /S' y + (r" - r) r = 
is the pole of the axis of similitude of the three circles, with 
regard to the circle 8. 

Hence we obtain the following construction : 

Drawing any of the four axes of similitude of the three 
circles, take its pole with respect to each circle, and join the 
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points 80 found (P, P', P"') 
with the radical centre 5 then, S J^ 
if the joining lines meet the 
circles in the points 

(a,J;o',J';a",J"), 
the circle through a, a', a" will S 
be one of the touching circles, 
and that through J, J', b" will S. 
be another. Bepeating this 
process with the other three 
axes of similitude, we can de- 
termine the other six touching 
circles. 

121. It is useful to show how the preceding results may be 
derived without algebraical calculations. 

(1) By Cor., Art. 117, the lines aJ, a'J', a"b" meet in a point, 
VIE., the centre of similitude of the circles aa'a"j bb'b'\ 

(2) In like manner aa"^ Vb" intersect in 8^ the centre of 
similitude of C\ C". 

(3) Hence {Art. 116) the transverse lines ab\ a%" intersect 
on the radical axis of C", 0". So again a"6", ab intersect on 
the radical axis of 0", C. Therefore the point R (the centre of 
similitude of aa!a\ bb'b") must be the radical centre of the 
circles 0, C\ C". 

(4) In like manner, since a'b\ a%" pass through a centre of 
similitude of aaV, JJ'i"; therefore (Art. 116) aa\ Vb" meet on 
the radical axis of these two circles. So again the points S' and 
S*' must lie on the same radical axis ; therefore SS'8'\ the axis 
of similitude of the circles 0, C, C'\ is the radical axis of the 
circles add\ bb'b'\ 

(5) Since a!'b" passes through the centre of similitude of 
a^a'\ bVV\ therefore (Art. 116) the tangents to these circles 
where it meets them intersect on the radical axis 88' 8". But 
this point of intersection must plainly be the pole of al'b" with 
regard to the circle G". Now since the pole of a"b" lies on 
88' 8\ therefore (Art. 98) the pole of 88' 8" with regard to 0" 
lies on d'b". Hence a"b" is constructed by joining the radical 
centre to the pole of 88' 8" with regard to G". 
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(6) Since the centre of siroilitade of two circles is on the line 
joining their centres^ and the radical axis is perpendicular to that 
line, we learn (as in Art. 118) that the line joining the centres of 
od(i\ hVb" passes through R^ and is perpendicular to S8*8'\ 

121 (a).* Dr. Casey has given a solution of the pi'oblem 
tre are considering, depending on the following principle due 
to him : If four circles be all touched by the same fifth circle, 
the lengths of their common tangents are connected by the 
following relation, 12.34 ±14.23 ±I3.24 = 0, where 12 denotes 
the length of a common tangent to the first and second circles^ 
&C. This may be proved by expressing each common tangent 
in terms of the length of the line joining the points where the 
circles touch the common touching circle. ^^ 
Let B be the radius of the latter circle 
whose centre is 0, r and / of the circles 
whose centres are A and B^ then, from the 
isosceles triangle aOb^ we have 

ab=^2liBin^aOb. 
fiut from the triangle AOB^ whose base 
is D, and sides -B — r, E-r\ we have 

sin*ia06=5----^ — \ .^ ' ,. . Now the numerator of this frac* 

tion is the square of the common tangent 12, hence 
, B.U 

fiut since the four points of contact form a quadrilateral in* 
scribed in a circle, its sides and diagonals are connected by the 
relation ab.cd+ad.bc^ac.bd. Substitute in this equation the 
expression just given for each chord in terms of the corre* 
spending common tangent, and suppress the numerator IP and 
the denominator ^{B-r) {B-r') {B- r") {B -r"') which are 
common to every term, and there remains the relation which 
we are required to prove. 

121 (5). Let now the fourth circle reduce itself to a point, 
ibis will be a point on the circle touching the other three, and 

* In order to avoid oonf umon in the references, I retain the numbering of the articlei 
In the fourth editioDi and mark sepazatelj those articles whkh have been since lidded^ 
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41, 42, 43 Will denote the lengths of the tangenta fipom that 
point to these three circles. But the lengths of these tangents 
are (Art. 90) the sqtiare roots of the results of substituting the 
coordinates of that point in the equations of the circles. We 
see then that the coordinates of anj point on the circle which 
touches three others must fulfil the relation 

23 V(fl^) ± 31 ^{8') ± 12 ^{S") ^ 0. 
If this equatioti be cleared of radicals it will be found to be oud 
of the fourth degree, and when 23, 31, 12 are the direct common 
tangents, it wiU be the product of the equations of the two 
circles (see fig., p. 112) which touch either all externally or 
all intemallj. 

121 (c). The principle just used may also be established 
without assuming the relation connecting the mdes and dia-' 
gonals of an inscribed quadrilateral. If on each radius vector 
OP to a curve we take, as in Ex. 4, p. 96, a part OQ in- 
versely proportional to OP^ the locus of ^ is a curve which 
is called the inverse of the given curve. It is found with- 
out difficulty that the equation of the inverse of the circle 
a;'+y* + 25^0?+ 2^ -I- c is 

<'(«* + y*) + 2^x + 2^ + l«0, 
which denotes a circle, except when c^O (that is to say, when 
the point is on the circle), in which case the inverse is a right 
line. Conversely, the inverse of a right line is a circle passing 
through the point (7. Now Dr. Casey has noticed that if we 
are given a pair of circles, and form the inverse pair with 
regard to any point, then the ratio of the square of a common 
tangent to the product of the radii is the same for each pair 
of circles.* For if in ^* +/*-<?, which (Art. 80) is r^, we 

substitute tor g^fjC\ ~, - 1 - , we find that the radius of the 

inverse circle is r divided by o; and if we make a similar 
substitution in c + c' - 2gg' - ^ff\ which (Ex. 1, p. 102) \^ 
jy^f^^ r'*, we get the same quantity divided by cc\ Hence 
the ratio of 2>* — r^ — r'* to rr' is the same for a pair of circles 

* This is eqniTalent (see Ex. 8, p. 103) to saying that the angle of inteisection is 
tine same for each pair, as maj eaalj he proyed geometrically. 
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and for tbe inverse pair ; and, therefore, so is also the ratio to 
rr' of i>*-(r±r7. 

Consider now four circles touching the same right line in 
four points. Now the mutual distances of fgur points on a right 
line are connected by the relation 12.34 + 14.32 » 13.24; as 
may easily be proved by the identical equation 

(i«a)(rf^c) + (rf-a)(c-6)«(c-a)((i-i), 
where a, ft, c, d denote the distances of the points from any 
origin on the line. Thus then the common tangents of four 
circles which touch the same right line are connected by the 
relation which is to be proved. But if we take the inverse 
of the system with regard to any point, we get four circles 
touched by the same circle, and the relation subsists still ; for 
if the equation be divided by the square root of the products 

12 34 

of all the radii, it consists of members ,, » , ,, „ „,. , &a, 

which are unchanged by the process of inversion. 

The relation between the common taqgeuts being proved in 
this way,* we have only to suppose the four circles to become 
four points, when we deduce as a particular case the relation 
connecting the sides and diagonals of an Uiscribed quadrilateral 
This method also shews that, in the case of two circles which 
touch the same side of the enveloping circle, we are to use the 
direct common tangent ; but the transverse common tangent 
when one touches the concavity, and the other the convexity 
of that circle. Thus then we get the equation of the four pair* 
of circles which touch three given circles, 

23 V(^) ±31 V(-S') ± 12 V(S") = 0, 
When 12, 23, 31 denote the lengths of the direct common tan- 
gents, this equation represents the pair of circles having the 
given circles either all inside or all outside. If 23 denotes a 
direct common tangent, and 3T, 12 transverse, we get a pair 
of circles each having the 0rst circle oq one side, and the other 
two on the other. And, similarly, we get the other pairs of 
circles by taking in turn 31, 12 as direct common tangents, and, 
the other common tangents transverse. 

* Another proof will be giyen in the appendix to the next chapter^ 
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•CHAPTER IX. 

APPUOATION OP ABRIDGED NOTATION TO THE EQUATION 
OF THE a&CLE. 

122. If we have an eqnation of the second degree expressed 
in the abridged notation explained in Chap. IV., and if we desire 
to know whether it represents a circle, we have only to transform 
to X and y coordinates, by sabstitnting for each abbreviation (a) 
its equivaleot {x cosa-f y sina-j?) ; and then to examine whether 
the coeflScient of ary in the transformed equation vanishes, and 
whether the coefficients of x* and of y* are equaL This is suffi- 
ciently illustrated in the examples which follow. 

When unll the locus qf a point be a circle if the product of 
perpendiculars from it on two opposite sides of a quadrilateral he 
in a given ratio to the product of perpendiculars from it on the 
Other tiDO sides f 

Let a, fiy 7, 2 be the four sides of the quadrilateral, then the 
equation of the locus is at once written down ay = i^S, which 
represents a curve of the second degree passing through the 
angles of the quadrUateral| since it is satisfied by any of the 
four suppositions, 

op = 0,i8=-0; a = 0,8 = 0; )8=»0,7«0; 7 = 0,8 = 0. 

Kow, in order to ascertain whether this equation represents a 
circle^ write it at full length 

(ajcosa +y sina ^p) (xcosy-i-ysiny-^p") 
^k{x cos^ + y sin^ - p) {x cosS +y sinS - p"). 

Multiplying out, equating the coefficient of aj" to that of y", and 
putting that of xy = 0, we obtain the conditions 

cos(a+7} = A; cos(/3 + 8); sin(a + 7) =i sin ()8 + S). 

Squaring these equations, and adding them, we find £ = ± 1 ; and 
if this condition be fulfilled, we must have 

a-i-j^fi + Sy or else =180^ + i8 + S; 

whence «-i8 = 8-7, or I8Q + 8-7. 
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Becollecting (Art. 61) that a^ fi \a the sapplement of that 
angle between a and fij in which the origin lies^ we see that this 
condition will be fulfilled if the quadrilateral formed by 0/878 be 
inscribable in a circle (Euc ill. 22). And it will be seen on 
examination that when the origin is within the quadrilateral we 
are to take & = — 1^ and that the angle (in which the origin lies) 
between a and fi is supplemental to that between 7 and S ; but 
that we are to take £ = 4 1, when the origin is without the quad* 
rilateral, and that the opposite angles are equal. 

123, When mil the locus of a point be a circle^ if the square 
of its distance from the base of a triangle be in a constant ratio to 
the product of its distances from the sides f 

Let the sides of the triangle be a, )3, 7, and the equation of 
the locus is afi = fey*. If now we look for the points where the 
line a meets this locus, by making in it a = 0, we obtain the 
perfect square 7' = 0. Hence a meets the locus in two coincident 
points, that is to say (Art. 83), it touches the locus at the point 
07. Similarly, /3 touches the locus at the point ^y» Hence a 
and i8 are both tangents, and 7 their chord of contact. Now, 
to ascertain whether the locus is a circle, writing at full length 
as in the last article, and applying the tests of Art 80, we obtain 
the conditions 

cos(a + i8) = i COS27; sin(a + )8) = A8in27; 

whence (as in the last article) we get i s= 1, a — 7 = 7 - iS, or the 
triangle is isosceles. Hence we may infer that if from any point 
of a circle perpendiculars be let fall on any two tangents and on 
their chord of contact^ the sqiuire of the last will be equal to the 
rectangle under the other two. 

Ex. When mil the locos of a point be a drcle if the sum of the sqnaics of the 
perpendiculazs from it on the sides of any triangle be constant ? 

The locus is a* + /3' + 7' = ^; and the conditions that this should represent 
» circle are 

00s 2a + 008 2/9 + cos 2y = 0} on 2a + sin 2/3 + sin 2y = 0. 

C082a = -2cos03 + y)cos03-y); sln2a = - 2 sin03 + y) C08(/3- y). 

Bqnaring and addixij^ 

l = 4cos«03-y); /3-y = 60». 

And po, in like manner, each of the other two angles of the triangle is proved to 
te CO*', or th$ triangle most be ecjmlateral. 
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124. To obtain the equation of the circle circunnscribing the 
triangle formed by the lines a » 0, ^3 s= 0, 7 » 0, 

Any equation of the form 

Il3y + mya-^nal3^(^ 
denotes a curve of Ihe second degree circumscribing the given 
triangle, since it is satisfied by any of the suppositions 

a = 0, i8 = 0; )8 = 0, 7 = 0; 7 = 0,flt = OL 

The conditions that it should represent a circle are found, by tho 

same process as in Art. 122, to be 

Z cos (/9 -f 7) + m cos (7 + d) +» cos (a + )8) = 0, 
I sin(/9 + 7)+w sin (7 + a) + « sin (a+)8)=0. 

Now we have seen (Art. 65} that when we are given a pair 
of equations of the form 

la' + ml3' + ny' = 0, la" -^ tn/S" -^ ny" = % 
Ij m, n must be respectively proportional to Py'—^'y'^ 7^-7'^^ 
a'/3"^a"l3'. In the present case then Z, m, n must be pro^ 
portional to sin()8 — 7), sin (7 — a), sin(a — ^), or (Art. 61) ta 
sin^, sinJ3, sin (7. Hence the equation of the circle circum-- 
scribing a triangle is 

fiy BiaA + 7a BmB+ aff sinC7== 0. 

125. The geometrical interpretation of the equation just 
found deserves attention. If from any point O we let fall per^ 
pendiculars OP, OQ^ on the lines a, )?, then (Art. 54) a, 13 are 
the lengths of these perpendiculars; and since the angle be« 
tween them is the supplement of C7, the 
quantity ad sin is double the area of the 
triangle OPQ. In like manner, ya sinJ9 
and I3y sin A are double the triangles 
OPIij OQR. Hence the quantity 

^87 sin-4 + 7a sin5+ afi sinC7 

is double the area of the triangle PQR^ 

and the equation found in the last article 

asserts that if the point be taken on the circumference of 

the circumscribing circle, the area PQB will vanish, that is 

to say (Art. 36, Cor. 2), the three points P, Q, B will lie oa 

one right line. 
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If it wete i^tiired to find the locus of a point from which, 
if we let fall perpendiculars on the sides of a triangle, and join 
their feet, the triangle PQB so formed should have a constant 
magnitude, the equation of the locus would be 

fiy Bin A + ya nmB + a/S sin 0= constant, 

and, since this only differs from the equation of the circum- 
scribing circle in the constant part, it is (Art. 81) the equation 
of a circle concentric with the circumscribing circle,* 

126. The following inferences may be drawn from the equa- 
tion Ifiy + mya 4 nafi = 0, whether or not ?, m, n have the raluea 
BinA^ sinJ9, sin (7, and therefore lead to theorems true not only 
of the circle but of any curve of the second degree drcum- 
scribing the triangle. Write the equation in the form 

y {1/3 +ma) + naff ^Oi 
and we saw in Art. 124 that 7 meets the curve in the two points 
where it meets the lines a and /3 ; since if we make 7 = in the 
equation, it reduces to a)8 = 0. Now, for the same reason, the 
two points in which Z/3+ «ia meets the curve are the two points 
where it meets the lines a and /3. But these two points coincidci 
since 113 + ma passes through the point a/3. Hence the line 
Z/S + mo, which meets the curve in two coincident points, is 
(Art. 83) the tangent at the point a/S. 

In the case of the circle the tangent is a 8inj9 + ^ sin^. 
Now We saw (Art. 64) that asin^ + z^sinJ? denotes a parallel 
to the base 7 drawn through the vertex. Hence (Art. 55) the 
tangent makes the same angle with one side that the base makea 
with the other (Euc. ill. 32). 

* Clonsider a quadrilateral inscribed in a ciicle of which a, /3, y, d are ndee and i 
a diagonal ; then the equation of the circle may be written in either of the forma 

ainil ainjB Bin-S_^ sinC sinD BinjB_ 
a /9 « y * € ' 

where A ia the angle in the segment subtended by a, Ac, and we hare written e with 
a negative aide in the second equation, because opposite sides of the Ime are oonsidei-cd 
in the two triangles. Hence, every point on the circle satisfies also the equation 
tin A nnB svaC sin Z) 
a fi y d " ' 

This equation when cleared of fractions is of the third degree, and represents, 
together with the circle, the line joining the intersections of ay, fii. In the same 
manner, if we have an inscribed polygon of any number of sides, Dr. Casey has shewn 
that an equation of similar form will be satisfied for any point of the circle. 
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Writing the equations of the tangents at the three vertices 
in the form 

m n ^ n I ^ I m ' 
we see that the three points in which each intersects the opposite 
side are in one right line, whose equation is 

i m n 

Subtracting, one from another, the equations of the three 
tangents, we get the equations of the lines joining the vertices 
of the original triangle to the corresponding vertices of the 
triangle formed by the three tangents, viz., 

^-?-o :!f-?-o ?-^-0 

m n ^ n I ^ I m ' 
three lines which meet in a point (Art. 40).* 

127. If a'^Vj a"/3'V be the coordinates of any two points 
on the curve, the equation of the line joining them is 

for if we substitute in this equation a'/8'7' for a$y^ the equation 
is satisfied, since aff'y" satisfy the equation of the curve, which 
may be written 

I m n ^ 

a ^ 7 

In like manner the equation is satisfied by the coordinates 
a*'fi"y\ It follows that the equation of the tangent at any 
point a'ffy' may be written 

and conversely, that if Xa + ^t/S + K7 = is the equation of a 
tangent, the coordinates of the point of contact a'^SV are given 
by the equations 

I _ m _ n 
^-^j gr«-/*, yi-^* 

* The theoremB of this article are by M. BobiUier (Annales de$ Math4m<aique$^ 
Vol. zviii. p. 820). The tot equation of the next article i« \>j M. Hermes. 
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SolviDg for a', P^ y from these equations, and Bubstitntmg iq 
the equation of the cnrve, which must be satisfied by the point 
a'ySy, We get 

This is ike condition thai the line \a + fAl3 + vy may touch 
fiy + mya + nafi ; or it may be called (see Art. 70) the tangential 
equation of the curve. The tangential equation might also 
be obtained by eliminating 7 between the equation of the 
line and that of the curve, and forming the condition that the 
resulting equation in a : iS may have equal roots. 

128. To find the conditions that the general equation of the 
second degree in a, )8, 7^ 

aa' + JiS* + 07* + 2//97 + 2(77a + 2Aa)8 =i= 0, 

may represent a circle* [Dublin Exam. Papers, Jan. 1857J. 

It is convenient to avail ourselves of the result of Art. 124. 
Since the terms of the second degree, x* + y, are the same in 
the equations of all circles, the equations of two circles can only 
differ in the linear part ; and if 8 represent a circle, an equation 
of the form S-j-lx + my + n^O may represent any circle what- 
ever. In like manner, in trilinear coordinates, if we have found 
one equation which represents a circle, we have only to add to 
it terms la + m/S + ny (which in order that the equation may be 
homogeneous we multiply by the constant a sin-4+/88in-B+7sin C), 
and we shall have an equation which may represent any circle 
whatever. Thus then (Art. 124) the equation of any circle may 
be thrown into the form 

(Za + Wi8 + ny) (a sin^i + ^8 sinJ5+ 7 sin 0) 

&k(J3y An A + 7a sin5+ ol/3 sin 0) = 0. 

If now we compare the coefficients of a', ^, 7* in this form 
with those in the general equation, we see that, if the latter 
represent a circle, it must be reducible to the form 

I- — J, a+ -^-»)8 + -^— pv7) (asin^ + /8sin5+ ytmC) 
\smA smJ? sin (7 V ' 

+ k [fiy sin A-^-ya BinB-i- a/S sin C) — 
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Und a comparison of the remainiDg coefficients gives 

2/ sin B sin C^ e sin*J5+ h 8in"C-f k sin A sin J5 sin C7, 
957 sin Csin-4 = o8in'(7+ c sinM + A sin -4 sin 5 sin Oj 
.2* sin-4 sin J9=s fr 8in*-4 + a sin'^ + A sin -4 sin B sin Cy 
whence eliminating £, we hare the required conditions^ viz, 
I sin" + c sin*jB - a/sinJB sin C :±= c sin"^ + a sin* 0-2^ sin C sin-4 

sss a sin*JB-f J sin"-4 -^ 2^ sin ^ sin B* 
If we hare the equations of two circles written in the form 
[la-^mP-k-ny) (a sin -4 + )8 sin 5 + 7 sin C) 

•^ k {I3y sm A + *y^t!^ B + afi iin C) = Of 
{Ta + m'fi 4 n'7) (4 Bin ^ + /9 sin jB+ 7 sin C) 

+ k {/3y sin -4 + 7a sin -B + 0^ sin C) = 0, 
it is evident that their radical axis is 

?a + «?)8 + W7 - (?a + w')8 + « 7), 

and that la 4 m0 4 ^7 is the radical axis of the first with the 
circumscribing circle. 

Im. 1. Verify that afi - y« repreBents a dicle if -4 = 2? (Art. 128> 
The equatioB may be written 

0/3 BmC+ fiy kslA + ya lunB — y{awiA+pfdnB + yBinC)^0. 

Sx. 2. When will no* -^i^ + cy* represent a circle ? 

JEz. 9l The three middle pointB of sideSi and the three feet of peipaidicnlarB 119 
en a circle. The eqaation 

c'sinui cos^ + /3*sm^oo8^-h7*BinC7co6C-(/3y sin^ + yaBin£+a/3 8inQ=0y 
represents a curve of the second degree passing through the points in question. For 
if we make y = 0^ we get 

A^sin^ oos^ +/3*sin£ooe£ — a/3 (sin il cos ^ + sin £ eos^) = 0, 
the factors of which are a sin^ - ^ sin^ and a oos^ - ^ cosB. TSvw (he curve is 
a circle, for it may be written 
(aco0il + /3co6£ + 7CQsC) («Binjl + ^sinB + y sinC) 

- 2 (/By sin^ + ya sinB + aj9 sin C)- 9 
Thus the radical axis of the circumscribing circle and of the circle through the middle 
points of sides is aoosA + fi cosB + y cos C, that is, the axis of homology of the 
giTen triangle with the triangle formed by joining the feet of perpeBdieulars. 

129. We shall next show how to form the equations of the 
circles which touch the three sides of the triangle a, ^8, 7. The 
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general equation of a curve of the second degree touching the 
three sides is 

Thus y is a taqgeut) or meets the curve in two coincident 
points, since, if we make 7 = in the equation, we get the 
perfect square Pa" + «i*)8* — 2lmafi = 0. The equation may also 
Ibe writteii in a convenient form 

for, if we dear this equation of radicalS| we shall fiqd it to be 
identical with that just written. 

Before determining the values of J, m, n, fbr which the equa- 
tion represents a circle, we shall draw from it some inferences 
which apply to all curves of the second degree iascribe<l 'm the 
triangle. Writing the equation in the form 

n7 (n7 - 2fa - 2flti8) + (fa - m)8/ = 0, 

we see that the line (fa - m^S), which obviously passes through 
the point 9^, passes also through the point where 7 meets the 
curve. The three lines, then, which join the points of contact 
of the sides with the opposite angles of th^ oircumscribing 
triangle are 

fa-m;9=0, i«)3 — n73»0, ••7-fa=s0| 

and these obviously meet in a point* 

The very same proof which showed that 7 touches the curve 
fthows also that 117 - 2fa — 2»i)3 touches the curve, for when this 
quantity is put s^Q, we haye the perfect square (fa-i-m/8)"«=:0; 
hence this line meets the curve in two coincident points, that is, 
touches the curve, and la — mff passes through the point of con-i 
tact Hei^ce, if the vertices of the triangle be joined to the 



* strictly speaking, the donhle lectaaglea in this equation ought to be written 
with the ambiguous sign ±, and the argument in the te^t would apply equally. If, 
biowever, we gi^e all the reotangles poaitiye signs, or if we give one of them a positive 
sign, and the other two negative, the equation does not denote a proper curre of the 
0eiY>nd degree, but the square of some one of the lines la±nifi± ny. And the form 
in the text may be considered to include the case where one of the reotangles is 
liegatiTe and the other two positive, if we suppose that i^ nii or n may denote i^ 
li^gatiTe 9MB well as a positive quantity. 
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points of contact of opposite sides, and at the points where the 
joining lines meet the circle again tangents be drawn, their 
equations are 

2?a + 2w)8-n7 = 0, 2wi)8 + 2n7 - ?oc = 0, 2717 -f 2fa - wi^S « 0. 

Hence we infer that the three points, where each of these tan- 
gents meets the opposite side, lie in one right line, 

fe + «i)8 + n7 = 0, 

for this line passes through the intersection of the first line with 
7, of the second with a, and of the third with ^, 

130. The equation of the chord joining two points f£ff^\ 
fi'P'r^\ on the curve is 

For substitute tf', /S', y for a, i9, 7, and it will be found that the 
quantity on the left-hand side may be written 

which vanishes, since the points are on the curve. The equation 
of the tangent is found by putting a", ff\ */' = ot', iS', 7' in the 
above. Dividing by 2 V(a')8'70) it becomes 

Conversely, if Xa + ;i)8 + F7 is a tangent, the ooordinatea of 
the point of contact are given by the equations 

^/(?)"'^^/(l)=''*♦ 7(7)="- 

Solving for <iP^^^ and substituting in the equation of the curv^^ 

we get 

I m n ^ 

r- + - + - = 0, 

which is the condition that Xa + Ai)3 + V7 may be a tangent; 
that is to say, is the tangential equation of the curve. 

* Tblfi equation Is Dr. HMt*e, 
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The reciprocity of tangential and ordinary equations will be 
better seen if we solve the converse problem, viz. to find the 
equation of the curve, the tangents to which fulfil the condition 

I m n ^ 

r- + - + - = 0, 

We follow the steps of Art. 127. Let X'a-^- f/l3 + i/yj 
X''a+/(A")8+v"7 be any two lines, such that X>V, VyV satisfy 
the above condition, and which therefore are tangents to the 
curve whose equation we are seeking ; then 

is the tangential equation of their point of intersection. For 
(Art. 70) any equation of the form -4\+ Bfi-\- Cv = is the 
condition that the line Ka -i- fifi + vy should pass through a 
certain point, or, in other words, is the tangential equation of a 
point ; and the equation we have written being satisfied by the 
tangential coordinates of the two lines is the equation of thei^ 
point of intersection. Making V, /*', v' = X", f/\ V we learn 
that if there be two consecutive tangents to the curve, the 
equation of their point of intersection| or, in other words, of 
their point of contact, is 

The coordinates then of the point of contact are 

""^TC*' ^^V'' '^^^'^ 
Solving for X', fi\ / from these equations, and substituting in the 
relation, which by hypothesis X>V' satisfy, we get the required 
equation of the curve 

131. The conditions that the equation of Art 129 should 
represent a circle are (Art. 128) 
f»* 8in*(7+ «• sin'5+ 2?wn sin5 sina= n* sin'^ + P sin^O 

+ 2«Z sin (7 sln^ = P sin*J5+ m* sinM + 2lm smA sinB, 
or wisinO+n Bin-B= + (n sin4 + ?8in(7j =±(Z sin^ + wi sin^). 
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Four Circles then may be described to touch the sides of the 
given triangle, since, by varying the sign, these equations may 
be written in four different ways. If we chojse in both cases 
the + sign, the equations are 

I sin (7— m sinC4 •• (sin -4 - sinB) = j 

I BinB+m{BinA — sinC) — n sinJSsQ. 

The solution of which gives (see Art. 124) 

IsxBuiA (Bin-B+ sipO— sio-4), m = sin-6(sin0+ sin4 — flin-B)j| 

n s sin (7 (sin A + AnB— sin C7)« 

But shice in a plane triangle 

sinJS+sinO— sin-4 = 4 cos^A siniBsin^C?, 

these values for 7, m, n are respectively proportional to cos*^ J^ 
cos^^iS, cos^^C, and the equation of the correspoiiding circle^ 
which is the inscribed circle, is 

cosi-^ V(a) + cos^JB V(i8) + cosiO ^(7) « 0,« 

or «• cos^i^ + /8* cos*i5 + 7* cos^i (7- ifiy cos'^JS cos*i 

— 27a cos* JC cos'^ui - 2al3 cos'^id cos"i5= (\ 

We may verify that this equation represents a circle b^ 
writing it in the form 

(a cos*4-4 . i8 cos*iB . 7Cos*40\, . ^ . ^ . « . • ^x 
sin A sm^ sinG / ^ '^ 

4 COS'A^ COS*iBcOS*4(7,^ • >i . • » . ia • ^x ^ 

sm-dsmjysmC ^ ' * r- j ^ 

* Dr. Hart derives thiB equation from that of the circumflcribing circle as foUows ; 
Let the equations of the sides of the triangle formed by joining the points of contact 
of the inscribed circle be a' = 0, ^ = 0^ >/ = 0, and let its angles be 4'i -^i C' i thez^ 
(Art. 124) the equation of the circle is 

fi^y' sin .4' + yV sinB' + a'/J* sinC" = 0. 
Bat (Art. 123) for every point of the circle we have a** = /3y, /9*» = ya, y*» = o/S^^ 
and it is easy to see that ^' = 90 - |A, Ac. Substituting these valaes, the equation 
of the circle becomes, as before, 

cos M M +008^5 40) + coB^C4iy) = 0. 
If the equation of the note, p. 119, be treated similarly, we find that every point of 
the dide, of which a, /3, 7, d are tangents, satisfies the equation, 
cos 1(12) COSH28) ■ coe^(84) 006^41) _ 
' .i(«/3) **■ j"(^y) •*■ 4{7i) ■*■ 'j(^a) " "' 
where (12) denotes the angle between a/3, ^c. Similarly for any number of tangenia. 

Digitized by VjOOQIC 



THE CIRCLES-ABRIDGED NOTATEOIf. 127 

In the Bame way^ the equation of one of the exBcribed eircles is 
foand to be 

a' co8*J^ + /S" Bin*i5+ */• sin^i (7- 2^87 sin'^B sin'^ G 

+ 27a Bin'i C co8"i^ 4- 2ot/8 8in*i5 co8*i-4 « 0, 

or cosiid V(- a) + Bin \B V(/S) 4 sin ^ C V(7) = 0. 

The negative Bign given to a iB in accordance with the fact, that 
this circle and the inscribed circle lie on opposite sides of the 
line OL 

Ex. Find the radical a^ of the inscribed circle and the circle through the middle 
points of sides. 

The equation fonned bj the method of Art. 128 is 

2 oofl'^il C0B«iB oofl*iC {o COB -4 + /3 oobB + y cos CT} 



\ 8m-4 "^ BinB ' smC / 



Divide by 2 coe|ii cos (B cos ^C, and the coefficient of a in this equation ia 

GOB &il {2 co6< i^ sin |£ sin |(7 - cos ii cos IjS COB ^C7}, 
or cosiilsini(il-J5)8in^(i4-C)« 

The equation of the radical axis then maj be written 

tt cos |ii /3 C09 U y 003^67 

sinj (B - C) **■ sin J (C- ^) **■ sin i (^ - i?) '^*'^ 

and it appears from the condition of Art. 130 that this line touches the inscribed circle^ 
the coordinates of the point of contact being sin* \ {B—C), sin* ^ (C— -4), sin' J {A—E). 
These values shew (Art 66) that the point of contact lies on the line joining the two 
centres whose coordinates are 1, 1, 1, and cos (jB — C), oos(C— A), cos (-4 — B). 

In the same way it can be proved that the circle through the middle points of sides 
touches all the circleB which touch the sides. This theorem is due to Feuerbach.* 



♦ Dr. Casey has given a proof of Feuerbach's theorem, which will equally prove 
Dr. Hart's extension of it, viz. that the circles which touch three given circles can be 
distributed into sets of four, all touched by the same circle. The signs in the follow- 
ing correspond to a triangle whose sides are in order of magnitude a, b, c. The 
exscribed circles are numbered 1, 2, 8, and the inscribed 4 ; the lengths of the direct 
and transverse common tangents to the first two circles are written (12), (12)'. Then 
because the side a is touched by the circle 1 on one side, and by the other three circles 
on the other, we have (see p. 115) 

(13)' (24) = (12)' (34) + (14)' (23). 
Similarly (12)' (84) + (24)' (13) = (23)' (14), 

(23)' (14) = (18)' (24) + (34)' (12). 

whence, adding, we have (24)' (18) = (14)' (23) + (34)' (12) j 

showing that the four circles are also touched by a circle, having the circle 4 on one 
aide and the other three on the other. 
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132, If tbe equation of a circle in trilinear coordinates is 
equivalent to an equation in rectangular coordinates, in which 
the coefScient of a? 4 y* is w, then the result of substituting in 
the equation the coordinates of any point is m times the square 
of the tangent from that point. This constant m is easily deter- 
mined in practice if there be any point, the square of the tangent 
from which is known by geometrical considerations ; and then 
tbe length of the tangent from any other point may be inferred. 
Also, if we have determined this constant m for two circles, and 
if we subtract, one from the other, the equations divided respec- 
tively by m and m', the difference which must represent the ra- 
dical axis will always be divisible by a sin^ + iS sin£+7 sinCT. 

Ex. 1. Find the yalne of the oonstan^ m for the dide thzongh the middle points 
of the Bides 

o« fOJO-A 008 il + /3* Bini? oobB + y* sinCcosC— /3y ehi^ — ya sin J - o/9 BinC= 0. 

Since the ciicle cnts any side y at points whose distances from the Tertez Abs^ \o 
and 6 cos ^, the square of the tangent from A is ^o cos^. But since for A we have 
/9 = 0, 7 = 0, the result of substituting in the equation the coordinates of ^ is 
a** sin ^ cos il (where a' is the perpendicular from A on the opposite side), or ia. 
he anA fmB tmCooAA, It follows that the constant fni82sin^sinJ5sinC. 

Ex. 2. Find the constant m for the cirde /3y sin ^ + ya sin B + a/3 Bin(7. If from 
the preceding equation we subtract the linear terms 

(a cos^ + /3coBjB + y cosC) (a sin^ + /3sinB + y sinC), 
the coefficient of a^-^y^ is unaltered. The constant therefore for /3y sin A Ac^ is 
— sin il sin ^ sin C. It follows that for an equation written in the form at the end 
of Art. 128 the constant is — ^ sin ^ sin ^ sin C. 

Fx. 8. To find the distance between the centres of the inscribed and circumscribing 

circle. We find i)> -^ R^, the square of the tangent from the centre of the inscribed to 

.1- . .,.. . 1 ,. ^ ..X X. /, J. X. r*(8in^+sinB+sinC) 
the circumscribing circle, by substituting a=/3=y =r, to be Bin.4~Bin.fi in ^ — 

or, by a well-known formula, := — 2Br. Hence J>'zzR^ — 2Rr, 

Ex. 4. Find the distance between the centres of the inscribed circle and tlia, 
through the middle points of sides. If the radius of the latter be p, making use of 
the formula, 

sin^ co0il + B{n^co8B + sinCcosC=2sinil sin^sinC, 
we have Z>« — ^« = r' — rE, 

Assuming then that we otherwise know B = 2/9, we have I> = r^p; or the 
circles touch. 

Ex. 6. Find the constant m for the equation of the inscribed circle p^ven above. 

Afu, 4coe<iilcos>ificoB«^(7 

Ex. 6. Find the tangential equation of a circle whose centre is a'/S'y' and radius r. 
This is investigated as in Art. 86, Ex. 4; attending to the formula of Art. 61 ; and 
is found to be 

(\o' + fi/y + ir/)^ = r» (X« + /i« + I^ - 2Aiir COB ^ - 2v\ COS B - 2\fi 006 C). 
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The ooiresponding equation in a, /9, y la dedaced from this by the method afterwards 
explained, Art. 286, and is 

H (a Bin ^ + i3 sin J5 + y Bin C)« = (/Sy - /9'y)» + (yo' - ya)« + (o^ - a'/9)« 

-2 (ya'-ya) (a^-a'/3) 008.4-.2 (a^-a'/SJC/Sy'-^y) 008^-2 (/3y'-/3'y) {ya'-ya)oo«iC, 

This equation also giyea an expression for the distance between any two points. 

Ex. 7. The feet of the perpendiculars on the sides of the triangle of reference from 
the points a', /S', y ; — ,, ^ , — , ; (see Art. 55) lie on the some circle. By the help of 
Ex. 6, p. 60, its equation is fomid to be 
(^y 8inil+yoBiaB+a/5Bin(7)(o'Bin.l+^ 8injB-|-y'BinC)03'y'8inA+yV8in5+o'/3' biuC) 

= Bin^Bin^ sin C7 (a sin ^ + /3 sin £ + y sin C) 
f att'0y-fy'coai<)(y^4^co6^) flir(/+tt'00 8g) ( g^+y^c os^ yy^(a^-f/3^co 3C)r /y+g^co8 C)1 
t ain^l sin-fl sinC ) 

Ex. 8. It will appear afterwards that the centre of a circle is the pole of the line 
ftt infinity aBlnil + /98inj& + ysinC7; and it is evident that if we substitute the 
coordinates of the centre in the equation of a circle, for which the coefficient of 
t^ + f^ has been made unity, we get the negative square of the radius. By these 
principles we establish the following expressions of Mr. Cathcart. The coordinateg 
of the centre of the circle (Art. 128) 

(Za + m/3 + ny) (a sin^ + &a) -hkifiy onA + Ac), 
8ce r(JlicoBA-\-l-mQoaC'-nooBB)f ^ (^oos^- fcosC + m-ncoeJ), 

^ (* cosC - / cos 5 - 1» cos 4 + n), 

where H is the radius of the dicumflcribing circle. The radius p is given by th« 

equation 

*»/)« = JP {** + 2* (Z 008 il + « COS 5 + n COS C) 

+ P + in» + n« - 2mn cob A -' 2nl oob B - 2lm qobC], 
and the angle of intersection of two circles is given by 

I»/>'cob6_ lco8ii + fficoeg + ncosC7 , f oos^ -Hn' cos^ + n' cosg 
— g,— -1+ ^ +— jr, • 

ir + mm' + «»' - (mn' + m'n) cos ii - ( nf + n'l) cos B - (Im' + Tm) cosC 

+ w • 



DETERMINANT NOTATION. 

132(a). In the earlier editions of this book 1 did not venture 
to introduce the determinant notation, and in the preceding 
pages I have not supposed the reader to be acquainted with it. 
But the knowledge of determinants has become so much more 
common now than It was, that there seems no reason for 
excluding the notation, at least from the less elementary chapters 
of the book. Thus the equation of the line joining two points 
(Art. 29), the double area of a triangle (Art. 36) and the 

S 
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condition (Art. 38), that three lines should meet in a point, may 
be written respectively 



a?) y ) 1 



= 0, 



A y B, 



= 0. 



Sx. 1. Find the area of the triangle contained by the three lines lm. + m^ + fi7, 
^a + Ac, Ac, (J. J. Walker). 

An$, II O) ^ be the sides and A the area of the triangle of leferenod 
/ , m , « (* 
f , m', n' I 



Aodtf 



a, 6, c 
/, m, ft 
r, f»', n' 



4, e 
r, III', n' 






Ex.2. The 

irritten 



T, f»', n' r, m", n" Z , m , « 

of the perpendicular from a'^y' on /a -f m^ + My ^ 0, nay b9 

a, a*, / — TOCOS ^—« cosB 
^, /3', TO — « cos -4 — Z cos C 
yi y'» » -' cobjB-«co3-4 =(>• 

132 (i). The equations of the circle through three points 
(Art. 94), and of the circle cutting three at right angles (Ex. 2, 
p. 102), may be written respectively 



a;'"+y"',a;-,3^',l 



= 0, 



a:" + y*,-a? ,-y ,1 



= 0. 



The equation of the latter circle may also be formed by the 
help of the principle (Ex. 6, p. 102), as the locus of the point 
whose polars with respect to three given circles meet in a 
point, in the form 

The corresponding equation for any three curves of the second 
degree will be discussed hereafter. 

132 (c). If the radius of a circle vanishes, (x— a)"+ (y-i8)* = 
the polar of any point ar'/, [x' - a) (« - a) + (y' - /8) ^ - /8) = 
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evidently passes through the point al3. It is in fact the 
perpendicular through that point to the line joining afi^ a;V, as U 
evident geometrically. Hence then if the circle 

«• H-y* + 2gx + 2/^ + c = Q 
reduce to a point, that point which, as being the centre, is given 
by the equations x-{-g = Oj y+/=0, also satisfies the equation 
of the polar of the origin gx +/y + c = Q. 

If given three circles fi^, 8"^ ^" we examine in what cases 
l/^+mS'^'i-nS'^^ can represent a point, we see that the coordinateii 
of such a point must satisfy the three equations 

I {x +/) + m (»+/') + n{x +/") = 0, 

from which if we eliminate 7, m, 9t, we get the same determinant 
as in the last article ; showing that the orthogonal circle is the 
locus of all the points that can be represented by l^+m8'-\^nS''\ 
The expression (Ex. 8, p. 103) for the angle at which twa 
circles intersect may be written 2r/ cos 5 = 2^^' + 2//^ — c — c'. 
If now we calculate by the formula of p. 76 the radius of the 
circle Z/S'+/wS"-f nS'\ and reduce the result hj the formula just 
given, we find 

(Z+ w + »)'r»= Pr^+ 7nV''+ nV^ 

+ 27rtn/V'' cos ff + 29t?/V cos ff* + 2Rm/i^ cos ^', 
where ^, ff\ &" are the angles at which the circles respec- 
tively intersect. And since the coordinates of the centre of 

18 + m8'' + n8'" are ^ T ^ ^ -^ ^ -^ -^ — we see 

Z+«H-« ' Z+wi + n ' 

that these coordinates will represent a point on the orthogonal 

circle if Z, w*, n are connected by the relation fr'*-f/?i V^-f&c. =0. 

If the three given circles be mutually orthogonal this relation 

reduces itself to its three first terms.* 

132 (d). The condition that four circles may have a common 
orthogonal circle is found by eliminating (7, -F, G from the 
four conditions 

^Og-^^Ff- (7-c = 0, &c., 

,. — _ f ^ 

• Caaey, Phii, Transit 1871, p. 586. 
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and is 






Since denotes the square of the tangent from the origin to 
the first circle, and since the origin may be any point, this 
condition, geometrically interpreted, expresses (see Art. 94) that 
the tangents from any point to four circles having a common 
orthogonal circle are connected by the relation 

OA\BCD-v OC.ABD^ OS'.ACjP+ OD'.ABC* 

132(e). If a circle 

a;' + y* + 20fa; + 2Fy4 (7=0, 

cut three others at the same angle 6y we have, besides the 
equation first given, three others of the form 

c'-{-2R/coB0 ^2Gg'' 22?/"+ (7=0; 

from which, eliminating Gj Fy (7, we have 

«*-fy" , -», -y, 1 

€f +25/ cos5, / ,/' , X 

c" +25r"cos^, /',/", 1 

c"' + 2i?r"'cos^, /",/", X =0, 

Now if we write 25cos^:^\, the determinant just written ia 
resolvable into 



o'\ fi r, 1 



r, 



+ X 



,--« , --y 



9 J 
9\ 



/,1 



= 0. 



The first determinant equated to zero is, as has just been 
pointed out, the equation of the orthogonal circle, and the second 
when expanded will be found to be the equation of the axis of 
similitude (Art. 117). Thus we have the theorem (Note, p. 109) 
that all circles cutting three circles at the same angle have a 



♦ This theorem is Mr. R. J. Harvey's (Cai«ey, Tram. Royal Irish Acad , xxit. 458). 

t Since this only differs from the equation of the orthogonal circle by writing 
e^ + Xr' for c*, Ac. we obtain another form for this determinant by making the s&mQ 
obange in the last determinant of Art. 182 (fi). I owe this form to Mr. Cathc^t. 
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common radical axis, viz., the axis of similitude. If in the 
second determinant we change the sign either of /, r", or /", 
we get the equations of the other three axes of similitude. Now 
it has been stated (Art. 118) that it is optional which of two 
supplemental angles we consider to be the angle at which two 
circles intersect ; and if in any line of the first determinant of 
this article we substitute for 6 its supplement, this is equivalent to 
changing the sign of the corresponding r. Hence it is evident 
that we may have four systems of circles cutting the given 
three at equal angles, each system having a different one of the 
axes of similitude for radical axis; calculating by the usual 
formula the radius of the circle whose equation has been written 
above, we get R in terms of X, and then from the equation 
2J2co8^=\ we get a quadratic to determine the value of X 
corresponding to any value of 0. 

Ex. 1. To find the condition for the oo-ezistenoe of the equations 

oa: + &y + «? = o'x + *'y + c* = a"x + l/'y + <j" = a'"x + b"'y + tf^. 

Tiet the common value of these quantities be \ ; then eliminating x^ y, \ from the four 
ef^aationa of the form a« + (y + c = \, we have the result in the form of a deteiminant 

1,1,1,1 

Of a f a J a 

*, b', b", b'" 

c, c', c", c'" = 0, 

or A + C= B + Df where .4, B, C, 2> are the four minors got by erasing in turn each 
column, and the top row in this determinant. 

To find the condition that four lines should touch the same circle, is the same as U> 
find the condition for the co-existence of the equations a = /3 = y = d. In this case 
the determinants A, B, C, D geometrically represent the product of each side of the 
quadrilateral formed by the four lines, by the sines of the two adjacent angles. 

Ejc. 2, The expression, p. 129, for the distance between two points may be written 

r*(osin^+/3sin5 + yBinC)«- 0,0, a , /3 , y 

0, 0, a' , ^ , y' 
a, a', 1 » — cos C, — cos J 
/3, /S*, -oosC, 1 , -cos-4 
y, y', — cosi?, — cos-4, 1 

and this determinant may be resolved into the product 



o, o', - 1 



^ /8', « 



iO 



y, y\ « 



-xB 






-1 

riC 



iB 



or analogous factors arising from A + B + C^v, 



Digitized by VjOOQIC 



134 



DETERMINANT NOTATION. 



Ex. 3. To find the relation connecting the mutual distances of four points on a 
oirole. The investigation is Prof. Cay ley's (see Lessons on Miff her Algebra, p. 23). 
Multiply to|pther acoording to the ordinary rule the determinants 



««' + ya*, -2x»-2y» 1 
V + y*', --2ar^ -2y4, 1 



i» *i, yi» «i* + yi* 

h a^» y» «a* + y2* 

1| «» ya» ar,« + ya« 

1| ar*, y4» a^i^ + y*' 



which are only difEerent ways of writing the condition of Art. 94 1 and we gjsit the 
rec^oiied relation 

, (12)«, (13)^ (14)« 
(12)^ , (23)«, (24)* 
(13)', (23)«, , (34)^ 
|(14)«, (24)«, (34)«, =0, 

where (12)» is the sqnara of the distance between two points. This determinant 
expanded is equivalent to (12) (34) ± (13) (42) ± (14) (23) = 0. 

Ex. 4. To find the relation connecting the mutual distances of any four points in a 
plane. This investigation is also Prof. Cay ley's {Lessons on IJ iff her Algebra^ p. 24). 
Prefix a unit and cyphers to each of the determinants in the last example ; thus 



1, 0, 0, 

flfi* + yi'i-2a?„-2yp 1 
dc. 



0. 0, 0, 1 I 
li «i> yi» ari« + yi« 

&0. I 



We have then five rows and four oolumna, the determinant formed from which, accord- 
ing to the rulee of multiplication, must vanish identically. But this ia 

0, 1 , 1 , 1 , 1 

1, , (12)», (13)«, (14)' 
1, (12)', , (23)^ (2})« 
1, (13)«, (23)S , (84)« 
1, (14)«, (24)«, (34)«, =0i 

which, expanded, Is 

(12)« (84)» {(12)« + (84)» - (13)« - (14)« - (28)« - (24)«) 
+ (18)« (24)2 {(18)« + (24)« - (12)« - (14)« - (23)« - (34)'} 
+ (14)« (23)« {(14)2 + (23)2 « (i2)« - (13)2 - (24)' - (84)2} 
+ (23)2 (34)1 (42)» + (3i)« (i4)i (43)8 + (i2)« (24)2 (41)2 + (23)« (31)« (12)» = (K 

If we write in the above a, 6, e for 23, 31, 12 ; and R-\-r, R-\-r'j R + r" for 14, 24^ 
84, we get a quadratic in R, whose roots are the lengths of the radii of the circles 
touching either all externally or internally three circles, whose radii are r, r', r", and 
whose centres form a triangle whose sides are a, h, e, 

Ex. 5. A relation connecting the lengths of the common tangents of any fiva 
circles may be obtained precisely as in the last example. Write down the two matrices 



1, 0, 0, 0, 

*'» +y'2 -r^, -2x', -2y', 2r', 1 

»"« + y"« - r"«, - 2a:", - 2y", 2r", 1 
Ac. 



0, 0, 0, 0, 1 

1, «*, y', r', x^ +y'2-r'2 
1|«", y", »•"««"« + y"»-r"2 

<&c. 
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where there are six rows and five columns, and the determinant formed aocording to 
the rules of multiplication must yanish. But this is 

0, 1 , 1 , 1 , 1 , I 

1, , (12)S (13)', (14)^ (15)« 
1, (12)S , (23)^ (24)«, (26)* 
1, (13)^ (23)«, , (34)S (35)* 
1, (14)*, (24)*, (34)*, , (45)* 
1, (16)*, (25)*, (36)*, (45)*, 1 = 0, 

where (12), Ac. denote the lengths of the common tangents to each pair of circles. If 
we suppose the circle 5 to touch all the others, then (15), (25), (36), (45), all vanish, and 
we get, as a particular case of the above, Dr. Casey's relation between the common 
tangents of four circles touched by a fifth, in the form 

, (12)*, (13)*, (14)* 

(12)*, , (23)*, (24)* 

(13)*, (23)*, , (84)* 
(14)*, (24)*, (84)*, =0. 

Ex. 6. Relation between the angles at which four circles whose radii are r, r', r", t"* 
intersect. If the circle r have its centre at the point 1 in Ex. 4, r* at 2, 4c. we may 
put for l2* = r* + r^ — 2rr' 00812, &c. in the determinant of that example which 
becomes then 

0, 1 , 1 ^, 1 __• 1 

1, ,T*^^ -2r'r C0S21, r"*+r« -2r"r cos3r,r'"Hr» -2r"'r coeJi 
1 , fOj^ _2rr' cosH, , T"^-kr"^ -2t^Y 00832, r^'Hr^ -2r' V cos42 
1 , r^^"2 -2rr" cosTs, r'"^r"« -2rV" cos23, 1 , r'"Hr"«-2r'"r"ooB48 
l,r2+r'«aL.2rr'"oosi4,r'«+r'"«-2rV"coa24, r"Hr"'«-2r"r"'co834, 

= 0, 
subtracting from each row and column the first multiplied by conesponding squaie 

of radius and writing /» for -, p' for -; , 4c. this reduces to 
r r 



P t 



p f 1 , COB 21, COS 81, 00841 

/ , 00812, 1 , coe32, cob42 
/»", coslS, COS 28, 1 , C0848 
/»'", cosli, COS24, 00834, 1 



= 0. 



If in this we let cob21 = oo8 81 =00041 = coe0, we have the quadratio in \ 
mentioned at the end of Art. 132 #• 
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CHAPTER X. 

PROPBBTIES COMMON TO ALL CTJRVES OP THE SECOND DEGREBi 
DEDUCED FEOM THE GENERAL EQUATION. 

133. The most general form of the equation of the second 
degree is 

oo;* + 2Aa!y + Jj/" H- 2;3ra3 + 2/y + c = 0, 

where a, i, c, /, g^ h are ail constants. 

It is our object in this chapter to classify the different curves 
which can be represented by equations of the general form just 
written, and to obtain some of the properties which are common 
to them all.* 

Five relations between the coefficients are sufficient to deter- 
mine a curve of the second degree. For though the general 
equation contains six constants, the nature of the curve depends 
not on the absolute magnitude^ but on the mutual ratios of these 
coefficients; since, if we multiply or divide the equation by 
any constant, it will still represent the same curve. We may, 
therefore, divide the equation by o, so as to make the absolute 
term =1, and there will then remain but five constants to be 
determined. 

Thus, for example, a conic section can be described through 
five points, Substituting in the equation (as in Art. 93) the 
coordinates of each point (ar'y') through which the curve must 
pass, we obtain five relations between the coefficients, which will 

enable us to determine the five quantities, - , &c. 

134. We shall in this chapter often have occasion to use the 
method of transformation of coordinates ; and it will be useful 

* We shaU prove hereafter, that the section made by anj plane in a cone standing 
on a circular base is a curve of the second degree, and, conrereely, that there is no 
curve of the second degree which may not be considered aa a conic section. It wan in 
this point of view that these curves were first examined by geometers. We mention 
the property here, because we shall often find it convenient to use the terms ** conic 
section," oz "conic," instead of the longer appellation, " curve of the second degree." 
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to find what the general equation becomes when transformed to 
parallel axes tht'ough a new origin (afV). We form the new 
equation by substituting aj + iC' for a?, andy + y' for y (Art. 8), 
and we get 

a (a:+aj')"+2A(x+aO (y V)+*(yV)'+2^(«+«0+2/(y+y')+o-0. 

Arranging this equation according to the powers of the vari- 
ablesy we find that the coefficients of x% xy^ and y, will be, as 
before, a, 2A, h ; that 

the new^, sf*^^'^W'^9i 
the new/, f^h3f-\-hj/+f\ 
the new c, d'-aa5'* + 2Aajy + Sy* + 2ya^+2^ + c» 

Hence, if the equation of a curve of the second degree be trans^ 
formed to parallel axes through a new origin^ the coefficients of the 
highest powers of the variables will remain unchanged^ while ike 
new absolute term will be the result of substituting in the original 
equation the coordinates of the new origin.^ 

136. Every right tine meets a curve of the second degree in 
two real^ coincident^ or imaginary points^ 

This is inferred, as in Art. 82, from the fact that we get a 
quadratic equation to determine the points where any line 
y^mx-^n meets the curve. Thus, substituting this value of y 
in the equation of the second degree, we get a quadratic to 
determine the x of the points of intersection. In particular 
(see Art. 84) the points where the curve meets the axes are 
determined by the quadratics 

ax* + 2^aj + c4=0, iy' + 2^ -f c = 0. 

An apparent exception, however, may arise which does not 
present itself in the case of the circle. The quadratic may 
reduce to a simple equation in consequence of the vanishing of 
the coefficient which multiplies the square of the variable. Thua 

ary + 2y" + aJ + 5y + 8 = 
is an equation of the second degree ; but if we make y ~ 0, we 
get only a simple equation to determine the point of meeting 
of the axis of x with the locus represented. Suppose, however, 
that in any quadratic Aji?-\-2Bx-\' C^O^ the coefficient O 

* This is equally true for eqaations of any degree, m can be proved in like manner. 

T 
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vanishes, we do not say that the quadratic reduces to a simple 
equation ; but we regard it still as a quadratic, one of whose 

roots is aj = 0, and the other a? = — -j-. Now this quadratic 

may be also written 

and we see by parity of reasoning that, if A vanishes, we ougfit 

to regard this still as a quadratic equation, one of whose roots is 

1 1 2^ C^ 

- = 0, oraj=«> ; and the other ^= — -^, or » = — «„. The 

X ^ ' X C ^ 2B 

same thing follows from the general solution of the quadratic, 
which may be written in either of the forms 

^ ^B±^{B'^AC) C 

*" A "" ^B^»J[B^^ACy 

the latter being the form got by solving the equation for the 
reciprocal of x^ and the equivalence of the two forms is 
easily verified by multiplying across. Now the smaller A is, the 
more nearly does the radical become =±^; and therefore the 
last form of the solution shows that the smaller A is, the larger 
is one of the roots of the equation ; and that when A vanishes 
we are to regard one of the roots as infinite. When, therefore, 
we apparently get a simple equation to determine the points in 
which any line meets the curve, we are to regard it as the 
limiting case of a quadratic of the form . a;" + 2Ba5 +0=0, one 
of whose roots is infinite; and we are to regard this as indi- 
cating that one of the points where the line meets the curve is 
infinitely distant. Thus the equation, selected as an example, 
which may be written (y + 1) (a + 2y + 3) = 0, represents two 
right lines, one of which meets the axis of a; in a finite point, 
and the other being parallel to it meets it in an infinitely 
distant point. 

In like manner, if in the equation Asf + 2JSr + (7» 0, both B 
and vanish, we say that it is a quadratic equation, both of 
whose roots are a; « ; so if both B and A vanish we are to say 
that it is a quadratic equation, both of whose roots are a; = ao . 
With the explanation here given, and taking account of infinitely 
distant as well as of imaginaiy points, we can assert that every 
right line meets a curve of the second degree in two points. 
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136. The equation of the second degree tFaasformed to 
polar coordinates* is 
(a coffO + 2A cos ^ sin 0-^h sin'5) />* + 2 (^ cos ^ +/8in ^) p + c = 0; 

and the roots of this quadratic are the two values of the length 
of the radius vector corresponding to any assigned value of 0* 
Now we have seen in the last article that one of these values 
will be infinite, (that is to say, the radius vector will meet the 
curve in an infinitely distant point,) when the coefficient of p' 
vanishes. But this condition will be satisfied for two yalue^ 
of 6j namely those given by the quadratic 
a+2*tan(?+ Jtan*(? = 0, 

Hence, there can he drawn through the origin two real^ coincident^ 
or imaginary linea^ which will meet the curve at an infinite 
distance ; each of which lines also meets the curve in one finite 
point whose distance is given by the equatioA 
2 [g co8(? +/8in^) p + c = 0. 
If we multiply by p* the equation 

a cos*^ + 2 A cos 6 sin 0-\-h sin*^ = 0, 

und substitute for p cos 9, p sin 6 their values x and y^ V9 obtahx 
for the equation of the two lines. 

There are two directions in which lines can be drawn through 
any point to meet the curve at infinity, for by transformation 
of coordinates we can make that point the origin, and the 
preceding proof applies. Now it was proved (Art. 134) that 
a, A, h are unchanged by such a transformation ; the directionft 
lire, therefore, always determined by the same quadratic 

a co3*5 -f 2h cos 6 sin 5 + J sin'^ = 0. 
Hence, if through any point two real lines can be drawn to meet 
the carve at infinity^ parallel lines through any other point will 
pieet the curve at infinity, "f 

* The following prooeBses apply equally if the original equation had been in oblique 
ooordinatea. We then subetitute mp for x, and np for y, where m is -^— and n ii 

?^-^?-^ (Art 12); and proceed as in the text. 

t This indeed is evident geometrically, since parallel lines may be oonsiderod qfi 
|MS8ing through the same point at infinity. 
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137. One of the most Important qaestions we can ask, con- 
cerning the form of the curve represented by any equation, is, 
whether it be limited in every direction, or whether it extend in 
any direction to infinity. We have seen, in the case of the circle, 
that an equation of the second degree may represent a limited 
curve, while the case where it represents right lines shows us 
that it may also represent loci extending to infinity. It is 
necessary, therefore, to find a test whereby we may distinguish 
which class of locus is represented by any particular equation 
of the second degree. 

With such a test we are furnished by the last article. For 
if the curve be limited in every direction, no radius vector drawu 
from the origin to the curve can have an infinite value ; but we 
found in the last article that when the radius vector becomes 
infinite, we have a + 2A tan ^ + 6 tan*d = 0. 

(1) If now we suppose A* — a5 to be negative, the roots of 
this equation will be imaginary, and 
no real value of can be found which 
viU render 

a cos*^ + 2A cos5 sin 5 4- J sin'(? = 0. 
In this case, therefore, no real line 
can be drawn to meet the curve at 
infinity, and the curve will he limited 
in every direction. We shall show, in the nezt chapter, that 
its form is that represented in the figure. A curve of this class 
is called an Ellipse* 

(2) If A' — a5 ht positive^ the roots of the equation 
a + 2Atan^ + itan*^ = 

will be real ; consequently there 

are two real values of which will 

render infinite the radius vector to 

the curve. Hence, two real lines 

{ao^ + 2hxy + Jy" = 0) can, in this 

case, be drawn through the origin 

to meet the curve at infinity. A 

curve of this class is called a 

Syperbola, and we shall show in the next chapter that its form 

is that represented in the figure. 
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(3) If A" - oi = 0, the roots of the equation 
a + 2Atan5+itan**=0 

"will then be equal, and, therefore, 
the two directions in which a right 
line can be drawn to meet the 
curve at infinity will in this case 
coincide. A curve of this class is 
called a Parabola^ and we shall 
(Chap. XII,) show that its form is 
that here represented. The condition here found may be other- 
wise expressed, by saying that the curve is a parabola whea 
the first three terms of the equation form a perfect square. 

138. We find it convenient to postpone the deducing the 
figure of the curve from the equation until we have first, by 
transformation of coordinates, reduced the equation to its 
simplest form. The general truth, however, of the statements 
in the preceding article may be seen if we attempt to construct 
the figure represented by the equation in the manner explained 
(Art. 16). Solving for y in terms of a?, we find (Art. 76) 

Jy = - (fcc +/) ± V{(A- - aJ) x* + 2 (A/- J<7) a^ 4 (/• - 5c)]. 

Now, since by the theory of quadratic equations, any quantity 
of the form aj* + jpa? 4 j is equivalent to the product of two real 
or imaginary factors [x — a) (ar — ^8), the quantity under the 
radical may be written (/*" — « J) (a? — a) [x — fi). If then K' — ab 
be negative, the quantity under the radical is negative (and 
therefore y imaginary), when the factors aj— a, a? — /3 are either 
both positive or both negative. Eeal values for y are only 
found when x is intermediate between a and /9, and therefore 
the curve only exists in the space included between the lines 
aj = a, ajs?=^ (see Ex. 8, p. 13). The case is the reverse when 
A* - oJ is positive. Then we get real values of y for any values 
of a?, which make the factors a: — a, a? — /8 either both positive 
or both negative; but not so if one is positive and the other 
negative. The curve then consists of two branches stretching 
to infinity both in the positive and in the negative direction, but 
separated by an interval included by the lines x = a^x — fij in 
"wblcb no part of the curve is found. If A' — a& vanishes, the 
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quantity under the radical is of the form either a:— a or a — a?. 
Id the one case we have real values of y, provided only that x 
is greater than a; in the other, provided only that it is less. 
The curve, therefore, consists of a single branch stretching to 
infinity either on the right or the left-hand side of the line a; = a. 
If the roots a and ff be imaginary, the quantity under the 
radical may be thrown into the form (A'-aJ) {(a? — 7)* + 8'}. 
Jf then V — ab is positive, the quantity under the radical is 
always positive, and lines parallel to the axis of y always meet 
the curve. Thus in the figure of the hyperbola, Art. 137, lines 
parallel to the axis of y[ always meet the curve, although lines 
parallel to the axis of x may not. On the other hand, if V — ab 
is negative, the quantity under the radical is always negative, 
and no real figure is represented by the equation. 

Ex. 1. OoDfltxuct, aa in Art. 16, the figozeft of the following corree, and detennina 
their species : 

8x« + 4ajy + y» - 8« - 2y + 21 = 0. ^fw. Hyperbola. 

&E> + 4xy + y - 5^; - 2y - 19 = 0. Atu, Ellipse. 

4«* + iary + y« - 5j! - 2y - 10 = 0. Atu, Parabola. 

Ex. 2. The ciide la a paiticnlar case of the ellipse. For in the most general form 
of the equation of the circle, as&, 4 = acos« (Art. 81) ; and therefore h*~ab iM 
negatiye, being = — a* Bin*«, 

Ex. 8. What is the spedes of the carre when A = ? Ant, An ellipse when a an<| 
6 have the same sign, and a hyperbola when they have opposite signs. 

Ex. 4. If either a or d = 0, what is the species ? Ant. A parabola if alao A = ; 
otherwise a hyperbola. When a = the axis of x n^eets the ocgnre at infinity ; aiu\ 
when 6 = 0, the axis of y. 

£x.6. What is represented by 

Ant, A parabola tonching the axes at the points 9 s a, y s Ju 

139. If in a quadratic Ax^ + ^Bx-^- (7=0, the coefficient B 
vanishes, the roots are equal with opposite signs. This theq 
will be the case with the equation 

(a cos"^ + 2A cos^ sin5 + * sin*(?) p* + 2 (y co8(? +/8in(?) p + c = 0^ 

if the radius vector be drawn in the direction determined by 
the equation g cos +/ sin ^ = 0. 

The points answering to the equal and opposite values of p 
are equidistant from the origin, and on opposite sides of it] 



Digitized by VjOOQIC 



GENERAL EQUATION OF THE SECOND DEGREE. 143 

therefore the chord represented by the equation gx+fy^O is 
bisected at the origin. 

HencC) thrffugh any given point can in general be drawn one 
chord which will be bisected at that point* 

140. There is one case, however, where more chords than one 
can be drawn^ so as to be bisected, through a given point. 

If, in the general equation, we had ^^ = 0, /=0, then the 
quantity g coBO+fsmO would be =0, whatever were the value 
of 6 ; and we see, as in the last article, that in this case every 
chord drawn through the origin would be bisected. The origin 
would then be called the centre of the curve. Kow, we can in 
general, by transforming the equation to a new origin, cause 
the coefficients g and / to vanish. Thus equating to nothing 
the values given (Art. 134) for the new g and/, we find that 
the coordinates of the new origin must fulfil the conditions 

aa^ + A/ + ^ = 0, Aj/ + J/f/=0. 

These two equations are sufficient to determine o/ and y, and 
being linear j can be satisfied by only one value of z and y; 
hence, conic sections have in general one and only one centre. Its 
coordinates are found, by solving the above equations, to be 

In the ellipse and hyperbola ab - A" is always finite (Art. 137); 
but in the parabola ab- h* = 0, and the coordinates of the centre 
become infinite. The ellipse and hyperbola are hence often 
classed together as central curves, while the parabola is called 
a non^^ntral curve. Strictly speaking, however, every curve 
of the second degree has a centre, although in the case of 
the parabola this centre is situated at an infinite distance. 

141. To find the locus of the middle points of chords^ parallel 
to a given linCy of a curve of the second degree. 

We saw (Art. 139) that a chord through the origin is bisected 
if^ cos^4/8ind = 0. Now, transforming the origin to any 
point, it appears, in like manner, that a parallel chord will h% 
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bisected at the new origin if the new g multiplied by cos ^-f the 
now/ multiplied by sin 5 = 0, or (Art. 134) 

cos^ [aaf + hy' + 5^) + sin (Ax' + hy' 4/) ^ 0. 

This, therefore, is a relation which must be satisfied by the co- 
ordinates of the new origin, if it be the middle point of a chord 
making with the axis of x the angle 0. Hence the middle point 
of any parallel chord must lie on the right line 

cos^ (oa? + Ay +^) + Bin (9 {hx + hy +/) = 0, 

which 18, therefore, the required locus. 

Every right line bisecting a system of parallel chords is called 
a diameter^ and the lines which it bisects are called its ordinatea. 

The form of the equation shows (Art. 40) that every diameter 
must pass through the intersection of 
the two lines 
aa;4-Ay+^=:0, and Aaj + 5y+/=0; 

but, these being the equations by 
which we determined the coordinates 
of the centre (Art. 140), we infer that 
every diameter passes through the centre of the curve* 

It appears by making 
alternately =0, and =90"* in 
the above equation, that 

<«r + Ay+^ = 
is the equation of the diameter 
bisecting chords parallel to the 
axis of 0?, and that 

Aa; + Jy+/=0 ~7^ 

is the equation of the diameter bisecting chords parallel to the 
axis of y.* 

In the parabola A' » a&, or -==?-« and hence the line 





A b 



♦ The equation (Art. 188) which is of the form *y = - (Aa? +/) ± i2 is most easily 
ooDstructed by first laying down the line hx + by +/, and then taking on each ordi- 
nate MP of that line portions PQ, PQ', above and below P and equal to R, Thu» 
alio it appears that each ordinate ia bisected by Ax + ^ +/. 
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ax + Ay •{■ ff is parallel to the line 

Aa;+ Jy +/; consequently, all rftia- 

meters of a parabola are parallel 

to each other. This, indeed, is 

evident, since we have proved 

that ail diameters of any conic 

section must pass through the 

centre, which, in the case of the 

parabola, is at an infinite distance, 

and since parallel right lines may be considered as meeting in 

a point at infinity.* 

The familiar example of the circle will sufficiently illustrate to 
•the beginner the nature of the diameters of curves of the second 
degree. He must observe, however, that diameters do not in 
general, as in the case of the circle, cut their ordinates at right 
angles. In the parabola, for instance, the direction of the dia- 
meter being invariable, while that of the ordinates may be any 
whatever, the angle between them may take any possible value. 

142. The direction of the diameters of a parabola is the same 
us that of the line through the origin which meets the curve at an 
infinite distance. 

For the lines through the origin which meet the curve at in- 
finity are (Art. 136) 

or, writing for A its value V(«J)» 

{V(a)a: + V(5)yr = 0. 

But the diameters are parallel to oo; + A^ = (by the last article), 
which, if we write for h the same value ^{ab)^ will also reduce to 

V(a)aJ+V(*)y = 0. 

Hence, every diameter of the parabola meets the curve once at 
infinity, and, therefore, can only meet it in one finite point. 



♦ Hence, a portion of any conic section being drawn on paper, we can find ita 
Centre and determine its species. For if we draw any two parallel chords, and join 
their middle points, we have one diameter. In like manner we can find another dia- 
meter. Then, if these two diameters be parallel, the curve is a parabola ; but if not, the 
point of intersection is the centre. It will be on the concaTO lide when the conre is aa 
dlipae, and on the convex when it is a hyperbola. 

U 
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143. If two diameters of a conic section be such that one of 
them bisects all chords parallel to the other ^ then^ conversely^ the 
second will bisect all chords parallel to the first. 

The equation of the diameter which bisects chords making 
an angle with the alcis of a; is (Art. 141) 

(aa: + Ay + ^) + (^a;+Jy+/) tanff = 0. 

But (Art. 21] the angle which this line makes with the axis is ff 

where 

^ -, a + A tan ^ 

A-h 6 tan^' 
whence h tan5 tan^+ A (tantf + tan^) + a = 0. 
And the symmetry of the equation shows that the chords making 
an angle ff are also bisected by a diameter making an angle 6. 

Diameters so related, that each bisects every chord parallel 
to the other, are called conjugate diameters.* 

If in the general equation A «= 0, the axes will be parallel to 
a pair of conjugate diameters. For the diameter bisecting chords 
parallel to the axis of x will, in this case, become ax + g=^Of 
and will, therefore, be parallel to the axis of y. In like manner, 
the diameter bisecting chords parallel to the axis of y will, in 
this case, be by +/== 0, and will, therefore, be parallel to the 
axis of X. 

144. If in the general equation c=0, the origin is on the curre 
(Art. 81) ; and accordingly one of the roots of the quadratic 

(a cos'fl + 2A cos^ sin^+ J sin'tf) p' + 2{g cosd+/sin^)p = 

is always p = 0. The second root will be also p = 0, or the 
radius vector will meet the curve at the origin in two coincident 
points, if ^cosd+/sinfl = 0. Multiplying this equation by p, 
we have the equation of the tangent at the origin, viz. gx-\-fy=^0.'f 
The equation of the tangent at any other point on the curve 
may be found by first transforming the equation to that point 
as origin, and when the equation of the tangent has been then 
found, transforming it back to the original axes. 

* It is eyident that none bat central carroB can have conjugate diametexB, eince in 
the parabola the direction of all diameters is the same. 

t The same argument proves that in an equation of any degree when the absolute 
term vanishes the origin is on the curve, and that then the terms of the first degree 
represent the tangent at the origin. 
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Bx. The point (I, 1) is on the curve 

8«« - -fccy -f 2y« -f 7* - 5y - 3 = ; 
transform the equation to parallel axes through that point and find the tangent at it 

Ans, da; - 6y = referred to the new o^ea^ or 9 (« ^ 1) = 6 (y ^ 1) refened to 
the old. 

If this method is applied to the general equation, we get for 
the tangent at any point x^ the same equation as that found 
by a different method (Art. 86), via. 

cwc'a; +i (oj'y + /a?) + J/y +y (» + oj') +/(y + y') + <5 = ^ 

145. It was proved (Art. 89) that If it be required to draw 
a tangent to the curve from any point x'y^y not supposed to be 
on the curve, the points of contact are the intersections with 
the curve of a right line whose equation is identical in form 
with that last wntten, and which is called the polar of x'y\ 
Consequently, since every right line meets the curve in two 
points, through any point x'tf there can be drawn twa real^ eoin^ 
cidentj or imaginary tangents to the curveJ^ 

It was also proved (Art. 8a) that the polar of the origin is 
gx •\-fy 4 c = 0, Now this line is evidently parallel to the chord 
gx+fy^ which (Art. 139) is drawn through the origin so as to 
be bisected. But this last is plainly an ordinate of the diameter 
passing through the origin. Hence, the^ polar of any poinf, %9, 
parallel to the ordinates of the diameter passing through thatpoint» 
This includes as a particular case ; The tangent at the extremity^ 
of any diameter is parallel to the ordinates of that diameter. Or 
again, in the case of central curves, since the ordinates of any 
diameter are parallel to the conjugate diameter, we infer that 
the polar of any point on a diameter of a oentral ci^ve isparall^ 
to the conjugate diameter. 

146. The principal properties of poles and polars have been 
proved by anticipation in former chapters. Thus it was proved 
(Art. 98) that if a point A lie on the polar of Bj then B lies on 
the polar of ^. This may be otherwise stated: If a point move 
along a fixed line [the polar of -B] its polar passes through a 
fixed point [B]; or, conversely. If a line [the polar of A] pass 

* A curre is said to be of the »"» class when through any point » tangents can he 
drawn to the curye. A conic is, therefore, a curye of the second degree and of the 
pccond class ; but in higher coryes the de^pree aod cUus of a carre are commonly not 
th$ samQ, 
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through a fired pointy then the locus of its pole [A\ is a fixed 
right line. Or, again, The intersection of any two lines is the 
pole of the line joining their poles; and, conversely, The line 
joining any tfjoo points is the polar of the intersections ofthepolars 
of these points. For if we take any two points on the polar 
of A^ the polars of these points intersect in A. 

It was proved (Art. 100) that if two lines he dravm through 
any pointy and the points joined where they meet the curve^ the 
joining lines will intersect on the polar of that point. Let the 
two lines coincide, and we derive, as a particular case of this, 
If through a point any line OB be drawn^ the tangents at R 
and H' meet on the polar of ; 9k property which might also be 
inferred from the last paragraph. For since B!R\ the polar of 
P, passes through 0, P must lie on the polar of 0. 

And it was also proved (Ex. 3, p. 96), that if on any radius 
vector through the origin, OR be 
taken a harmonic mean between OR 
and OR'y the locus of R is the polar 
of the origin ; and therefore that, 
any line drawn through a point is 
cut harmonically by the pointy the 
curvCy and the polar of the point ; aa 
was also proved otherwise (Art. 91). 

Lastly, we infer that if any line 
OR be drawn through a point 0, and 
P the pole of that line be joined to 0, then the lines OP, OR 
will form a harmonic pencil with the tangents from O. For 
since OR is the polar of P, PTRT is cut harmonically, and 
therefore OP, OT, ORy OT form a harmonic pencil. 

Ex. 1. II a qnadrilatera] ABCD be inscribed in a oonic section, any of the points 
B^F, IB the pole of the line joining the other 
two. 

Since ECf ED are two lines drawn throngh 
the point J^, and CDt AB, one pair of lines join* 
ing the points where they meet the oonic, these 
lines must Intersect on the polar of J?; so must 
also AD and CB) therefore the line O/" is the 
polar of E, In like manner it can be proved that 
EFiA the polar of and ^0 the polar of F. 

Ex. 2. To draw a tangent to a given conic -^ 1> 

section from a point outside, with the help of the mler only. 

Draw any two lines through the given point £, and complete the quadrilateral oi 
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in tbe figure, then the line OF will meet tlie oonic in two points, which, being joined 
to Ef will give the two tangents reqaired. 

Ex. 8. If a qnadrilatend be droamacribed about a oonic section, any diagonal is 
the polar of the interaection of the other two. 

We shall proye this Example, as we might hare proved Ex. 1, by means of the 
harmonic properties of a qnadrilatend. It was proved (Ex. 1, p. 57) that EA^ EO^ 
EBf EF are a harmonic pencil Hence, since EA^ EB are, by hypothesis, two 
tangents to a conic section, and EF a line through their point of intersection, by 
Art. 146, EO must pass through the pole of EF\ for the same reason, FO must pas 
through the pole of EF; this pole must, therefore, be 0, 

147. We have proved (Art. 92) that the equation of the pair 
of tangents to the curve from any point x'y' is 

(aa?'"+ 2hx'i/+hy'^-\- 2^a;'+ 2/y + c)[ax*'\- 2hxy + J/+ 2^a;+2/y + c) 

The equation of the pair of tangents through the origin may be 
derived from this by making a;'=y'=0 ; or it may be got directly 
by the same process as that used Ex. 4, p. 78. If a radius 
vector through the origin touch the curve, the two values of p 
must be equal, which are given by the equation 
(a co8'^+ 2A cos^ sintf + 1 sin"^) p" + 2 (^r cos^ +/sin^ p + c = 0. 
Now this equation will have equal roots if 6 satisfy the equation 

(o cos*^ + 2A cos d sin ^ + J sin"^) c = (y cos ^ +/8in d)^. 
Multiplying by p* we get the equation of the two tangents, viz. 

(ao-5')a;» + 2(cA-5/^)ay + (Jc-./»)y' = 0. 
This equation again will have equal roots; that is to say, the 
two tangents will coincide if 

or c(aJc + 2>^A-a/'- Jy"-cA")=0. 

This will be satisfied if c = 0, that is if the origin be on the 
curve. Hence, any point on the curve may he considered aa the 
intersection of two coincident tangents^ just as any tangent may 
be considered as the line joining two consecutive points. 

The equation will have also equal roots if 

aJc + 2>57A-.q/"-J/-cA" = 0. 

Now we obtained this equation (p. 72) as the condition that the 
equation of the second degree should represent two right lines. 
To explain why we should here meet with this equation again, 
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it must be remarked that by a tangent we mean in general a line 
which meets the curve in two coincident points; if then the 
curve reduce to two right lines, the only line which can meet 
the locus in two coincident points is the line drawn to the point 
of intersection of these right lines, and since two tangents can 
always be drawn to a curve of the second degree, both tangents 
must in this case coincide with the line to the point of inter- 
section. 

148. If through any point ttw chords be drawn^ meeting the 
curve in the points R^ R\ S^ S'\ then the ratio of the rectangles 

~ Qf— >^ Q„ toill he constant J whatever be the position of the point 0, 

provided that the directions of the lines OB^ OS be constant. 

For, from the equatioa given to determine p in Art 136, it 
appears that 

a COB0 -f 2A cosfl &in0 + b ain^ 
In like manner 

Off. Off'^ -—————^———^—i 

OR. OR' a cos^y + 2 A cos ff s in ff -k-b sinV 
hence q^^ Qff' ^ acos»5 + 2A cos58ind + Jsm'^fl ' 

But this is a constant ratio; for a, A, h remain unaltered 
when the equation is transformed to parallel axes through any 
new origin (Art. 134), and ^, ff are evidently constant while the 
direction of the radii vectores is constant. 

The theorem of this Article may be otherwise stated thus j 

If through two fixed points and 0' any two parallel lines OR 

OR OR' 
and ffp be drawn^ then the ratio of the rectangles -f\f~r-fy~n w?? 

he constant^ whatever be the direction of these lines^ 
For these rectangles are 

c ^ 

a cos'fl + 2A cos 6 sin 0-\-b sin'^ ' a cob'6 + 2 A cos 6 sin fi + 6 sin'^ 
(c' being the new absolute term when the equation is transferred 

to 0^ as origin) ; the ratio of these rectangles = - , and is, there- 

c 

fore, independent of 0. 

This theorem is the generalization of Euclid III. 35, 36, 
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149. The theorem of the last Article includes under it several 
particular cases, which it is useful to notice separately. 

I. Let (7 be the centre of the curve, then (/p «= (fp" and 
the quantity C/p'.Cfp'^ becomes the square of the semi-diameter 
parallel to OIX. Hence, The rectangles under the segments of 
tioo chords which intersect are to each other as the squares of the 
diameters parallel to those chords. 

II. Let the line OR be a tangent, then OR = OjB", and the 
quantity OR. OR' becomes the square of the tangent; and, 
since two tangents can be drawn through the point 0, we may 
extract the square root of the ratio found in the last paragraph, 
and infer that Two tangents drawn through any point are to each 
other as the diameters to which they are parallel. 

III. Let the line 0(7 be a diameter, and 0-B, O^p parallel to 
its ordinates, then OR=OR' and (7/)'= (7p". Let the diameter 

meet the curve in the points -4, 5, then .^ ^j^ = ~T(y ry^^ 

Hence, The squares of the ordinates of any diameter are propor- 
tional to the rectangles under the segments which they make on the 
diameter. 

150. There is one case in which the theorem of Article 1 48 
becomes no longer applicable, namely, when the line 08 is 
parallel to one of the lines which meet the curve at infinity ; the 
segment 08'' is then infinite, and OS only meets the curve la 
one finite point. We propose, in the present Article, to inquire 

whether, in this case, the ratio jypr-^ypr/ will be constant. 

Let us, for simplicity, take the line 08 for our axis of a?, and 
OR for the axis of y. Since the axis of x is parallel to one of 
the lines which meet the curve at infinity, the coefficient a will = 
(Art. 138, Ex. 4), and the equation of the curve will be of the form 

2hxy + Jy* + 2gx + 2/y + c = 0. 

Making y = 0, the intercept on the axis of x is found to be 

0S^-^\ and, making a? = 0, the rectangle under the mter- 

ft 
cepts on the axis of y is = 7 • 
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XT osr b 

Now, if we transform the axes to parallel axes through any point 
x']/ (Art. 134), 5 will remain unaltered, and the new ^ = Ay'+y. 
Hence the new ratio will be 



Now, if the curve be a parabola, A = 0, and this ratio is con* 
Btant; hence. If a line parallel to a given one meet any diameter 
(Art. 142) of a parabola^ the rectangle under its segments is in a 
constant ratio to the intercept on the diameter. 

If the curve be a hyperbola, the ratio will only be constant 
while ]/ is constant ; hence. The intercuts made hy two parallel 
chords of a hyperbola^ on a given line meeting the curve at infinity^ 
are proportional to the rectangles under the segments of the chords. 

♦151. To find the condition that the line Xa? + fty + v may 
touch the conic rqiresented by the general equation. Solving for y 
from Xa; i- /Ley -f V = 0, and substituting in the equation of the 
conic, the abscissas of the intersections of the line and curve are 
determined by the equation 

(a/** - 2A\/i + J\") »" + 2 {gfjL* - hfjLV-fpX -f b\v) x 

+ (c/*''-2//iv4Sv') = 0. 

The line will touch when the quadratic has equal roots, or when 

(a/A* - 2h\fi + 6\*) (c/*" - 2ffiv + iv*) = (^/** - hfiv -ffiX + b\v)\ 

Multiplying out, the equation proves to be divisible by /li*, and 
becomes 

(Jc-/^X«+(ca-^»)/A« + (aJ-A*)v" + 2G7A-a/)/iv 

+ 2{hf--bg)v\-\-2{fg-ch)\fi = 0. 

We shall afterwards give other methods of obtaining this 
equation, which may be called the tangential equation of the 
curve. We shall often use abbreviations for the coefficients, and 
write the equation in the form 

^\' + 5/4" + Cv* + 2F/*v + 2 fl^vX + 2flX/i* = 0. 

The values of the coefficients will be more easily remembered by 
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the help of the following rule. Let A denote the discriminant 
of the equation; that Is to say, the function 

whose vanishing is the condition that the equation may represent 
right lines. Then A is the derived function formed from A, 
regarding a as the variable ; and 5, (7, 2Fj 2 <?, 2E are the 
derived functions taken respectively with regard to J, c,/, g^ A. 

The coordinates of the centre (given Art. 140) may be written 
G F 

C' (?• 

IClSOXLLAKBOTTS E^CAlCPLBS. 

Ex. 1. Form the equation of the conic making interoepts X, X', /i, /i' <m ih« axis. 
Since if we make y = 0or» = 0inthe equation, it moat zedace to 

««-(X4-X')« + XX'«0, ^-(fi + M')y + W*' = 0| 

the equation is 

/i»/iV + 2Aa:y + Uy-/tt/(X + X')»-XVO« + A»Oy + XXV = 0, 

and h ia nndetennined, mileas another condition be giveo. ThoB two parabolas oaa 
be drawn through the four given points ; for in this caaa 

Arr + JCXX'/U/iO. 

£x. 2. Qiven four points on a conic, the polar of any fixed point pAases throtlgh 
a fixed point. We may choose the axes so that the given points may lie two on ea6h 
axis, and the equation of the curve is that found in Ex. 1. But the equation of the 
polar of any point ar'/ (Art. 145) involves the indeterminate A in the first degree, 
and, therefore, passes through a fixed point. 

Ex. 8. Find the locus of the centre of a conic passing through four filed pointa. 
The centre of the conic in Ex. 1 is given by the equations 

2/iAt'x + 2Ay-/tt/A'(X+XO = 0, 2XXV + 2A« - XX' (^ + ^0 =r j 

whence, eliminating the indeterminate A, the locus is 

2/x/u'««-2XXy-a/i'(X + X')a! + XX'0i + /u0y = O, 

a conic passing through the intersections of each of the three pairs of lines which 
can be drawn through the four points, and through the middle points of these lines. 
The locus will be a hyperbola when X, X' and /u, fi' have either both like or both 
unlike signs ; and an ellipse in the contrary case. Thus it will be an ellipse when the 
two points on one axis lie on the same side of the origin, and on the other axis oa 
opposite sides ; in other words, when the quadrilateral formed by the four given 
points has a re-entrant angle. This is also geometrically evident ; for a quadrilateral 
with a re-entrant angle evidently cannot be inscribed in a figure of the shape of the 
ellipse or parabola. The circumscribing conic must, therefore, always be a hyperbola, 
so that some vertices may lie in opposite branchy And since the centre of a hyper* 
bola is never at infinity, the locus of centres is in this case an ellipse. In the other 
case, two positions of the centre will be at infinity, coixesponding to the two parabolas 
which can be described through the given points. 

X 
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CHAPTER XL 



BQTTATIONS OP THE SECOND DEGREE REFERRED TO THB 
CENTRE AS ORIGIN. 

152. In investigating the properties of the ellipse and hyper- 
bola, we shall find Oui* eqtiations mach simplified by choosing 
the centre for the origin of coordinated. If we transform the 
general equation of the second degree to the centre as origin, we 
saw (Art. 140) that the coefficients of x and y will » in the 
transformed equation, which will be of the form 

ox* -f 2 Aa:y + Jy * + c' = 0. 
It is sometimes useful to know the value of o' in terms of the 
coefficients of the first given equation. We saw (Art. 134) that 

(5' = ax'* + 2Axy + J/"+2^aj' + 2// + c, 
where a/, y' are the coordinates of the centre. The calculation 
of this may be facilitated by putting (^ into the form 

cr= (aa^-f Ay^^) «' + (Aa5' + &/-f/)y' + 5'aj'+yS^-f c. 
The first two sets of terms are rendered a by the coordi- 
nates of the centre, and the last (Art. 140) 

_^ ¥-h . As-^f . ^ ofc-f 2/g|rA-a/*-g/-ca« ^ 

153. If the numerator of this fraction were =£ 0, the trans- 
formed equation would be reduced to the form 

aa:"+2Aa:y-f Jy'=»0, 
and would, therefore (Art. 73), represent two real or imaginary 

* Obsenring that wlien / and g yaoiBh tlie diBcriminanfe rednoes to (o^ — A*), we 
can aee that what has been here proved shows that transformation to parallel axes 
does not alter the Talae of the disciuniiianty a particnlar case of a theorem to be 
proved afterwards (Art 871). 

It is evident in like manner that the result of sabetitnting xV» the oooidinatea 
of the centre, in the equation of the polar of any point TTif'y viz. 

(aa;' + A/ +^) j:" + {hx* + hf +/) f + g^^ +// + c, 
is the same as the result of substituting oify' in the equation of the curve. For th« 
tot two sets of terms vanish in both cases. 
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nght lines, according aa ah - V is negative or positive, Hence, 
as we have already seen, p. 72, the condition that the general 
equation of the second degree should represent two right lines, is 

ahc + 2fgh- af -bg^ "CV ^(X. 

For it must plainly he fulfilled, in order that when we transfer 

th^ origin to the point of iAtersection of the right lineS| the 

nbsolute term may vanish. 

Ex. L Transfonn ap» + 4ay + y«-5»-^-§ = 0totho centre (f, - 4). 

Ana. 12a;« + 16ay + 4i!« + l=<V 

^, 2. Traprfonn «» + 2ary-y» + 8aj + 4y-8 = 0tothe centre (- 8, - 1). 

Ans. ^ + 2jry-y» = 2a^ 

154. We have seen (Art. 136) that when 9 satisfies the 
condition 

a cos*5 + 2A cofl^ sin5 + h sin'^ = 0> 

the radius vector meets the curve at infinity, and also meets 
the curve ia one other point, whose distance from the origin ia 

_ c 

^^ ^cos^+/sin8* 

But if the origin be the centre^ we have ^ = 0, /=0, and this 
distance will also become infinite. Hence two linea can b^ dxayira 
through the centre, which will meet the curve in two coincident 
points at infinity, and which therefore may be considered as tan-i 
gents to the curve whose points of contact are at infinity. These 
tines are called the asymptotes of the curve ; they are imaginary 
in the case of the ellipse, but real in that of the hyperboU. We 
shall show hereafter, that though the asymptotes do not meet the 
curve at any finite distance, yet the farther they are produced 
the more nearly they approach the curve. 

Since the points of contact of the two real or imaginary tan^ 
gents drawn through the centre are at an infinite distance, the 
line joining these points of contact is altogether at an infinite 
distance. Hence, from our definition of poles and polars (Art. 89], 
the centre may be considered as the pole of a line situated altogether 
at an infinite distance. This inference may be confirmed from 
the equation of the polar of the origin, gx ■\-fy + c = 0, which, 
if the centre be the origin, reduces to c = 0, an equation which 
(Art* ^7) represents a line at infinity. 
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155. We have seen that by taking the centre for origin, the 
coefficients g and f in the general equation can be made to 
vanish ; but the equation can be further simplified by taking a 
pair of conjugate diameters for axes, since then (Art. 143) A will 
vanbh, and the equation be reduced to the form 

It IS evident, now, that any line parallel to either axis is bisected 
by the other ; for if we give to x any value, we obtain equal and 
opposite values for y. Now the angle between conjugate diame- 
ters is not in general right; but we shall show that there is 
always one pair of conjugate diameters which cut each other at 
right angles. These diameters are called the axe8 of the curves 
and the points where they meet it are called its vertices. 

We have seen (Art. 143) that the angles made with the axis 
by two conjugate diameters are connected by the i^elation 
b tan^ tan^ + A(tantf + tan^) 4 a = 0. 

But if the diameters are at right angles, tan^ = — - — g 

(Art. 25). Hence 

Atan"5 + (a-5) tan^-A = 0. 

We have thus a quadratic equation to determine 0, Multiply- 
ing by p\ and writing a;, y, for p cos^, p sin 0^ we get 

Aj5'-(a-i)ary-Ay* = 0, 
This is the equation of two real lines at right angles to each other 
(Art. 74) ; we perceive, therefore, that central curves have two, 
and only two, conjugate diameters at right angles to each other. 
On referring to Art. 75 it will be found that the equation 
which we have just obtained for the axes of the curve is the same 
a that of the lines bisecting the internal and external angles 
between the real or imaginary lines represented by the equatioa 

The axes of the curve, therefore, are the diameters which bisect 
the angles between the asymptotes; and (note, p. 71) they will 
be real whether the asymptotes be real or imaginary ; that is to 
say, whether the curve be an ellipse or a hyperbola. 

156. We might have obtained the results of the last Article 
by the method of transformation of coordinates, since we cao 
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tbu8 prove directly that it is always possible to transform the 
equation to a pair of rectangular axes, such that the coefficient 
of ijcy in the transformed equation may vanish. Let the original^ 
axes be rectangular ; then, if we turn them round through any 
angle 0^ we have (Art. 9) to substitute for x^ x^o^O —y sin^, 
and for y, a; sin^ + y cosd; the equation will therefore become 
o(aj cos^— y Bind)* + 2A(aj cos^ — y sin^) (a? sin^ + y cos^) 

-f 6 (a? sin^ + y cosfi)* + c = 
or, arranging the terms, we shall have 

the new a^a cos*5+ 2A cosfl sin5 f h sin'tf ; 

the new h — h sin^ cosd + A(co8*^— sin*^) — asin^ cos^; 

the new i =o sin*^- 2A costf sin^ -f h cos"^. 
Now, if we put the new A = 0, we get the very same equation 
as in Art. 155, to determine tan 9. This equation gives us a 
simple expression for the angle made with the given axes by 
either axis of the curve, namely, 

tan25=-^. 
a — 6 

157. When it is required to transform a given equation to 
the form ooj* + Jy* + c = 0, and to calculate numerically the value 
of the new coefficients, our work will be much facilitated by the 
following theorem : If we transform an equation of the second 
degree from one set of rectangular axes to another^ the quantitiea 
a + 6 and ah — A* will remain unaltered. 

The first part is proved immediately by adding the values of 
the new a and b (Art. 156), when we have 

a' + J' = a + J. 
To prove the second part, write the values in the last article 
2a « a + 5 + 2A sin2d + (a - J) cos25, 
2J' = a + 6 - 2A sin2^ - (a - 6) cos25. 
Hence Ic^V = (a + Vf - {2A sin 20 -h (a - ft) cos2e}». 
But iA'" = {2A cos 2d - (a - i) sin 2^}* ; 

therefore 4 [a'V - A'*) = (a + hf - 4A^ - (a - i)» « 4 {ab - A"). 

When, therefore, we want to form the equation transformed 
to the axes^ we have the new A = 0, 

a' + y = a-fft, a'V^<A^h\ 
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Having, therefore, the sum and the product of cC and h\ we can 
form the quadratic which determines these quantities. 

Ex. 1. Find the axes of the ellipse 14x* — 4xy+ lly' = 60, and transform the 
equation to them. 

The axes are (Art. 165) 4aj« + 6a^ - 4y« = 0, or (2« - y) (x + 2«^) = a 
We hare a' + &* = 26 ; a*h*' == 160 ; 4' = 10 ; ^ = 1&; and tha transformed equitation 
U 2aj« + 8y« = 12. 

|hL. 2. Transform the hyperbola lla;> + Sixy - 2iy< = 156 to the axes. 
a' + y = -18, q'*' = -2028; o' = 39; *' = -52. 

Transformed e<^uatioA is 3^ — ^ 3 ^2^ 
Bx.8. Traosform ox^ + 2Aa:y -ir ^* = c to the axes. 

-iiM. (a + * - i2) »« + (o + 6 + iZ) y« = 2c, where i2» = 4A« + (a - h)\ 

♦158. Having proved that the quantities a + 6 and ah - V 
remain unaltered when we transform from one rectangular system 
to another, let us now inquire what these quantities become if 
we transform to an oblique system. We may retain the old axis 
of a;, and if we take an axis of y inclined ta it at an angle <»„ 
then (Art. 9) we are to substitute a; + y coso for x, and y siaa;^ 
for y« We shall then have 

a'^a^ A'ssa cosQi + A 8ina>, 

Vzsa cos*a» + 2% C08a> Buaoi + & sin*ttu 

Hence, it easily follows 

a' + y-2A'cos(tt . a'V-V^ , „ 

J— =s a + ^) — =—3 — =-ao^ A . 

sm 01 ^ sin a> 

If^ theriy toe transform the equation from one pair of axes to any, 

. a + J-2Acoso) ^oi-A" , , , 

other^ the quantities ;— = and — ;— = — remain unaltered^ 

' * sin (u sm 01 

We may, by the help of this theorem, transform ta the axes: 
an equation given in oblique coordinates, for we can still 
express the sum and product of the new a and h in terms of 
the old coefficients. 

Ex. 1. If cosw = i, transform to the axes IO2* + %xy + 5y* = VK 
« + *=Wf «*=»«*, a = 5, ft=W- 

An9, iex« + 4liy« = 82v 
Ex. 2. Transform to the axes as^ - 8«y + y* + 1 = 0, where w = 60**. 

Am, aj»-16y« = 8. 
Ex. 8. Transform <u^ + 2Axy + 6y* = to the axes. 

An$. (a+6-2Aco8w-i?)«* + (a + d-2Aoos« + i2)^ = 2tf6in*w, whei^ 
IP = {2A - (a + *) cos «)« + (a - by sin* m. 
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*159. We add the demonstration of the theorems of the last 
two articles given hy Professor Boole [Cambridge Math. Jour,^ 
III. 1, 106, and New Series, Vl. 87). 

Let ns suppose that we are transforming an equation from 
axes inclined at an angle o>, to any other axes inclined at an 
angle Si ; and that, on making the substitutions of Art. 9, the 
quantity ax* + 2hxy + by" becomes a'X* 4 2h!X Y+ V Y^. Now 
we know that the eflFect of the same substitution will be to make 
the quantity aj*+ 2a;y cosw + y* become X* + 2^1^00812+ Y*, 
since either is the expression for the square of the distance of 
any point from the origin. It follows, then, that 

aa? +2hay +&y' -fX(aj" +2a?ycos<» +y^ 

-:a'Jp+2A'xr+yr»+x(i?+2zrcosi2+ r»). 

And if we determine X so that the first side of the equation may 
be a perfect square, the second must be a perfect square also. 
But the condition that the first side may be a perfect square ia 

(a + X) (6 + X) = (A + X coso)', 

or X must be one of the roots of the equation 

X* sin*a> + (a + 6 - 2A cos a>) X + a J - A* = 0. 

We get a quadratic of like form to determine the value of X, 
which will make the second side of the equation a perfect square ; 
but since both sides become perfect squares for the same values 
of X, these two quadratics must be identical. Equating, then, 
the coefficients of the corresponding terms, we have, as before, 

a + &-2Acosft) g^-f y-2A'cosQ ^ ab-h* _ ^1^'~ *^ 
sin"« sin'JGt ' sin'i2 "" sin*i2 

Ex. 1. The sum of the sqnaree of the ledprocals of two senu-diaineten at right 
angles to each other is constant. 

Let their lengths be a and /3 ; then making alternately a; = 0, y = 0, in the equation 
of the cnrre, we have aa^ = r, b^ = e, and the theorem just stated is onlj th« 
geometrical interpretation of the fact that a + ^ is constant. 

Ex. 2. The area of the triangle formed by joining the extremities of two conjugate 
semi-diameters is constant. 

The equation referred to two conjugate diameters is -„ + ^=l, and since —.--•- 

Is constant, we hare a'fif sinw constant. 

Ex. 8. The sum of the squares of two conjugate semi-diameters is constant. 

g.. _a + 6-2Acos». ^ ^ 1 /11\ a'« + /3'«. ^ ^ - 

Bmce r-= 1ft constant, -. -=- | -=, + 73^ J = -Trr^/i-.- - w constant : ana 

sin^w - ^ sin«« W^ p^J a^/3'«sm*ui ' 

■ince a'^ sin CO is constant, so must a!^ + /3^. 
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THE EQUATION REFERRED TO THE AXES. 

160 We saw that the equation referred to the axes was of 
the form 

B being positive in the case of the ellipse, and negative in that 
of the hyperbola (Art. 138, Ex. 3). We have replaced the 
small letters by capitals, because we are about to use the letters 
a and h with a different meaning. 

The equation of the ellipse may be written in the following 
more convenient form : 

Let the intercepts made by the ellipse on the axes be a; s a, 

y^hj then making ^ £= and x^am the equation of the curve, 

G C 

we have Acf^C. and ^s-^. In like manner £=7^. Sub- 

Btituting these values, the equation of the ellipse may be written 

^ + 2^ = 1 

Since we may choose whichever axis we please for the axis 
of x^ we shall suppose that we have chosen the axes so that a 
may be greater than b. 

The equation of the hyperbola, which we saw only differs 
from that of the ellipse in the sign of the coefficient of ^*, may 
be written in the corresponding form : 

a" V *• 

The intercept on the axis of x is evidently ^ i a, but that on 
the axis of y, being found from the equation y* = — i*, is imaginary ; 
the axis of y, therefore, does not meet the curve in real points. 

Since we have chosen for our axis of x the axis which meets 
the curve in real points, we are not in this case entitled to 
assume that a is greater than b. 

16L To find the polar eguation of the ellipse^ the centre being 

the pole. 

Write pcmO for or, and p AnO for y in the preceding equa* 

tion, and we get 

1^ _ cos"^ sin"^ 
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Ati equation which we m&j write in any of the equivalent forms, 

^ "■ a« 8in«^ + b' C08«5 ^b* + (a' - b') sm'0 " a* - (a" - J*) cos'fi * 
It Is cQstomaiy to use the foUowiii;^ abbreviations : 

ftnd the quantity 6 is called the eccentricity o( the curve. 

Dividing by a' the numerator and denominator of the fraction 
last found} we obtain the form most commonly used, viz« 

- il_ 

^ "l-e"cos*^' 

162. 7i> investigate thejlgure of the ellipse. 

The least value that J' + (a" - ft*) sin*^, the denominator id 
the value of p*, can have, is when 6^ = 0; therefore the ^rea^j 
value of p is the intercept on the axis of x^ and is ==: a. 

Again, the greatest value of ft* -f (a* — ft*) sin*^ is wheti 
sin^ssl, or ^ = 90**; hence, the least value of p is the Intercept 
on the axis of ^, and is = ft. The greatest line, therefore, thftt 
can be drawn through the centre is the axis of x^ and the least 
line the axis of y. From this property these lines afe called 
the axis major and the axis minor of the curVe. 

It is plain that the smaller is, the greater p will be ; hence, 
the nearer any diameter is to the axis 
major, the greater it mil be. The 
form of the curve will, thei^fore, be 
that here represented. 

We obtain the same value of p 
whether we suppose 5 = a, or ^ = - a. 
Hence, Two diameters which make 
equal angles vnth the axis toill be equal. And it is easy to show 
that the conterse of this theorem is also true. 

This property enables us, being given the centre of a conic, 
to determine its axes geometrically. For, describe any concen- 
tric circle intersecting the conic, then the semi-diameters drawn 
to the points of intersection will be equal ; and by the theorem 
just proved, the axes of the conic will be the lines internally 
and externally bisecting the angle between them. 
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THE EQUATION REFERKED TO THE AXES. 



163. The equation of the ellipse can be put into another 
form, which will make the figure of the curve still more 
apparent. If we solve for y we get 

Now, if we describe a concentric circle with the radius a its 
equation will be 

Uence we derive the following construction : 

^^ Describe a circle on the axis major ^ and take on each ordinate 
LQ a point P, such that LP may be to 
LQ in the constant ratio b : a, then the 
locus of P will be the required ellipse,^^ 

Hence the circle described on the 
axis major lies wholly without the curve. 
We might, in like manner, construct the 
ellipse by describing a circle on the axis 
minor and increasing each ordinate in 
the constant ratio a : b. 

Hence the circle described on the axis minor lies whoDy 
within the curve. 

The equation of the circle is the particular form which the 
equation of the ellipse assumes when we suppose b^a. 

164. To find the polar equation of the hyperbola* 
Transforming to polar coordinates, as in Art. 161, we get 

g'y aV aV 

f" "" ft*cos"e-a* sin«^ " J»- (a* + i*) sin'd " (o" + 4") cos"^- a* * 
Since formulsd concerning the ellipse are altered to the corre- 
sponding formulaB for the hyperbola by changing the sign of i*, 
we must in this case use the abbreviation c' for a' -f V and 




6* for 



a' + J' 



, the quantity e being called the eccentricity of the 



hyperbola. Dividing then by a* the numerator and denominator 
of the last found fraction, we obtain the polar equation of the 
hyperbola, which only differs from that of the ellipse in the sign 
of i*, viz, 

y 
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165. To investigate the figure of the hyperhohu 

The terms axis major and axis minor not being applicable 
to the hyperbola {Krt, 160), we shall call the axis of x the 
transverse axis, and the axis of y the conjugate axis. 

Now V - (a* + V) sin*^, the denominator in the value of p*, 
will plainly be greatest when ^ = 0, therefore, in the same case, 
p will be least ; or the transverse axis is the shortest line which 
can he drawn from the centre to the curve. 

As increases, p continually increases, until 

when the denominator of the value of p becomes = 0, and p 
becomes infinite. After this value of (?, p* becomes negative, and 
the diameters cease to meet the curve in real points, until again 

•^^=V(^' (ortan^ = -|), 

when p again becomes infinite. It then decreases regularly as 
increases, until becomes = 180'', when it again receives its 
minimum value = a. 

The form of the hyperbola, therefore, is that represented by 
the dark curve on the figure, next article. 

166. We found that the axis of y does not meet the hyper- 
bola in real points, since we obtained the equation y* = ^b^ to 
determine its point of intersection with the curve. We shall, how- 
ever, still mark oflF -» ' 
on the axis of y por- ^^^$^^^ j -z^^^^^^^ 

tions CBj CB'=±bj ^^s^^- -— "Si^^^^^^^^^ 

and we shall find ---^-I^^I^r^lg^r^::!!^^-^ 

that the length CB ^^x^>^i^^^ 

has an important vr*;,,;:^^^" \ *"^^^^^55>«^ i 

connexion with the " ^^^ 

curve, and may be conveniently called an axis of the curve. 
In like manner, if we obtained an equation to determine the 
length of any other diameter, of the form p^ — ^E*y although 
this diameter cannot meet the curve, yet if we measure on it 
from the centre lengths = ±Rj these lines may be conveniently 
spoken of as diameters of the hyperbola. 
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The locus of the extremities of these diameters which do not 
meet the curve is, by changiDg the sign of p* io the ec^uatioa of 
the curve, at once found to be 

1 sin'g cos'g 

or J-"? = ^' 

This is the equation of a hyperbola having the axis of y for 
the axis meeting it in real points, and the axis of x for the axis 
meeting it ip imaginary points. It is represented by the dotted 
curve on the figure, apd i9 called the hyperbola conjugate to the 
given hyperbola* 

167. We proved (Art. 165) that the diameters answering to 

tan ^=:±- meet the curve at infinity; they are, therefore, the 

same as the lines called, in Art. 154, the asymptotes of the curve. 
They are the lines CK^ CI4 on the figure, and evidentl}^ separate 
those diameters which meet the curve in real points from those 
which meet it in imaginary points. Jt is evident also that two 
conjugate byperbolie have the same asymptotes. 

The expression tanff = ±~ enables us, beipg given the axes 

in magnitude and position, to find the iwymptotes, for if we 
form a rectangle by drawing parallels to the axes through B 
and Aj then the asymptote CK must be the diagonal of thi^ 
rectangle, 

But, since the asymptotes make equal angles with the axis of 09, 
the angle which they make with each other must be =2^, 
Hence, being given the eccentricity of a hyperbola^ toe are given 
the angle between the asymptotes^ which is double the angle whose 
aecant is tbe eccentricity, 

Ex. To find the eccentricity of a conic given by the general equation. 

We can (Art. 74) write down the tangent of the angle between the lines denote4 
by aa^ + 2Axy + by* = 0, and thence form the expression for the secant of its half j 
QX yue may proceed by the help of Art. 157, Ex, d,. 
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1 a + b-K I + 4 + /2 



where /P = 4A» + (a - i)« = 4*« - 4aA + (a + ft)«. 



H^XMO 



a+b+R' 



CONJUGATE DIAMETERS, 

168. We now proceed to investigate some of the propertiea 
of the ellipse and hyperbola. We shall find it convenient to 
consider both curves together, for, since their equations only 
differ in the sign of J*, they have many properties in commoq 
which can be proved at the same time, by considering the sign 
of 6* as indeterminate. We shall, In the following Articles, use 
the signs which apply to the ellipse. The reader may then 
obtain the corresponding formulffi for the hyperbola by changing 
the sign of b\ 

We shall first apply to the particular form -^ + ^^ == 1, somQ 

of the results already obtained for the general equation. Thus 
(Art. 86) the equation of the tangent at any point x^ being 
got by writing x*x and y'y for x' and y* ia 

a* ■*■ J« ^ ^• 
The proof given in general may be repeated for this particular 
case. The equation of the chord joining any two points ou 
the curve is 

{x^x^){x^c/^ (y-y)fy-y") _a^,y' , 

a* ^ ■" a* ■*■ 6* ^ 

or '• -, 4 — y ^,-+ -^ + 1; 

which, when aj', y' = oj", y", becomes the equation of the tangent 
already written. 

The argument here used applies whether the axes be rect- 
fmgular or oblique. Now if the axes be a pair of conjugate 
diameters, the coeflScient of icy vanishes (Art. 143) ; the coefficients 
of x and y vanish, since the origin is the centre ; and if a' and b^ 
be the lengths of the intercepts on the axes, it is proved exactly, 
f^ in Art. 160, that the equation of the curve may be written 

6'" 
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166 CONJUGATE DIAMETERS. 

And It follows from this article that in the same case the 
equation of the tangent is 

169. The equation of the polar, or line joining the points 
of contact of tangents from anj point x'-kf^ is similar in form to 
the equation of the tangent (Arts. 88, 89), and is therefore 

— +^^-1 or— + -^' = 1- 

the axes of coordinates in the latter case being any pair of 
conjugate diameters, in the former case the axes of the curve. 

In particular, the polar of any point on the axis of a? is —73- - 1. 

Hence the polar of any point P is found by drawing a diameter 
through the point, taking CP. CP' = io the square of the semi- 
diameter, and then drawing through P^ a parallel to the 
conjugate diameter. This includes, as a particular case, the 
theorem proved already (Art. 145), viz., The tangent at the 
extremity of any diameter is parallel to the conjugate diameter. 

Ex. 1. To find the condition that Xaj + /xy = 1 may tonch -,+ 5 = 1. 

Comparing -r + ^"^ = 1, Xaj + /Liy= 1, we find - = Xa, ^ = m*, and o«\«+ *V'= !• 
Or 0^ a o 

Ex. 2. To find the equation of the pair of tangents from a^f/* to the curve (see 
Art. 92). 

Ex. 8. To find the angle <t> between the pair of tangents from x'y' to the curve. 

When an equation of the second degree represents two right lines, the three highest 
terms being put = 0, denote two lines through the origin parallel to the two former; 
hence, the angle included by the first pair of right lines depends solely on the thiee 
highest terms of the general equation. Arranging, then, the equation found in thQ 
last Example, we find, by Art. 74, 

*^*- x'^ + sT-a^-ii ' 

Ex. 4. Find the locus of a point, the tangents through which intersect at right 
angles. 

Equating to the denominator in the value of tan </», we find «* + y« = a* + A«, the 
equation of a circle concentric with the ellipse. The locus of the intersection ol 
tangents which cut at a given angle is^ in general, a curve of the fourth degree. 

170, To find the equation^ referred to the axea^ of the diameter 
conjugate to that passing through any point a?y on the curve. 
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The line required passes through the origin, and (Art. 169; is 
parallel to the tangent at x'y' ; its equation is therefore 

Let Q^ ff be the angles made with the axis of x by the original 

diameter and its conjugate; then plainly tan^=2. • and from 

^ Vx 
the equation of the conjugate we have (Art. 21) tan^ = ^ , 

Hence tan ^ tan ^ = — ^ , as might also be inferred from Art. 143. 

The corresponding relation for the hyperbola (see Art. 168) is 

tan^ tan^= -s. 
a" 

171. Since in the ellipse tan tan ^ is negative, if one of 
the angles 0^ & be acute (and, therefore, its tangent positive), 
the other must be obtuse (and, therefore, its tangent negative). 
Hence, conjugate diameters in the ellipse lie an different sides of 
the axis minor (which answers to 5 = 90*). 

In the hyperbola, on the contrary, tan ^ tan ^ is positive; 
therefore and d' must be either both acute or both obtuse. 
Hence, in the hyperhola^ conjugate diameters lie on the same side 
of the conjugate axis. 

In the hyperbola, if tan ^ be less, tand^ must be greater than 

- , but (Art. 167) the diameter answering to the angle whose 

^ h 

tangent is - , is the asymptote, which (by the same Article) 

separates those diameters which meet the curve from those which 
do not intersect it. Hence, if one of two conjugate diameters 
meet a hyperbola in real points^ the other will not. Hence also 
it may be seen that each asymptote is its own conjugate. 

172. To find the coordinates a/'y" of the extremity of the 
diameter conjugate to that parsing through xy\ 

These coordinates are obviously found by solving for x and y 
between the equation of the conjugate diameter and that of 
the curve, viz. 

n^ + IT - ^) ^« + A» - *» 
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Substituting in the second the ralues of x atid p found from the 
first equation, and remembering that x\ %f satisfj the equation 
of the curve, we find without difficulty 

173. To expreaa the lengths of a diameter (o^, and itt conjw 
gate (£'), in terms of the abscissa of the extremity of the diameter, 

(1) We have tT^af' + j/^. 

It 

But ir'=-t{a*-on' 

Hence <r=b*+^^^ar=V+^ar, 

a 

(2) Again, we have 

or ^(o"-iO + ^,aJ^j 

hence y*s=a*-6*«'". 

From these values we hare 

d^ + 6'- = a* + J»} 
or, The sum of the squares of any pair of conjugate diameters of 
an ellipse is constant (see Ex. 3, Art. 159). 

174. In the hyperbola we must change the signs of l^ and 
J'*, and we get 

or, The difference of the squares of any pair of conjugate diameters 
of a hyperbola is constant. 

If in the hyperbola we hare a s^ i, its equation becomes 

and It Is called an equilateral hyperbola. 

The theorem just proved shows that every diameter of an 
equilateral hyperbola is equal to its conjugate* 

The asymptotes of the equilateral hyperbola being given by 
the equation 
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fxre at right angles to each other* Hence this hyperbola is often 
called a rectangular hyperbola. 

The condition that the general equation of the second degree 
should represent an equilateral hyperbola is a =>— & ; for (Art. 74) 
this is the condition that the asymptotes {aa? -k-^hxy^-hy*) 
should be at right angles to each other ; but if the hyperbola be 
re tangular it must be equilateral^ since (Art. 167) the tangent 

of half the angle between the asymptotes ^-^^ therefore, if 
this angle » 45**, we have 



a' 



175. To find the length of the perpendicular from the centre 
on the tangent 

The length of the perpendicular from the origin on the lino 

but we proved (Art. 173) that 



^ " a- ^ 6" ' 



hence j; » -^^ . 

176. To find the angle between any pair of conjugate dia* 
meters. 

The angle between the diameters is equal to the angle be- 
tween either, and the tangent parallel to '"^^vjr 
the other. Now ^* 

Hence sin ^ (or FCP") - 1|, . 

The equation a^l/ Bin^^ ah proves that the triangle formed 
by joining the extremities of conjugate diameters of an ellipse or 
hyperbola has a constant area fsee Art. 159, Ex. 2). 

2 
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177. The sum of the squares of any two conjugate diameters 
of an ellipse being constant, their rectangle is a maximum when 
they are equal ; and, therefore, in this case, sin Is a minimum ; 
hence the acute angle between the two equal conjugate dia- 
meters is less (and, consequently, the obtuse angle greater} than 
the angle between any other pair of conjugate diameters. 

The length of the equal conjugate diameters is found by 
making a = 6' in the equation a'* + 6'* = a* + b% whence a" is half 
the sum of a* and b^^ and in this case 

. ^ 2ab 

The angle which either of the equi-conjugate diameters makes 
with the axis of x is found from the equation 

tan^ tan^=s -., 

by making tan ^s=! — tan ^; for any two equal diameters mate 
equal angles with the axis of x on opposite sides of it (Art. 162j. 

Hence tan5 = - . 

a 

It follows, therefore, from Art. 167, that if an ellipse and hyper- 
bola have the same axes in magnitude and position, then the 
asymptotes of the hyperbola will coincide with the equi-conjugate 
diameters of the ellipse. 

The general equation of an ellipse, referred to two conjugate 
diameters (Art. 168), becomes a?* + y* = a'", when a' = ft'. We 
see, therefore, that, by taking the equi-conjugate diameters for 
axes, the equation of any ellipse may be put into the same form 
as the equation of the circle, a?* + y* = r", but that in the case of 
the ellipse the angle between these axes will be oblique, 

178. To express the perpendicular from the centre on the 
tangent in terms of the angles which it makes with the axes. 

If we proceed to throw the equation of the tangent 

f— 5-+^- = lj into the form a; cosa + y sina=j) (Art. 23), 

we find immediately, by comparing these equations, 
X _ cosg y' sina 

(I p p 
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Substituting in the equation of the curve the values of x\ y\ 
hence obtained, we find 

^ =£ a' cos'a + V sin* a.* 

The equation of the tangent may, therefore, be written 

05 cosa + y sin a — V(«* cos* a + V sin" a) = 0. 

Hence, by Art. 34, the perpendicular from any point [xy') on 
the tangent is 

V(a* cos' a + J* sin* a) — aj' cos a - ^ si n a, 

where we have written the formula so that the perpendiculars 
shall be positive when x'y is on tlie same side of the tangent 
as the centre. 

Ex. To find the locus of the interaection of tangents wUcli cut at right angles. 
Ijdlpjp' be the perpendiculars on those tangents, then 

p* = a« C08*a + b^ ein'o, p** = a* sin'a + *• 008*o, p* +/?•* = o* + i*. 

But the square of the distance from the centre, of the intersection of two lines which' 
cut at right angles, is equal to the sum of the squares of its distances from the lines 
themselves. The distance, therefore, is constant, and the required locus is a drde 
(see p. 166, Ex. 4). 

179. The chords which join the extremities of any diameter 
to any point on the curve are called supplemental chords. 

Diameters parallel to any pair of supplemental chords are 
conjugate. 

For if we consider the triangle formed by joining the extre- 
mities of any diameter AB to any point on the curve i> ; since, 
by elementary geometry, the line joining the middle points of 
two sides must be parallel to the third, the diameter bisecting 
AD will be parallel to BD^ and the diameter bisecting BD will 
be parallel to AD, The same thing may be proved analytically^ 
by forming the equations of AD and BD^ and showing that the 
product of the tangents of the angles made by these lines with 

the axis is = 5 . 

a 

This property enables us to draw geometrically a pair of con- 
jugate diameters making any angle with each other. For if we 
describe on any diameter a segment of a circle, containing the 

* In like manner, p* = o** cos*a + *** oos*/5, a and /3 being the angles the perpen- 
dicular makes with any pair of coiuugate diameters. 
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given angle, and join the points where it meets the curve to the 
extremities of the assumed diameter, we obtain a pair of supple- 
mental chords inclined at the given angle, the diameters parallel 
to which Will be conjugate to each other. 

Ex. 1. Tangents at the extremitioB of any diameter ai^ parallel. 

Thdr eqnatians are "? "♦" p^ == ± ^* 

This also follows from the first theorem of Art. 146, and from considering that the 
centre is the pole of the line at infinity (Art. 154), 

Ex. 2. If any yariable tangent to a oentral conic section meet two fixed parallel 
tangents, it will intercept portions on them, whose rectangle is constant, and eqaal 
to the square of the femi^diameter parallel to them. 

Let ns take for axes the diameter parallel to the tangents and its conjagate, then 
the equations of the curve and of the Tariable tangent wiU be 

The interoepts on the fixed tangents are fonnd by maldng 9 alternately = ± a' in the 
latter equation, and we get 

ond, therefore, their product is Z'« ( ^ — ^ ) » 

irhich, snbstitnting for ^ from the equation of the curre, reduces to V*, 

Ex. 8. The same construction remaining, the rectangle under the segments of the 
Taxable tangent is equal to the square of the semi-diameter parallel to it. 

For, the intercept on either of the parallel tangents is to the adjacent segment 
of the variable tangent as the parallel semi-diameters (Art. 149) ; therefore, the rect- 
angle under the interoepts of the fixed tangent is to the rectangle under the segments 
of the variable Lingent as the tquares of these semi-diameters; and, since the first 
leclangle is equal to the square of the semi-diameter parallel to it, the second rect* 
angle mu^c be equal to the square of the semi-diameter parallel to il, 

Ex. 4. If any tangent meet any two conjugate diameters, the rectangle under its 
segments is equal to the square of the parallel semi-diameter. 

Take for axes the semf-diameter parallel to the tangent and Its conjugate ; then 
the equations of any two conjagate diameters being (Art. 170) 

the intercepts made by them on the tangent are found, by making x = a', to be 



y^ta' andy = -52^. 



whose rectangle is evidently = *'•, 

We might, in like manner, have given a purely algebraical proof of Ex. 8. 

Hence, also, if the oenl ce be joined to the points where two parallel tangents meet 
any tangent, the joining lines will be conjugate diameters. 

Ex. 5. Given, in magnitude and position, two conjugate semi-diameters, On, Ob^ 
•f a central conic, to determine the position of the axes. 
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The following oonitniction is fonnded on the theorem proTed in the last 
Example :—> Through a the extremity of either diameter, 
draw a parallel to the other ; it most of coarse he a tan- 
gent to the cnrre. Now, on Oa take a point P, snch 
that the recbftngle Oa,aP= Oil' (on the side remote from 
for the ellipse, on the same side for the hyperbola), 
and deecrihe a circle throagh Oy P, having its centre on 
aCf then the lines OA, OB are the axes of the conre; 
for, since the rectangle Aa,aB= Oa.aP zz OH^, the lines 
OA, OB are conjugate diameters, and since AB is a dia- 
meter of the oirde, the angle AOBib right. 

Ex. 6. Given any two semi-diameters, if from the extremity of each an ordinate 
be drawn to the other, the triangles so formed will be equal in area. 

Ex. 7. Or if tangents be drawn at the extremity of each, the triangles so formed 
will be equal in area, 

THE NORMAL. 

180. A line drawn through any point of a cnnre perpen-* 
dicular to the tangent at that point is called the Normal, 

Forming, by Art. 32, the equation of a line drawn through 

{x}/) perpendicular to f -^- + ^r = ) we find for the equation 

of the normal to a conic 



^bf-y')- 



.^(ir-aO, 



or 






c* being used, as in Art. 161, to denote a* — V. 

Hence we can find the portion CN intercepted by the normal 
on either axis ; for, making y = in 
the equation just given, we find 



05= -^aJ', or ajs 



ex. 




We can thus draw a normal to 
an ellipse from any point on the axis, 
for given CNwq can find x\ the abscissa of the point through 
which the normal is drawn. 

The circle may be considered as an ellipse whose eccentricity 
»0, since c" = a"- J" = 0. The intercept CN, therefore, is con- 
stantly =0 in the case of the curcle, or every normal to a circle 
passes through its centre* 
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181. The portion Mif intercepted on the axis between the 
normal and ordinate is called the SubnormaL Its length is, by 
the last Artlcloi 

or a 

The normal, therefore, cuts the abscissa into parts which are in 
a constant ratio. 

If a tangent drawn at the point P cut the axis in T, the in- 
tercept MT is, in like manner, called the SabtangenU 

Since the whole length CT='-7 (Art. 169), the subtangent 

on 



--X- 



The length of the normal can also be easilf found. For 

But if V be the aemi-diameter conjugate to CP, the quantity 
within the parentheses *> 6" (Art. 173). Hence the length of the 

normal Pi^=^. 
a 

If the normal be produced to meet the axis minor, it can be 

proved, in like manner, that its length = -r- . Hence, the reel" 

angle under the segments of the normal is equal to the square of 

the conjugate semi-diameter. 

Again, we found (Art. 175) that the perpendicular from the 

db 
centre on the tangent » -^ • Hence, the rectangle under the 

normal and the perpendicular from the centre on the tangent is 
constant and equal to the square of the semi-axis minor. 

Thus, too, we can express the normal in terms of the angle 
it makes with the axis, for 

P V- ** - ^' f Art 178^ - " (^ - '^^ 

Ex. 1. To draw a normal to an ellipse or hyperbola passing throagh a given point. 

The equation of the normal, aVy — Vhi'y =. <?x'\f^ expresses a relation between 
the coordinates 7!%/ of anj point on the carve, and xy the coordinates of anj point 
on the normal at x'%f. We express that the point on the normal is known, and the 
point on the curve sought, by removing the accents from the coordinates of the latter 



Digitized by VjOOQIC 



THE NORMAL. 175 

point, and accentuating those of the former. Thus we find that the points on the 
carve, whose normala will pass throngh {xfy*) are the points of intersection of the 
given curre with the hjperhola 

c'^xy = a'^x'y — bhfx, 

Ex. 2. If through a given point on a conic anj two lines at right angles to each 
other be drawn to meet the carve, the line joining their extremities will pass throngh 
a fixed point on the normal. 

Let as take for axes the tangent and normal at the given point, then the equation 
of the carve most be of the form 

ou? + 2Aajy + hf + 2/y = 0, 

ffor = 0, because the origin is on the carve, and ^ = (Art. 144), because the tan- 
gent is supposed to be the axis of x, whose equation is y = 0). 
Now, let the equation of any two lines through the origin be 

«« + 2pxy + 5y« = 0. 

Multiply this equation by a, and subtract it from that of the curve, and we get 

2 (A - op) ary + (* - aq) y« + 2/y = 0. 

This (Art. 40) is the equation of a locus passing through the points of intersection 
of the lines and oonic ; but it may evidently be resolved into y^(i (the equation of 
the tangent at the given point), and 

2 (A - a/>) » + (J - o^) y + y = <>» 

which must be the equation of the chord joining the extremities of the given lines. 

The point where this chord meets the normal (the axis of y) is y = — ^-jr j but if 

the lines are at right angles 9 = - 1 (Art. 74), and the intercept on the normal has 
the constant length 

a+h' 

If the curve be an equilateral hyperbola, o + ft = 0, and the line in question is 
constantly paittllel to the normal. Thus then, if through any point on an equilateral 
hyperbola be drawn two chords at right angles, the perpendicular let fall on the line 
joining thei/extremities is the tangent to the curve. 

Ex. 3. To find the cooxdinates of the intersection of the tangents at the points 

«'y',xV'. 

The coordinates of the intersection of the lines 

a^'a?.y'y_, ^I'f .y"y_i 

.«« *-yV'-y'V' 2^"a:y'-yV" 

Ex. 4. To find the coordinates of the intersection of the normals at the points 

Am. « ^ , y ^ , 



♦ This theorem will be equally true if the lines be drawn so as to make with the 
normal angles the product of whose tangents is constant, for, in this case, q is 

2/* 
constant, and, therefore, the intercept — ^ is constant. 
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where X, T toe ihiB coordinate* of the interaection of tangents, found in the last 

Example. 

TheyaluesofXandr maybe written in other forms. Since Iqr combining the 



equations 

we get the results, 
henoe 

We can also prore X= 






1?-^^ 






181 (a). Let CP, CO be » P«^ ^^ conjugate scmi-cliametcrs 
of an ellipse; let the normal 
PiV^ meet CQ in B^ take Pi), 
PZy each equal to CQ ; then 
the lengths of the lines CDj 
Ciy are a — J, a+.J respec- 
tively. 

For 

(7iy»=CP*+PZy»+2P2>'.PB, 

but 

CP'-^-PlT'^aW (Art. 173), 

and 2Pjy.PR « 2a5 (Art. 175). 

Hence CIP « (a + J)«. Similarly for CD. 
The axis^major bisects the angle DCI/. For the line 




I/N^iyp+FN'. 
V 



.y + *^'«»:(a + 6). 
a a ^ ' 



Similarly JOJV= — (a - J). At the point N^ therefore, the 

base of the triangle DCiy is divided in the ratio of the sides, 
and, therefore, CN is the internal bisector of the vertical angle. 
In like manner, it is proved that GN' is the external bisector. 

Hence then, being given two conjugate semi-diameters 
C7P, CQ in magnitude and position, we are given the axes in 
magnitude and position. For we have only from P to let fall 
on CQ, the perpendicular PE\ to take PJ9, PC each equal CQ\ 
then the axes are in direction the bisectors of the angle I)CU\ 
while their lengths are the sum and difference of CJ>y CU. 
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182. If on tbe axis major of an ellipse we take two points 
equidistant from tbe centre whose com- TV 
mon distance 

= ±\/(a"-J"), or «±c, 
these points are called tbe fod of tbe 
curve. 

The foci of a hyperbola are two points on the transverse 
axis, at a distance from the centre still =±0, c being in the 
hyperbola 

To expre88 the distance of any point otv an ellipse from the 
focus. 

Since the coordinates of one focus are {fc^-\-c^ y^^)i ^^ 
square of the distance of any point from it 

But (Art. 173) 

aj'" + y'" = y + e"aj'", and h^ + <?^a\ 
Hence FP^ t:^a^-2caf + e"a/* ; 

and recollecting that c = ae^ we have 

FP^a-e^. 

[We reject the value [ex' — a) obtained by giving the other 
sign to tbe square root. For, since x' is less than a, and e less 
than ], the quantity eo/ — a is constantly negative, and there- 
fore does not concern us, as we are now considering, not the 
direction, but the absolute magnitude of the radius vector -KP.] 

We have, similarly, the distance from the other focus 

F'P^a + eaf, 
since we have only to write — c for + c in tbe preceding formulae. 

Hence i^P+i^'P=2a, 

or, The sum of the distances of any point on an ellipse from the 
foci is constant^ and equal to the axis major* 

183. In applying the preceding proposition to the hyperbola, 
we obtain the same value for FP^ ; but in extracting the squai^ 

AA 
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root we must change the sign in the value of FP^ for in the 
hyperbola x' is greater than a and e is greater than t. Hence, 
a -ex' is constantly negative; the absolute magnitude there- 
fore of the radius vector is 

FP^ex' -a. 
In like manner F'P = ex + a. 

Hence F'P-FP^^a. 

Therefore, in the hyperbola^ the difference of ^ focal radii is 
constant^ and equal to the transverse ascia. 

The rectangle under the focal radii «±(a* — cV), that is, 
(Art. 173) = J". 

184. The reader may prove the converse of the above results 
by seeking the locus of the vertex of a triangle, if the base and 
either sum or difference of sides be given. 

Taking the middle point of the base (» 2c) for origin, the 
equation is 

Vy + {o + xY} ± V{y*+ (c- «)»} = 2a, 
which, when cleared of radicals, becomes 

Now, if the sum of the sides be given, since the sum must 
always be greater than the base, a is greater than c, therefore 
the coefficient of y' is positive, and the locus an ellipse. 

If the difference be given, a is less than c, the coefficient of y* 
is negative, and the locus a hyperbola. 

185. By the help of the preceding theorems we can describe 
an ellipse or hyperbola mechanically. 

If the extremities of a thread be fastened at two fixed points 
F and F^ it is plain that a pencil moved about so as to keep the 
thread always stretched will describe an ellipse whose foci are F 
and Fy and whose axis major is equal to the length of the thread. 

In order to describe a hyperbola, let a ruler be fastened at 
one extremity (F), and capable of moving 
round it, then if a thread, fastened to a 
fixed point F^ and also to a fixed point on 
the ruler (fi), be kept stretched by a ring 
at P, as the ruler is moved round, the point 
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P will describe a hyperbola ; for, since the sum of F'F and FR 
is constant, the difference of FP and F'F will be constant. 

186. The polar of either focus is called the directrix of the 
conic section. The directrix must, therefore 
(Art. 169), be a line perpendicular to the azis 

major at a distance from the centre s«:± — , 



Knowing the distance of the directrix from 
the centre, we can find its distance from any 
point on the curve. It must be equal to 

^-a;>r=?(a-ea^) = -(a-ea^). 

Bnt the distance of any point on the curve from the focui 
= a — ea?'. Hence we obtain the important property, that the 
distance a^ any point on the curve from the focus is in a constant 
ratio to its distance from the directrix^ viz. as 6 to 1. 

Conversely, a conic section may be defined as the locus of a 
point whose distance from a fixed point (the focus) is in a con- 
stant ratio to its distance from a fixed line (the directrix). On 
this definition several writers have based the theory of conic 
sections. Taking the fixed line for the azis of x^ the ec^uatioa 
of the locus is at once written dowa 

which it is easy to see will represent an ellipse, hyperbola, or 
parabola, according as e is less, greater than, or equal to 1. 

Ex. If a cnire be such that the distance of any point of it from a fixed point 
can be expressed as a rational function of the first degree of its coordinates, then th& 
curre must be a conic section, and the fixed point its focus (see O'Brien's CoordiwOt 
Geometry f p. 85). 

For, if the distance can be expressed 

p-Ax + By+Ci 

since Ax-k- Bjf+ Cis proportional to the perpendicular let fall on the right line whose 
equation is {Ax -\- By -\- C = 0) the equation signifies that the distance of any point of 
the curve from the fixed point is in a constant ratip to its distance from this line. 

187. To find the Ungih of the perpendicular from the focus on 
the tangent. 

The length of the perpendicular from the focus (+ c, 0) oa 
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the line fe "^ ?" '* ^) ^^ ^^ ^^* ^^» 






l»t,Artm, v'(f + ^-3- 

Hence (see fig, p. 177) 

Likewise rr^p{a + eaf)^pFP. 

Hence FT.FT^^V (8incea*-c'aJ^ = J'"), 

or, 3jS^ rectangle under the focal perpendiculars on the tangent fa 
constant^ and equal to the square of the semi-axts minor. 

This property applies equally to the ellipse and the hyperbola, 

188. The focal radii make equal angles with the tangent. 
For we had FT^^,FP, or JJ^ j 5 

but ^^^mFPT. 

Hence the sine of the angle which the focal radios vector FP 
makes with the tangent st>* But we find, in like manner, 

the same value for sin^PT', the sine of the angle which the 
other focal radios vector FP makes with the tangent. 

The theorem of this article is true both for the ellipse and 
hyperbola, and, on looking at the 
figures, it is evident that the tangent 
to the ellipse is the external bisector 
of the angle between the focal radii, 
and the tangent to the hyperbola the 
internal bisector. 

Hence, if an ellipse and hyperbola^ 
having the samefociy pass through the same pointy they will cut 
tach other at right angles^ that is to say, the tangent to the ellipse 
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at that point will be at right angles to the tangent to the 
hyperbola. 

£z. 1. ProYO analytically that confocal conies cnt afc right angles. 
The ooozdinates of the intenection of the conies 

latiBfy the relation obtabied by subtracting the equations one from the other, vis. 

g»g'» ■*■ 6*A'» ""• 
But if the oonics be confocal, g' - g** = 5* - &**, and this relation becomes 

- - 4.^i— — 

g«g'« ^ *«4'» " • 
But this is the condition (Art. 82) that the two tangents 

should be perpendicular to each other. 

Ex. 2. Find the length of a line drawn through the centre parallel to either focal 
xadins vector, and terminated by the tangent. 

This length is found by dividing the perpendicular from the centre on the tangent 

Vh'} * ^^ il?) ^^ "^^^ ^' ^^ angle between the radius vector and tangent, and is 
therefore = g. 

Ex. 8. Verify that the normal, which is a bisector of the angle between the focal 
radii, divides the distance between the foci into parts which are proportional to the 
focal radii (Euc. vi. 8). The distance of the foot of the normal from the centre is 
(Art. 180) = eV. Hence its distances from the foci are e + eV and e — e*sc^j quantititjs 
which are evidently e times g + ea/ and a — eaf, 

Ex. 4. To draw a normal to the ellipse from any point on the axis minor. 

An», The circle through the given point and the two foci, will meet the curve at 
the point whence the normal is to be drawn. 

189. Another important consequence may be deduced from 
the theorem of Art. 187, that the rectangle under the focal per- 
pendiculars on the tangent is constant. 

For, if we take any two tangents, we have (see figure, next 
page) 

FT.F'T' = Ft . F'f, or ^ = -i;!, ; 

FT 
but -j^- is the ratio of the sines of the parts into which the line 

^P divides the angle at P, and jv^^ is the ratio of the sines of 
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the parts into which i?"P divides the same angle ; we have, there- 
fore, the angle TFF^iPF". 

If we conceive a conic section to pass 
through P, having F and F for foci, it 
was proved in Art. 188, that the tangent 
to it must be equally inclined to the lines 
FP^ F'P\ it follows, therefore, from 
the present Article, that it must be also 
equally inclined to PT, Pf ; hence we leam that if ihrough any^ 
point (P) of a come section we draw tangents [PT^ Pt) to a con-» 
focal conic section^ these tangents vnll be equally inclined to the 
tangent at P. 

190. To find the hcua of the foot of the perpendicular let fall 
from either focus on the tangent. 

The perpendicular from the focus is expressed in terms of 
the angles it makes with the axis by putting a?' = o, ^ = in th^ 
formula of Art. 178, vis., 

p = V(a* co8*a-f ft" 8in"a) — aj^cosa — y' sino^ 

Hence the polar equation of the locus is 

p = ^(a' cos*a + J" sin' a) - o cos », 

or p* + 2cp cos a + c' cos' a = a* cos* a + J" sin* a, 

or p* + 2cp cos a = 6*. 

This (Art. 95) is the polar equation of a circle whose centre 
is on the axis of x, at a distance from the focus = - c ; the circle 
is, therefore, concentric with the curve. The radius of the circle 
is, by the same Article, = a. 

Hence, If we describe a circle having Jbr diameter the frans^ 
verse aayis of an ellipse or hyperbola^ the perpendicular from ths' 
focus will meet the tangent on the circumference of this circle. 

Or, conversely, if from any point F (see figure, p. 177) w& 
draw a radius vector FT to a given circle^ and draw TP perpen^ 
dicular to FT^ the line TPwill always touch a conic section^ having 
Ffor itsfocuSy which will be an ellipse or hyperbola^ according a& 
F is within or without the circle. 

It may be inferred from Art. 188, Ex. 2, that the line CT^ 
whose length = a, is parallel to the focal radius vector F^P. 
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191. To find the angle subtended at the focus hy the tangent 
dravm to a central conic from any point {xy). 

Let the point of contact be {x'y')^ the centre being the origin, 
then, if the radii from the focus F to the points (ary), [x'y')^ 
be p, p\ and make angles 0, ^, with the axis, it is evident that 

^aj-fc ./iV ^ of + c ' nf y' 

cos^as , Bmff = -; co8^ = — 7-, smfl =«S- » 

P ' P P ' P 

Hence co8(^-^)=-^ — — ,—^ — ^^ ; 

PP 
but from the equation of the tangent we must have 

Substituting this value of yy'y we get 

pp' cos ( tf - ^) » arjB' + ca: + co/ + c' - -5 ica^ + J*, 

or =e*aa/ + car + caj' + a"=(a+eaj)(o + €a^); 

or, since p' ^a-\- ex\ we have, (see O'Brien's Coordinate 

Geometry, ji.lh%), 

Since this value depends solely on the coordinates xy, and does 
not involve the coordinates of the point of contact, either tangent 
drawn from xy subtends the same angle at the focus. Hence, 
The angle subtended at the focus by any chord is bisected by tfte 
line Joining the focus to its pole. 

192. The line joining the focus to the pole of any chord 
passing through it is perpendicular to that chord. 

This may be deduced as a particular case of the last Article, 
the angle subtended at the focus being in this case 180°; or 
directly as follows : — The equation of the perpendicular through 

any point aj'y' to the polar of that point (— » + ^ = 1 ) '>8, as in 
Ai-t. 180, a^'x Vy_^ 

But if a?y be anywhere on the directrix, we have a:' = — , and 

c 

it will then be found that both the equation of the polar and that 
of the perpendicular are satisfied by the coordinates of the foci^s 
(a: = c,y=0> 
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When in any curve we uae polar coordinates, the portion 
intercepted by the tangent on a perpendicular to the radius vector 
drawn through the pole is called the polar subtangent. Hence 
the theorem of this Article may be stated thus: The focus being 
tJie pole^ the locus of the extremity of the polar subtangent is the 
directrix. 

It will be proved (Chap. XII.) that the theorems of this and 
the last Article are true also for the parabola. 

Ex. 1. The angle is constant which is subte&ded at the fbcns, by the portion in* 
tercepted on a variable tangent between two fixed tangents. 

ByArt. ISl^t is half the angle subtended by the chord of contact of the fixed tangents. 

Ex. 2. If any chord PP* cut the direc- p' 

trix in 2>, then FJ) \b the external bisector 
of the angle PFP'. For FT\a the internal 
bisector (Art 191) ; but J) is the pole of 
FT{sance it is the intersection of PP', the 
polar of Ty with the directrix, the polar of 
F) ; therefore, DFU perpendicular to FT, 
and is therefore the external bisector. 

[The following theorems (oommnni* 
cated to me by the Rer. W. D. Sadleir) are 
founded on the analogy between the equations of the polar and the tangentl 

Ex. 8. If a point be taken anywhere on a fixed perpendicular to the axis, the per- 
pendicular from it on its polar will pass through a fixed point on the axis. For the 
intercept made by the perpendicular will (as in Art. 180) be eV, and will therefore be 
constant when x^ is constant. 

Ex. 4. Find the lengths of the perpendicular from the centre and from the foci on 
the polar of a^t^, 

Ex. 5. Prove CM. PN' — ll^. This is analogous to the theorem that the rectangle 
under the normal and the central perpendicular on 
tangent is constant. 

Ex. 6. Prove PIT, NN* rz^^ (o« - «V«). When 

P is on the curve this equation gives us the known 

bb' 
expression for the normal = - (Art. 181). 

Ex. 7. Prove FG . FG' = C3f.NN\ When P is 
ou the curve this theorem becomes FG,FG' = ^. 

193. To find the polar equation of the ellipse or hyperbola^ 
the focus F' being the pole. 

The length of the focal radius vector (Art. 182) = a-ea?'; 
but of (being measured from the centre) »: p cos^ + c 

Hence p = a — ep cos tf — cc, 

1 




or 



^ a(l-e') ^V 

'^ l+ecosS a'l+ccostf* 
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The double ordinnte at the focus is called (he parameter ; its 
half is found, by makiDg ^ 90'' in the equation just given, to be 

•= — =* a (1 — e*). The parameter is commonly denoted by the 

letter p. Hence the equation is often written 

^ 2 • 1 + ecosfl* 
The parameter is also called the Latus Rectum. 

Ez. 1. The faarmomc mean between the segmentB of a focal chord is oosstanti 
and equal to the eemi-parameter. 

For, if the radios vector FP, when produced backwards through the focus, meet 

the cnrre again in P*, then FP being^ ' i + e oose ' ^•'^i ^^^ ""we™ *<> (0 + 180®), 

Hence ^+^=|. 

Ex. 2. The rectangle nnder the segments of a /ocal chord is proportional to the 
whole chord. 

This is merely another way of stating the result of the last Example; but it may 
be proTed directly by calculating the quantities FP, FP*, and FP + FP\ which ara 
easily seen to be respectively 

&* 1 2ft« 1 

a« 1 - €« oo8«0' "^ a 1 - c« oo8«e ' 

Ez. 8. Any focal chord is a third proportional to the transveree axis and th« 
parallel diameter. 

For it will be remembered that the length of a lemi-diameter making an angle 
with the transvezse axis is (Art. 161) 



JR« = 



1 - «« OO8«0 • 



SIS' 
Hence the length of the chord FP + FP^ found in the last Example = — . 

Ex. 4. The sum of two focal chords drawn parallel to two conjugate diameters Is 
oonstant. 

For the sum of the squares of two conjugate diametets is constant (Art* 178). 

Ex 5. The sum of the reciprocals of two focal chords at right angles to each other 
Is constant. 

194. The equatioil of the ellipse, referred to the vertex, is 
(a:-a)' y'__ 

. 2ft« J" . 5« , 

^ a or '^ d: 
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Hence^ in tbe ellipse, tbe square of the ordinate is less than the 
rectangle under the parameter and abscissa. 

The equation of the hyperbola is found in like manner. 

Hence, in the hyperbola, the square of the ordinate exceeds the 
rectangle under the parameter and abscissa. 

We shall show, in the next chapter, that in the parabola 
these quantities are equal. 

It was from this property that the names paraloh^ hyperbola^ 
and ellipse^ were first given (see Pappus, Math. ColL^ Book vii.)* 

CONFOCAL CONICS ♦ 

194(a). Since the distance between the foci is 2c, where 
c' = a* — J', two concentric and coaxal conies will hare the same 
foci when the difference of the squares of the axes is the same 
for both; and if we take the ellipse whose semi-axes are a 
and h^ any conic will be confocal with it, whose equation is 
of the form 

a«±\*^y±V ^" 

If we give the positive sign to X', the confocal conic will be 
an ellipse; it will also be an ellipse when X' is negative as 
long as it is less than b\ When X* is between V and a*, the 
curve will be a hyperbola, and when X' is greater than a^, the 
curve is imaginary. If X* = J*, the equation reducing itself 
to y* = 0, the axis of x is itself the limit which separates con- 
focal ellipses from hyperbolas. But the two foci belong to this 
limit in a special sense. In fact, through a given point can 
in general be drawn two conies confocal to a given one, since 
we have a quadratic to determine X', viz. 

a«-X"^6--X« ^' 

or X*-X«(a« + 6'-a''-y'*) + aV-5»a?''-aV = 0. 

When y' = 0, this quadratic becomes (X' - J*) (X' - a* + a?'^ = 0, 
and one of its roots re X' = J", but if we have also x^^a* — b\ 



* This section may be omitted on a fiist reading. 
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the second root is also X* = i', and therefore the two foci sue in 
a special sense points corresponding to that value of \\ 

If in the quadratic for \' we substitute X* = a', we get the 
positive result (a"-i")a:'*; if we substitute \* = 6" we get the 
negative result (A* — a*) y^ ; if we substitute negative infinity we 
get a positive result; hence, one of the roots lies between 
a* and b*j and the other is less than i'; that is to say, one 
of the conies is a hyperbola and the other an ellipse, as is 
evident geometrically. In fact, through a given point P can 
clearly be described two conies having two given points F^ JF" 
J or foci ; viz. the ellipse, whose major axis is the sum of FP^ 
F'P^ and the hyperbola whose transverse axis is the difference 
of the same lines. Conversely, if a', a" be the semi-axes major 
of the ellipse and hyperbola, FP and F'P are a' + a' and 



194 (J). This theory can be made to furnish a kind of 
coordinate system which is sometimes employed ; viz. any point 
P is known when we know the axes of the two conies, confocal 
to a given one, which can be drawn through it ; and in terms 
of these axes can be expressed the ordinary coordinates of P, 
and the lengths of all other lines geometrically connected with 
it. Perhaps the easiest way of getting sach es^pressions is 
to investigate anew the problem of drawing through P a conic 
with given foci, taking for unknown quantity the transverse 
axis of the conic. Then since o' is known, we write a' — c* for 
b\ and have 

or a^'-a^ (a;'* H-y^' + c*) + c'ic'' = (K 

In like manner, if V had been taken as the unknown quantity 

we should have had 

The products of the roots of these equations are respectively 
cV* and — oy. Hence, we have at once expressions for the 
coordinates of the intersections of two confocal conies, viz,, 
ex'^:^a'*a"^^ cy^^-V^V"*. The last value being negative, 
it follows that one of the values of Vf is positive and the other 
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negative; tbat is to say, that one of the conies is an ellipse 
and the other a hyperbola. Considering then V'* as containing 
implicitly a negative sign, the values we have obtained for the 
coordinates may be written symmetrically 



194(c). From the second term in either of the equations 
we get an expression for the square of the radius vector to 
the point P, via. 

This also may be got by adding the expressions for oP and ij^ 
just found, since 

and a'»-J'*-a"*-y'» = o\ 

The square of the semi-diameter of the ellipse conjugate to 
CP is given by the equation ff ^ a* + 5" - (a'' + 6"*), and is 
therefore b'^ - V"^ or a'" - a"". 

lip' be the perpendicular on the tangent to the ellipse at P, 
we have )8p' = a'b\ and therefore 

In like manner if ^^ be the perpendicular on the tangent to 
the hyperbola we have 

,^_ a b 

The reader will observe the symmetry which exists between 
these values for p'", y*, and the values already found for 
a;'*, y^. If the two tangents at P be taken as axes of coor- 
dinates, p'^ p" are the coordinates of the centre C. Tlie 
analogy then between the values for p\ p'' and those for x\ y' 
may be stated as follows; With the point P as centre, two 
confocal conies may be described having the tangents at P 
as axes, and intersecting in (7. The axes of the new system 
are a', cC' ; i', V \ and the tangents at G to the new system 
%x% the a?(es of the old system. 
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194 (eZ). Returning to the quadratic of 194(a), if X'*, V* 

be the roots, we have X' V'* = a*i* - i'a?'* - ay ". Now if a?'/ 

a?" v' 
be a point external to -i+ra = l, we have X^ssa" — a*, 

X'^ssa"" — a"; and it will be observed that X"* is essentially 
negative, since the axis of any hyperbola of the system is less 
than that of any ellipse. Thus we have 

a* ■*■ 6" "" ^ a'6" 

The expression given (Ex. 8, Art. 169) for the angle between 
the tangents to an ellipse from an external point may be thrown 
into the form 

2XiA 
Now, when we have a formula tan^a= .^ , , we have at once 

tan^^ sK - , or in the present case ■= a /(^t; i) • 

We have seen (Art. 189) that the tangents PTy Pt are 
equally inclined to the tangent to the confocal ellipse at P, or, 
in other words, that that tangent is the external bisector of the 
angle TPt. If then that tangent make an angle '^ with PT^ 
^ will be the complement of ^^, and we have 

Cob. 1. We have always 

a* cos"^ -f a"" sin'^ = a\ 

Cor. 2. If on the tangents PT, Pt be taken from P 
portions, equal respectively to the focal distances PFy PF\ 
the length of the line joining their extremities will be 2a. For 
if we consider the triangle whose sides are a' 4 a'\ a' — a" (see 
Art. 194a) and 2a, and apply the ordinary trigonometric formula 

tan'i(7=^ , , — -) we find for the angle between the first 

* « (« - c) ' ° 

two lines the same value as that just found for 0. 

Cor. 3. If from a point P tangents be drawn to two fixed 
confocal ellipses, the ratio (sin ^ : sin yfr) of the sines of the 
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angles which these tangents make with the tangent to the 
confocal ellipse passing through Pwill be constant while P moves 
on that ellipse. For if a and A be the semi-axes of the 
interior ellipses, we have, from what has been just proved, 



sin^ _ //a'*-a'\ 



an expression not involving a"*, and therefore the same for 
every point on the ellipse a\ 

THE ASYMPTOTES. 

195. We have hitherto discussed properties common to the 
ellipse and the hyperbola. There is, however, one class of pro- 
perties of the hyperbola which have none corresponding to them 
in the ellipse, those, namely, depending on the asymptotes^ 
which in the ellipse are imaginary. 

We saw that the equation of the asymptotes was always 
obtained by putting the terms containing the highest powers of 
the variables = 0, the centre being the origin. Thus the equation 
of the curve^ referred to any pair of conjugate diameters, being 

that of the asymptotes is 

at* v* XV ■. X V 

-.-J. = 0,or-,-|; = 0, and-, + f, = 0. 

Hence the asymptotes are parallel to the diagonals of the parat^. 
Iclogram, whose adjacent sides are any pair of conjugate semi- 
diameters. For, the equation of 

CTis- = -7 • and must, therefore, 

coincide with one asymptote, while 



the equation of AB ^-, + f^= l) 




is parallel to the other(see Art.l67). 

Hence, given any two conjugate diametera, we can find the 
asymptotes ; or, given the asymptotes, we can find the diameter 
conjugate to any given one ; for if we draw A parallel to one 
asymptote, to meet the other, and produce it till OB^AO^ we 
find Bj the extremity of the conjugate diameter. 
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196. The portion of any tangent intercepted hy the asymptotes 
is bisected at the curve^ and is equal to the conjugate diameter. 

This appears at once from the last Article, where we have 
proved AT=V ^AT \ or directly, taking for axes the diameter 
through the point and its conjugate, the equation of the asymp- 
totes is 

'^ - s= 

Hence, if we take x = a', we have y = ± 5' ; but the tangent at 
A being parallel to the conjugate diameter, this value of the 
ordinate is the intercept on the tangent. 

197. If any line cut a hyperbola^ the portions DE^ FO^ in* 
iercepted between the curve and its asymptotes^ are equal. 

For, if we take for axes a , 
diameter parallel \o DO and 
its conjugate, it appears from 
the last Article that the por- 
tion DO \% bisected by the y^^^^'^^^^)^ 
diameter ; so is also the portion 
EF:, hence DE^ FO. 

The lengths of these lines can immediately be found, for, 
from the equation of the asymptotes (-^ - ^^ «0j , we have 
y{^DM^MO)^±Kx. 

Again, from the equation of the curve 

we have y {=EM^FM)^±V J{^ - l) . 
nence DE{^FO)^V^.- ^(^-l)\, 

and ^^(=^^)=i'{f' + >v/(J-0}- 

198. From these equations It at once follows that the red* 
angle DE. DF is constant^ and = J'". Hence, the greater DF is, 
the smaller will DE be. Now, the further from the centre we 
draw DF the greater will it be, and it is evident from the value 
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given in the last article^ that by taking x sufficiently large^ we 
can make DF greater than any assigned quantity. Hence, 

the further from the centre we draw any line^ the less will he ike 
intercept between the curve and its asymptote^ and by increasing 

the distance from the centre^ we can make this intercept less tlian 
any assigned quantify. 

199. If the asymptotes be taken tor axes, the coefficients g 
and / of the general equation vanish, since the origin is the 
centre ; and the coefficients a and b vanish, since the axes meet 
the curve at infinity (Art. 138, Ex. 4) ; hence the equation re- 
duces to the form 

xy = k\ 

The geometrical meaning of this equation evidently is, that 
the area of the parallelogram formed by the coordinates is constant. 

The equation being given in the form ory = A*, the equation 
of any chord is (Art. 86), 

{x-x')(y-y'')=^ay-Jc% 
or afy + y''x = A* + x'y\ 

Making a?' «s a;'' and y' = y'', we find the equation of the tangent 

x'y + y'x=^2k\ 
or (writing x'y' for A*) 

-7 + -, =2. 
X y 

From this form it appears that the intercepts made on the 
asymptotes by any tangent =2a;' and 2y'; their rectangle is, 
therefore, 4A*. Hence, the triangle which any tangent forms with 
the asymptotes has a constant area^ and is equal to double the area 
qf the parallelogram formed by the coordinates^ 

Ex. 1. If two fixed points (ay, a^y*) on a hyperbola be joined to any yariable 
point on the cnrre {x"'}f")^ the portion which the joining lines inteicept on either 
asymptote is constant. 

The equation of one of the joining lines being 

the intercept made by it from the origin on the axis of x is fonnd, by maldng y = 0, to 
be a:"' + a/. Similarly the inteixiept from the origin made by the other joining line is 

«'" + a:", and the diffeience between these two (a?' - t!') is independent of the posltioa 

of the point x"'}f". 
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Ax. 2. Find fcbe coordinates of the intersection of the tan^dnts afc xV, af'sT* 
Solve for x and y from 

AAA ^ 2;fc» («' - ar") 
and we find * = —rji t-tt » 

H? i' 2a;V 

Which if we substitate for y', y", -^ , -j, becomes , „ • 

2wV' 
Similarly ^^y+V* 

200. 7b express the quantity J^ in terms of the lengths of the 
axes of the curve. 

Since the axis bisects the angle between the asymptotes, the 
coordinates of its vertex are found^ by putting aj=y in the 
equation any = fc", to be a; =y = fe. 

Hence, if d be the angle between the axis and the asymptote 

a = 2^cos^, 

(since a is the base of an isosceles triangle whose sides » h and 
base angle = 6)^ but (Art. 165) 

Hence l^^^J^ . 

And the equation of the curvci referred to its asymptoted, is 

201. 'The perpencticutar from the focus on the asymptote is 
equal to the conjugate semUaods b* 

For it is GFAii0, but Oi^= V(o*+ i')i aiid sind« ,, ^ ,,, . 

This might also have been deduced as a particular case of the 
property^ that the product of the perpendiculars from the foci on 
any tangent is constant, and » — ^^ For the asymptote may be 
considered as a tangent, whose point of contact is at an infinite 
distance (Art. 154), and the perpendiculars from the foci on it 
are evidently equal to each other, and on opposite sides of it. 

202. The distance of the focus from any point on the curve is 
equal to the length of a line drawn through the point parallel to an 
aaympiote to meet the directrix. 

CO 
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For the distance from the focua is e times the distance from 
the directrix (Art. 186), and the distance from the directrix is to 

the length of the parallel line as cosd f » - , Art. 167 j is to 1. 



Hence has been derived a method of describing the hyperbola 



by continued motion. A mler ABR^ bent 
at B^ slides along the fixed line 2>i/; a 
thread of a length = RB is fastened at the 
two points R and F^ while a ring at P keeps 
the thread always stretched ; then, as the 
mler is moved along, the point P will de- 
scribe an hyperbola, of which i^ is a focus, 
Diy a directrix, and BR parallel to an 
asymptote^ since PFmust always ^PB. 
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CHAPTER XII. 

THE PARABOLA. 
REDUCTION OP THE EQUATION. 

203. The equation of the second degree (Art. 137) will re- 
present a parabola, when the first three terms form a perfect 
sqaarCi or when the equation is of the form 

We saw (Art. 140) that we could not transform this equation 
80 as to make the coefficients of x and y both to vanish. The 
form of the equation, however, points at once to another method 
of simplifying it. We know (Art. 34) that the quantities 
ax + )8y, 2gx 4 2/^ + c, are respectively proportional to the 
lengths of perpendiculars let fall from the point (xy) on the 
right lines, whose equations are 

aa; + /33f = 0, 2^ar + 2/y + c = 0. 

Hence, the equation of the parabola asserts that the square of 
the perpendicular from any point of the curve on the first of 
these lines is proportional to the perpendicular from the same 
point on the second line. Now if we transform our equa- 
tion, making these two lines the new axes of coordinates, then 
since the new x and y are proportional to the perpendiculars 
from any point on the new axes, the transformed equation must 
be of the form y* ^px. 

The new origin is evidently a point on the curve ; and since 
for every value of a? we have two equal and opposite values of y, 
our new axis of x will be a diameter whose ordinales are parallel 
to the new axis of y. But the ordinate drawn at the extremity 
of any diameter touches the curve (Art. 145) ; therefore the new 
axis of y is a tangent at the origin. Hence the line ax + l3y ia 
the diameter passing through the origin, and 2gx ■\- 2Jy -{■ c ia 
the tangent at the point where this diameter meets the curve. 
And the equation of the curve referred to a diameter and 
tangent at its extremity, as axes, b of the form y* =^px. 
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204. The new axes to which we were led in the last article 
are in general not rectangular. We shall now show that it ia 
possible to transform the equation to the form y'=pa;, the new 
axes being rectangular. If we introduce the arbitrary constant 
k^ it is easy to verify that the equation of the parabola may be 
written in the form 

Hence, as in the last article, aix-\- py'\-h is b, diameter, 
2 (^ — aA;)a; + 2 (/-i8/c)y4-e — F is the tangent at its ex- 
tremity, and if we take these lines as axes, the transformed 
equation is of the form y*=paj. Now the condition that these 
new ai^es should be perpendicular is (Art. 25) 

whence h = -^— ^ ' 

Bince we get a simple equation for 4, we see that there Is one 
diameter whose ordinates cqt it perpendicularly, and this dia^ 
meter is called the axis of the curve. 

205. We might also have reduced the equation to the form 
y^^px by direct transformation of coordinates. In Chap, xr, 
we reduced the general equation by first transforming to parallel 
axes through a new origin, and then turning round the axes so 
as to make the coefficient of xy vanish. We might equally 
well have performed this transformation in the opposite order \ 
and in the case of the parabola this is more convenient, since 
we cannot, by transformation to a new origin, make the coeffi^ 
cients of x and y both vanish. 

We take for our new axes the line «a; + )9y, and the line 
perpendicular to it ^x -^ ay. Then since the new X and Y are 
to denote the lengths of perpendiculars from any point on the 
pew ai^es, w^ have (Art. 34) 

y^ fxx + ^y ^ y^ Px-ay 

If for shortness we write «* + /S' = 7*, the formulae of tranfiN 
formation become 

r>iY^7X'\^y^ 7Z=^a;-ay, 
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Making theso substitutiops in the equation of the curve It becomes 

Tlitis, by turning round the axes, we have reduced the equation 
to the form jy ^ 2g'x + 2/y + c' = 0, 

If we change now to parallel axes through any new origin x'^^ 
pubstituting ojH- a?', y + ^' for x and y, the equation becomes 
by + 2/aj + 2 {by 4/0 y 4 Jy* 4 2/a;' 4 2/y 4 c' = Q. 
The coefficient of x is thus unaltered by transformation, and 
therefore cannot in this way be made to vanish. But we cau 
evidently determine x' and y^, so that the coefficients of y and 
the absolute term may vanish, and the equation thus be reduced 
to y'=jpa?. The actual values of the coordinates of the new 

J f . r-Vd , . ., . 2/ 
ongm arey ==— ~, x = ,,, — j audj? is evidently - -^ % or 

ip terms of the original coefficients 

2{fa-g^) 

j>= T* 

(a«4/Sf 

When the equation of a parabola is reduced to the form y* = px^ 

the quantity p is called the parameter of the diameter, which is 

the axis of x ; and if the axes be rectangular, p is called th^ 

principal parameter (see Art, 194), 

Ex. 1. Find the principal parameter of the paraboU 

9a:* + 2\xy + 16y* + 22x + 46y + 9 = 0. 

Firstj if we proceed as in Art. 204, we determine ib = 5. The eqoation may then 
be written 

(8aj + 4y + 6)« = 2 (4a» - 8y + 8). 

Now if the distances of any point from So; + 4y + 6 and 4^; - 8y -l- 8 be F and Z, we 
have 

5r = 3a; + 4y + 6, 6X = 4x-3y+8, 
and the equation may be written F^ = ^x. 

The process of Art. 205 is first to transform to the lines 8a; + 4y, 4a; - 8y as axeS) 
"when the equation becomes 

26F« + 60y-10X+9 = 0, 
or 25(F+1)2 = 10A:+16, 

which becomes F * = |Z when transformed to parallel axes through (— f , — 1). 

Ex. 2, Find the parameter of the parabola 



^ ab l^ a b (a« + A«)^. 

This -value may also be deduced directly by the help of the following theorem, 
VJ'k'lj ^^ ill 1 c prcrcd aftei wards :— " The focus of a parabola is the foot of a perpendi- 
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calar let fall from the intenectloii of two tangents which cut at right angles on their 
chord of contact ;" and ** The parameter of a conic is found by dividing four times 
the rectangle under the segments of a focal chord by the length of that chord** 
(Art 193, Ex. 1). 

Ex. 8. If a and b be the lengths of two tangents to a parabola which intersect at 
right angles, and m one quarter of the parameter, proTO 

f? + *! = ± 
3» c» m* 

206. If in the original equation g0 ^/a, the coefficient of x 
vanishes in the equation transformed as in the last article ; and 
that equation Jy -f 2/y + c' = 0, being equivalent to one of the 
form ft'(y-X)(y-/i) = 0, 

represents two real, coincident, or imaginary lines parallel to the 
new axis of x. 

We can verify that in this case the general condition that 
the equation should represent right lines is fulfilled. For this 
condition may be written 

c (a&-A») =-«/'- 2A;^ + J/- 
But if we substitute for a, A, J, respectively, a*, aj8, iS", the left- 
band side of the equation vanishes, and the right<-hand side 
becomes [fd-gff)^. Writing the condition /a =5^)8 in either 
of the {ormsfa^=ffa/3^fal3==gff*^ we see that the general equa* 
tion of the second degree represents two parallel right linea 
when h* = aJ, and also either af== hg^ or fh = bg. 

*207. If the original axes were oblique, the equation is still 
reduced, as in Art. 205, by taking for our new axes the line 
cur + ^y, and the line perpendicular to it, whose equation is 
(Art. 26) (/3 - a cosfl)) a? - (a - iS cos«) y = 0. 

And if we write 7' = a'+ ^-2ai8cosft), the formulae of trans- 
formation become, by Art. 34, 

7 F= {ax + 0y) sin «, yX=^ (/S — a cos o)) a? - (a — ^8 cosco) y } 

whence yx sin a> = (a - ^8 cos a>) Y-\- /SX sin w ; 

7y sina> = (i8 — a coso)) Y— aXBinm. 

Making these substitutions, the equation becomes 

7'y* + 2sin*ft)(^i8-/a)Z 

+ 2 sino) [g{a-^fi cosw) 4/(^9 - a coso))} Y-i- yc sin*Q) = 0. 
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And the transformatiOD to parallel axes proceeds as in Art. 205. 
The principal parameter is 

2^' 2 (/a -(7)9) sin"© 

(a* + i8*-2a/3cosa)) 
Ex. Find the principal parameter of 

a' ab H* a b (a* + 4« + 2o6 cos «)* 

FIGURE OF THE CURVE, 

208. From the equation y* ^j>x we can at once perceive the 
figure of the curve. It must be symmetrical on both sides of the 
axis of a?, since every value for x gives two 
equal and opposite for y. None of it can 
lie on the negative side of the origin, since 
if we make x negative, y will be imagi- 
nary, and as we give increasing positive 
values to Xj we obtain increasing values 
for y. Hence the figure of the curve is 
that here represented. 

Although the parabola resembles the hyperbola in having in- 
finite branches, yet there is an important difference between the 
nature of the infinite branches of the two curves. Those of the 
hyperbola, we saw, tend ultimately to coincide with two diverg- 
ing right lines ; but this is not true for the parabola, since, if we 
seek the points where any right line {x^ky-^l) meets the 
parabola {y^^px)^ we obtain the quadratic 

whose roots can never be infinite as long as Jc and I are finite. 

There is no finite right line which meets the parabola in two 
coincident points at infinity; for any diameter (^ = m), which 
meets the curve once at infinity (Art. 142), meets it once also in 

the point x = — ; and although this value increases as m in- 
creases, yet it will never become infinite as long as m is finite. 

209. The figure of the parabola may be more clearly con- 
ceived from the following theorem : If we suppose one vertex 
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and focus of an ellipse given, while its axis major increases with- 
out limit, the curve will ultimatelj' become a parabola^ 

The equation of the el- p 

lipse referred to its vertex J^ 
is (Art. 194) 

We wish to express h in terms of the distance VF[=m\ 
which we suppose fixed. We have w = a — »J[d^ - V) (Art. 182), 
whence 6* = 2ain — wi', and the equation becomes 

Now, if we suppose a to become infinite, all but the first term of 
the right-hand side of the equation will vanish, and the equation 
becomes y« _ 4^,^^^ 

the equation of a parabola. 

A parabola may also be considered as an ellipse whose eccen- 

tricity is equal to 1. For «"= 1 j. Now We saw that -5 , 

which is the coefiicient of a;* in the preceding equation, vanished 
ad we supposed a increased, according to the prescribed condi- 
tions; hence e^ becomes finally » 1. 

THE TANGENT. 

210. The equation of the chord joining two points on the 
curve is (Art. 86) {y ^f){y-f)^f^px, 
or {y'-^y")y=px-\-yy. 

And if we make y"='y\ and for y* write its equal ^a;', we have 
the equation of the tangent 

2y*y^p{xJtxy 
If in this equation we put y = 0, we get a? =• — a'j hence TM 
(see fig. next page), which is called the Subtangent, is bisected 
at the vertei. 

These results hold equally if the axes of coordinates are 
oblique ; that is to say, if the axes are any diameter and tiie 
tangent at its vertex, in which case we saw (Art. 203) that the 
equation of the parabola is still of the form y^ ^p'x. 
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This Article enables usj there- 
fore, to draw a tangent at any 
point on the parabola^ since we 
have only to take TV^ VM and 
join PTi or again, having found 
this tangent, to draw an ordinate 
from P to any other diameter, 
since we have only to take VM' = T'V% and join Pif. 

211. The equation of the polar of any point afj/ is similar 
in form to that of the tangent (Art. 89), and is, therefore, 

Putting y = 0, we find that the intercept made by this polar 
on the axis of « is — x\ Hence the intercept which the polars of 
any two points cut off on the axis is equal to the intercept between 
perpendiculars from those points on that axis; each of these 
quantities being equal to (a?' — a?"). 

DIAMETEBS. 

212. We have said that if we take for axes any diameter 
and the tangent at its extremity, the equation will be of the 
form y'=ya;. 

We shall prove this again by actual transformation of the 
equation referred to rectangular axes (y*=^a;), because it is 
desirable to express the newp' in terms of the old^. 

If we transform the equation j/^ =^px to parallel axes through 
any point [afi/) on the curve, writing x + af and y +y' for x and 
y, the equation becomes 

y" + 2yy'«|?aj* 
Now if, preserving our axis of a?, we take a new axis of y, 
inclined to that of x at an angle 9, we must substitute (Art. 9), 
y sin 5 for y, and x + ycos0 for a?, and our equation becomes 
y* sin*5 + 2y'y sin 0=px-\-py cos 5. 
In order that this should reduce to the form y* '^px^ we must 
have 

S/sintf »=pcos^, or tantf = ^. 

Now this is the very angle which the tangent makes with the 
axis of Xj as we see from the equation ^ 

2y'y-»j»(aj + a^). 

DD 
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The ©qnation, therefore, referred to a diameter and tangent, 
will take the form 

The quantity / is called the parameter corresponding to the 
diameter F'JIf', and we see that the parameter of any diameter is 
inversely proportional to the square of the sine of the angle which 

its ardinates make with the axis^ smce p = -^^ . 

We can express the parameter of any diameter in terms of the 

coordinates of its vertex, from the equation tan5= — >; hence 



hence 







THE NORMAL* 

213. The equation of a line through («'/) perpendicular to 
the tangent 2yy' =p {x + of) is 

i>(y-y') + 2/(a;-a')=0. 
If we seek the intercept on 
the axis of x we have 

aj(=FJV^)=a?' + ip; 
and, since F3f=s a/, we must have 

MN (the sybnormalj Art. 181) = Ip. 
Hence in the parabola the subnormal is constant^ and equal to 
the semi-parameter. The normal itself 

. ^^/{PM''\'M2r)^^{2r'\'ip')^'s/{p{af-^ip)}^h^{l>py 

THE FOCUS. 

214. A point situated on the axis of a parabola, at a distance 
from the vertex equal to one-fourth of the principal parameter, 
is called the focus of the curve. This is the point which, 
Art. 209, has led us to expect to find analogous to the focus 
of an ellipse ; and we shall show, in the present section, that a 
parabola may in every respect be considered as an ellipsei 
having one of its foci at this distance and the other at infinity. 
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To avoid fractions we shall often, in the following Articles, use 
the abbreviation m = \p. 

To find the distance of any point on the curve from the focus. 

The coordinates of the focus being (m, 0}, the square of its 
distance from any point is 

Hence the distance of any point from the focus = x' + m. 

This enables us to express more simply the result of Art. 212, 
and to say that the parameter of any diameter is four times the 
distance of its extremity fram the focus. 

215. The polar of the focus of a parabola is called the 
directrix^ as in the ellipse and hyperbola. 

Since the distance of the focus from the vertex » m, its polar 
is (Art. 211) a line perpendicular to the axis at the same dis- 
tance on the other side of the vertex. The distance of any point 
from the directrix must, therefore, =sa?' + m. 

Hence, by the last Article, the distance of any point on the 
curve from the directrix is equal to its distance from the focus. 

We saw (Art. 186) that in the ellipse and hyperbola the 
distance from the focus is to the distance from the directrix in 
the constant ratio e to 1. We see, now, that this is true for the 
parabola also^ since in the parabola €^i (Art. 20^). 

The method given for mechanically describing an hyperbola^ 
Art. 202, can be adapted to the mechanical description of tha 
parabola, by simply making the angle ABE a right angle. 

216. The point where any tangent cuts the axisj and its point 
of contact^ are equally distant from the focus. 

For, the distance from the vertex of the point where tha 
tangent cuts the axis ^x' (Art. 210), its distance from the focus^ 
is therefore a?' + m* 

217. Any tangent maJces equal angles with the axis and with 
the focal radius vector. 

This is evident from inspection of the isosceles triangle, 
which, in the last Article, we proved was formed by the axis, 
the focal radius vector, and the tangent. 

This is only an extension of the- property of the ellipse 
(Art. 188), that the angle TPi^= T'FF'i for, if we suppose Xhet 
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focus F' to go oflf to infinity, the line FF' will become parallel 
to the axis, and TFF^FTF. (See figure, p, 200) 

Hence the tangent at the extremity of the focal ordinate cuta 
the axis at an angle of 45^ 

218. To find the length of the perpendicular from thefbcua on 
the tangent 

The perpendicular from the point (w, 0) on the tangent 
{^/ = 2w(a? + a;')} is 

2m (»' + w) im (aj' + w) ,, , . .. 

Hence (see fig., p. 202) FE is a mean proportional between FV 
and FP, 

It appears, also, from this expression and from Art. 213 that 
FB is half the normal, as we might have inferred geometrically 
fix)m the fact that TF=^FN, 

219. To express the perpendicular from the focua in teana qf 
the angles which it makes with the axis. 

We have 

eos« = A^FTB ^ (Art, 212) ^ (^) . 

Therefore (Art. 218) 

J2J=V{m(a:'+7n))=-^, 
^ ^ '' cosa 

The equation of the tangent, the focus being the origin^ can 
therefore be expressed 

0? cosa + t/ sin 01+ =0, 

^ cosa ' 

and hence we can express the perpendicular from any other 
point in terms of the angle it makes with the axis. 

220. The locus of the extremity of the perpendicular from the 
focus on the tangent is a right line^ 

For, taking the focus for pole, we have at once the polar 

equation 

m 

pss p cosa = 971, 

•^ cosa^ '^ ' 

which obviously represents the tangent at the vertex. 

Conversely, if from any point F we draw FB a radius vector 
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to a right line FS, and draw PB perpendicular to it, the line 
IB will always touch a parabola having F for its focus. 

We shall show hereafter how to solve generally questions of 
this class, where one condition less than is sufficient to determine 
a line is given, and it is required to find its envelope^ that is 
to say, the curve which it always touches. 

We leave, as a useful exercise to the reader, the investiga- 
tion of the locus of the foot of the perpendicular by ordinary 
rectangular coordinates. 

221. To find the locus of the intersection qf tangents which 
cut at right angles to each other. 

The equation of any tangent being (Art. 219) 
X cos*fli +y sina cosa + m = ; 
the equation of a tangent perpendicular to this (that is, whose 
perpendicular makes an angle « 90"" + a with the axis) is found 
by substituting cosa for sino, and -^ sina for cosa, or 

a)sin*a — y sina cosa + m = 0. 
PL is eliminated by simply adding the equations, and we get 

the equation of the directrix^ since the distance of focus from 
directrix s= 2m. 

222. The angle hetioeen any two tangents is half the angle 
between the focal radii vectores to their points of contact. 

For, from the isosceles PFT^ the angle FTF^ which the tan- 
gent makes with the axis, is half the angle PFN^ which the focal 
radius makes with it. ](low, the angle between any two tangents 
is equal to the difference of the angles they make with the axis, 
and the angle between two focal radii is equal to the difference 
of the angles which they make with the axis. 

The theorem of the last Article follows as a particular case 
of the present theorem : for if two tangents make with each 
other an angle of 90"*, the focal radii must make with each other 
an angle of 180'', therefore the two tangents must be drawn at 
the extremities of a chord through the focus, and, therefore, 
from the definition of the directrix, must meet on the directrix. 

223. The line Joining the focus to the intersection of two tangents 
bisects the angle which their points of contact subtend at the focus. 
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Subtracting one from the other, the equations of two tan- 
gents, VIZ. 

X cosl^a + y sin a cosa + 7n = 0, x cos'^ + y sin/S coa/8 + »i = 0, 
we find for the line joining their intersection to the focus, 
X sin (a + ^8) - y cos (a + )8) = 0, 

This is the equation of a line making the angle 4 + )9 with the 
axis of X. But since a and are the angles made with the axis 
by the perpendiculars on the tangent, we have VFF^ 2a and 
VFP' =« 2i8 ; therefore the line making an angle with the axis 
= a + iS must bisect the angle PFP\ This theorem may also be 
proved by calculating, as in Art. 191, the angle (^— ^) subtended 
at the focus by the taugent to a parabola from the point a;y, when 

X ~(~ 771 

it will be found that cos (^ - ^) =* , a value which, being 

independent of the coordinates of the point of contact, will 
be the same for each of the two tangents which can be dtawn 
through xt/. (See 0'Brien*8 Coordinate Oeometry^ p. 156.) 

Cor. 1. If we take the case where the angle Pi^P'= 180% 
then PP' passes through the focus; the tangents TP, TP' will 
intersect on the directrix, and the angle TFP^ ao* (See Art* 
192). This may also be proved directly by forming the equa-» 
tions of the polar of any point (— w, y') on the directrix, and 
also the equation of the line joining that point to the focus* 
These two equations are 

y'y = 2m (a?-wi), 2m (y-y) +y' (aj+ w) = 0, 
which obviously represent two right lines at right angles ta 
each other. 

Cor. 2. If any chord PP' 
cut the directrix in Z), then FD 
is the external bisector of the 
angle PFP\ This is proved as 
at p. 184. 

Cor. 3. If any variable tan- 
gent to the parabola meet two fixed tangents, the angle sub-^ 
tended at the focus by the portion of the variable tangent 
intercepted between the fixed tangents is the supplement of 
the angle between the fixed tangents. For (see next figure) 
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the angle QRT is half pFq (Art. 222), and, by the present 
Article, PFQ is obviously also halfpfj, therefore PFQ va^QRT^ 
or is the supplement of PRQ. 

Cor. 4. The circle circumscribing the triangle formed by any 
three tangents to a 
parabola will pass 
through the focus. 
For the circle de- 
scribed through 
PBQ must pass 
through F^ since 
the angle contained 
in the sefknent PFQ will be the supplement of that contained 
in PRQ. 

224. To find the polar equation of the parabola^ the focus 
being the pole. P 

We proved (Art. 214) that the focal 
radius 

-x'-{-m^VM+m=FM'¥^m=^p cos0-\-2m. 
Hence 





'^ l-cose^* 

This is exactly what the equation of Art. 193 becomes, if 
we suppose 6=1 (Art. 209). The properties proved in the 
Examples to Art. 193 are equally true of the parabola. 

In this equation is supposed to be measured from the side 

FM'j if we suppose it measured from the side FV^ the equation 

becomes 

- ^^ 
^" i + cosd* 

This equation may be written 

p cos*itf = »i, 
or /}*cos^<9= (tw)*, 

and is, therefore, one of a class of equations 

p* cos«5 = a", 
some of whose properties we shall mention hereafter. 
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CHAPTER XIIL 

BXAMPLfiS AND MISCELLANEOtJS I»R0I»EET1ES OF COJTIO SECTIONS. 

225. The method of applying algebra to problems relating 
to conic sections is essentially the same as that employed In the 
case of the right line and circle, and will present no difficulty to 
any reader who has carefully worked out the Examples given in 
Chapters 111. and vil. We, therefore, only think it necessary 
to select a few out of the great multitude of examples which 
lead to loci of the second order, and we shall then add some 
properties of conic sections, which it was not found convenient 
to insert in the preceding Chapters. 

Ex. 1. Throagb a fixed point P is drawn a line LK (see fig., p. 40) terminated hf 
two g^ven lines. Find the locus of a point Q taken on the line, so that FL = €IK, 

Ex. 2. Two equal rulers AB^ BCj are connected by i^ 

a pivot at B ; the extremity A is fixed, while the ex- 
tremity C IB made to traverse the right line AC; find 
the locus described by any fixed point P on BC. 

Ex. 8. Given base and the product of the tangents 
of the halves of the base angles of a triangle ; find the ^ ^ 

locus of vertex. 

Expressing the tangents of the half angles in terms of the sides, it will be found 
that the sum of sides is given ; and, therefore, that the locos is an ellipse, of which the 
extremities of the base are the f od. 

Ex. 4. Given base and sum of sides of a triangle; find the locus of the centre of 
the inscribed circle. 

It may be immediately inferred, from the last example, and from Ex. 4, p. 47, that 
the locus is an ellipse, whose vertioes are the extremities of the given base. 

Ex. 6. Given base and sam of sides, find the locus of the intersection of bisectors 
of sides. 

Ex. 6. Find the locus of the centre of a dide which makes given intercepts on 
two given lines. 

Ex. 7. Find the locus of the centre of a circle which touches two given circles, or 
which touches a right line and a given circle. 

Ex. 8. Find locus of centre of a circle which passes through a given point and 
makes a given intercept on a g^ven line. 

Ex. 9. Or which passes through a g^ven point, and makes on a given line an in- 
tercept subtending a given angle at that point. 

Ex. 10. Two vertioes of a given triangle moye along fixed right lines ; find th« 
locus of the third. 
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£!z. 11. A triangle ABC circnmscribes a giyen circle ; the angle at C is given, and 
B moves along a fixed line ; find the locue of A, 

Let us use polar coordinates, the centre being the pole, and the angles bein^ 
tneasnred from the perpendicular on the fixed line ; let the coordinates oi A^ B^ be p^ 
Bi p% O'. Then we have p' coaO^ =p. But it is easy to see that the angle AOB is 
given (z a). And since the perpendicular of the triangle AOB is given, we hav« 

^ pp' sin a 



J0>* + p'^ - 2pp' cos a) 
fiat + O' =c a ; therefore the polar equation of the locus ia 



f^ = 



p^p^ sin* a 



' /»« ooe» («e - 6) +p« - 2/>/) cos o cos (a - 0) * 
which represents a conic. 

Ex. 12. Find the locus of the pole with respect to one conic A of any tailgent td 
another conic B. 

Let a/3 be any point of the locus, and \x + fiy + v\\a polar with respect to the conid 
Ay then (Art. 89) X, /tc, v are functions of the first degree in a, j3. But (Art. 151) the 
condition that \x + fiy + ¥ should touch ^ is of the second degree in A, /u, v. Thd 
Idcus is therefore a conic. 

Ex. 13. Find the locus of the intersection of the perpendicular from a focus On any 
tsmgent to a central conic, with the radius vector from centre to the point of contact. 

Ans, The corresponding directrix. 

Ex. 14. Find the locus of the intersection of the perpendicular from the centre oil 
Atay tangent, with the radius vector from a focus to the point of contact. Ans. A circle. 

Ex. 15. Find the locus of the intersection of tangents at the extremities of conju* 
gate diameters* , ** ^ _ « 

This is obtained at once by squaring and adding the equations of the two taflgdnts^ 
Attending to the relations. Art. 172. 

Ex. 16. Trisect a g^ven arc of a circle. The points of trisectidn are found as thd 
intersection of the circle with a hyperbola. See Ex. 7, p. 4^. 

Ex. 17. One of the two parallel sides of a trapezium is given in magnitude and 
|)Osition, and the other in magnitude. The sum of the remaining two sides is given ; 
find the locus of the intersection of diagonals. 

Ex. 18. One vertex of a parallelogram circdmscribing an ellipse moVes along one 
directrix ; prove that the opposite vertex moves along the other, and that the two 
remaining vertices are on the circle described on the axis major as diameter. 

226. We giye in this Article some examples on the focal 
properties of conies. 

Ex. 1. The distance of any point on a conic from the focus is equal to the whole 
length of the ordinate at that point, produced to meet the tangent at the extremity of 
the focal ordinate. 

Ex. 2. If from the focns a line be drawn maJdng a given angle with any tangent, 
find the locus of the point where it meets it. 

Ex. 8. To find the locus ol the pole of a fixed line with regard to a series of eon* 
centric and confocal conic sections. 

We know that the pole of any line f — + *^ = 1 j , with regard to the eonl* 

( -^ + ^ = 1 J , is found from the equations mx =■ o* and ny = i* (Art. 169). 

£B 
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Now, if the foci of the conic are givexi, d* — i^ = ^ is given ; hence, the locns of the 

pole of the fixed line ia 

war — ny = <*, 

the equation of a right line perpendicular to the giren line. 

If the given line touch one of the oouics, its pole will be the point of contact. 
Hence, g^veii two oonfocal conies, if we draw any tangent to one and tangents to the 
eeoond where this line meets it» these tangents will intersect on the normal to the 
first conic. 

Ex. 4. Und the locns of the points of contact of tangents to a series of confocal 
ellipses from a fixed point on the axis major. Ans, A circle. 

Ex. 5. The lines joining each focos to the foot of the perpendicular from the other 
focus on any tangent intersect on the corresponding normal and bisect it. 

Ex. 6. The focus being the pole, prove that the polar equation of the chord 
thioagh points whose angular coordinates are a + ^ a — fifia 

^ = e ooee + Bec/9 cos (9 ~ a). 

This expression is due to Mr. Frost {Cambridge and Dublin Math. Jottmal, I., GS, 
cited by Walton, Examples, p. 375). It follows easily from Ex. 3, p. 87. 

Ex. 7. The focos being the pole, prove that the polar equation of the taDgent, at 

the point whose angular coordinate is a, is g = « cos 6 + cos (6 - a). 

This expression is due to Mr. Davies {Philotophieal Magazine for 1842, p. 192; 
cited by Walton, Examples, p. 368). 

Ex. 8. If a chord PP* of a conic pass through a fixed point 0, then 

Un^PFO.laaiP'FO 
is constant. 

The reader will find an investigation of this theorem by the help of the equation o) 
Ex. 6 (Walton's Examples, p. 877). I insert here the geometrical proof given by 
Hr. MacCullagh, to whom, I believe, the theorem is due. Imagine a point O taken 
anywhere on PP* (see figure p. 20G), and let the distance FO be «' times the distance 
of from the directrix : then, since the distances of P and from the duectrix are 
proportional to PD and OD, we have 

FP FO _e sin PDF ^ sin ODF _ « 

Td^WD^ t" ^' %SsiPFD ' tanOFD"^^ 

cos OFT e 
Hence (Art. 192) ^STPFT "" e' ' 

cr, since (Art 191) PFT is half the sum, and OFT half the difference, of PFO and P'FOf 

tan iP-FO . tan iP'/'O = *^ *! . 

It is obvious that the product of these tangents remains constant if (7 be not fixed, but 
be anywhere on a conic having the same focus and directrix as the given conic. 

Ex. 9. To express the condition that the chord joining two points xy, x"y" on the 
curve passes through the focus. 

This condition may be expressed In several equivalent forms, two of the most 
useful of which are got by expressing that 0" = 0' + 180°, where 0', 0" are the angles 
made with the axis by the lines joining the focus to the points^ The condition 
Bin 0" = - sin 0* gives 
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The oondidon ooa 0" = — cob 0* gives 

Ex. 10. If normals be dmwn at the extremities of any focal ohord, a Une dra\m 
through their intersection parallel to the axis major will bisect the diord. [This 
aolation is by Larroee, NouceUea Annates^ Xix. 85.] 

Since eaoh normal bisects the angle between the fooal radii, the intersection of 
normals at the extremities of a focal chord is the centre of the circle inscribed in the 
triangle whose base is that chord, and sides the lines joining its extremities to the other 
focns. Now if a, &, c be the sides of a triangle whose vertices are aftfj «^y"> »'"/"» 
then, Ex, 6, p. 6, the coordinates of the centre of the inscribed circle are 

•""« + A + o »*- a + b + o 
In the present case the coordinates of the vertices are sc', y' j «^, y^j — o» ; and 
(he lengths of opposite aides are a + ea:", o + ear*, 2a - ex' - &c". We have therefore 

(a + eaOy" + (o-fga^Oy * 

or, reducing by the first rehition of the last Example, y = i (y* 4- y^, which pzoTOS th« 
theorem. 

Xq like manner we have 

(a + ea;") a^ + (a + aa:*) a:** - (2o - ea^ -tx")a 
» = i^ * 

which, redu/oed by the second relation, beoomea 

(a + <g)(a^+ g'^)-2c# 
«= 2a • 

We could find, aSmilarly, expressions for the coordinates of the Jntersecttoo of 
tangents at the extremities of a focal chord, since this point is the cectteof tbedrcle> 
exscribed to the base of the triangle just considered. The line joining the intersection, 
of tangents to the corresponding intersection of normals evidently passes through a 
focus, being the bisector of the vertical angle of the same triangle. 

Ex. 11, To find the locos of the intersection of normals at the extremities of & 
focal chord. 

Let a, j3 be the coordinates of the middle point of the chord, and we have, by the 
last Example^ 

If, then, we knew the equation of the locus described by a/9, we should, by making 
the above substitutions, have the equation of the locus described by xy. Now the 
polar equation of the locus of middle point, the focus being origin, is (Art. 193) 

1 / » tt\ ""*' « cos 
P^i{p -^^=-TT-s«ooe«e' 

which, transformed to rectangular axes, the centre being oiigin, becomes 

*»a» + a^^ =r 6^ea. 

The equation of the locus sought is, therefore, 

aH^ (x + cl* + (a» + d^Y = *'^ («* + <?*)(« + 0^ 
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Ex. 12. If 6 be the angle between the tangents to an eUipse from any point />, 
find if />, />' be the difitances of that point from the p 

foci, prove that po6 0=:^- — ^, (see fdao 

Art. 194d). ^</^ X \1^^ 

For (Art. 189) 

But COB FP^' - COB 7"P« = 2 Bin TPF . sin tPF\ 

and %pp' COB FPF' = /,» + /,*«- 4c«, 

Ex. 18. If from any point two linea be drawn to the foci (pr to\iching any 
(x>nfocal conic) meeting the conic in li^R \S^S^\ then (see also Ex. 15, Art. 231) 

m - o^R' =is-os-' f "'• "• ^^^-^ 

It appears froip the quadratic, by which the radios vector is determined (Art. 186), 
that the difference of the reciprocals of the roots will be the same for two values 
of Of which give the same value to 

(«c - ff^) cos*0 + 2 (<?A - 5/*) cos ein + {he -/«) sin«0. 
Kow it Is easy to Bee that A gos'0 + 2 J7 cos sin + B sin'0 has equal values for any 
two values of 0, which correspond to the directions of lines equally inclined to the 
two represented by Ax'* + 2ffxy + By* = 0. But the function we are considering 
becomes = for the direction of the two tangents through (Art. 147) ; and tangents 
to any confocal are equally inclined to tlicFc tangents (Art. 189). It follows from this 
example that chords which touch a confocal conic axe proportioiial to the sf^uareB o| 
the parallel dia^ieters (see Ex. 15, Art. 231). 

227. We give in this Article some examples on the parabola. 
The reader will have no diiBculty in distinguisLing those of the 
examples of the last Article, the proofs of which apply equally 
to the parabola. 

Ex. I. Find the coordinates of the Intersection of the two tangents at the points 

<ty,a:V, to the parabola y«=|?a>, .._ $/' + y' ^.y'/* 

AM, y- — |— , 9- y , 

Ex. 2. Find the locus of the intersection of the perpendicular from fQcns on ta^« 
gent with the radius vector from vertex to the point of contact. 

Ex. 8. The three perpendiculars of the triangle formed by three tangents idterse^t 
on the directrix (Steiner, Gergonne, Annahsy xix. 59 ; Walton, p. 119), 
The equation of one of those perpendiculars is (Art. 82) 

Vhich, after dividing by y'" - y", may be written 

The symmetiy of the equation shows that the three perpendicolaiB intersect on th« 
clirectrix at a height 

,_2yVV" y' + y' + y"^ 

y- p"a ■^' 2 " • 
Ex. 4. The area of the triangle formed by three tangents is half that of the tri« 
imgle formed by joining their points of contact (Gregory, Camhriclgt Jourtutl, ii. 16 
WfiUon, p. 187. See also Lessons on Jli^hsr A^tbra^ Ex. 12, p. 16). 
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Bubetltuting the coordinates of the vertices of the triangles in the expression of 

Art. 30, we find for the latter area i (y' - y") (y" - y'") (y"' - y') ; and for the former 

area hall this quantity. 

Ex. 5. Find an expression for the radins of the drcle circumscribing a triangle 
inscribed in a parabola. 

The radius of the dide circumscribing a triangle, the lengths of whose sides are 

df e^ff and whose area = £ is easily proved to be -^ . But if <f be the length of the 

Ait 

chord joining the points sf'y", x"'y"\ and B' the angle which this chord makes with 

the axis, it is obvious that ^ sin 6' = y" — y"'. UsiDg, then, the expression for the 

^rea found in th^ last Example, we hare R = ^ . ^ F ^,. . .,.,. . We might ex- 
*^ 2 sm 0* sm 0" sm 6'" 

press the radius, also, in terms of the focal chords parallel to the sides of the 

triangle. For (Art. 198, Ex. 2) the length of a chord majdng an angle Q with the axia 

p cW" 

is <? = ~% - . Hence B? = —. — . 
6in'0 Ap 

It follows from Art. 212 that c', <f', <f** are the parameters of the diameters which 

bisect the sides of the triangle. 

Ex. 6. Express the radius of the circle circumscribing the triangle formed by thre9 
tangents to a parabola in terms of the angles which they make with the axis. 

n'r "n"' 

^~- ^ = 8rine'BiBrsmO" '' " ^='64^' 'I^k/.P",/" «« the p«». 
peters of the diameters through the points of contact of the tangents (see Art 212). 

Ex. 7. Find the angle contained by the two tangents through the point ar'y' to 
the parabola y* = Amx, 

The equation of the pair of tangents is (as in Art. 92) found to be 

(y'«-4f?»irO (y«-4»iaj):;={yy'-2j»(» + a0}'« 
A parallel pair of lines through the origin is 

flc'y' - yfxy + fna:« = 0. 

The angle contained by which is (Art. 74) tan4» = ■J(y^-^^^ , 

Ex. 8. Find the locus of intersection of tangents to a parabola which cut at 
a given angle. 

Am. The hyperbola, y« - Amx =t (a? + »»)* tan*<^, or y^-^ix- nCf = {x + m)* f ec»<^. 
From the latter form of the equation it is evident (see Art. 186) that the hyperbola 
has the same focus and directrix as the parabola, and that its eccentricity = sec ^. 

Ex. 9. Find the locus of the foot of the perpendicular from the focus of a parabola 
pn the normal. 

The length of the perpendicular from (i», 0) on 2f» (y - y^ + y* (» - a') = is 

But if 8 be the angle made with the a^ by the perpendicular (Art. 212) 



^0=1^)' -«=JtTii)- 



Senoe the polar equation of the locus is 



^ m COS , 

0=- . ,a ory» = in«. 
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Ex. 10. Find the coordinates of the intersection of the normals at the points 

Am ' ^ 8m« 

Or if a, /9 be the coordinates of the corresponding intersection of tangents, 
then (Ex. 1) 

Ex. 11. Find the coordinates of the points on the cnnre, the normals at which 
pass through a given point x'l/. 

Solving between the equation of the normal and that of the curre, we find 

and the three roots are connected by the relation yi + y^ + ys = ®- The geometric 
meaning of this is, that the chord joining any two, and the line joining the third ta 
the vertex, make equal angles with the axis. 

Ex. 12. Find the locus of the intersection of normals at the extremities of chorda 
which pass through a given point x'y'. 

We have then the relation /3y' = 2m (x' + a) ; and on substituting in the resolta 
of Ex. 10 the value of a derived from this relation we have 

2mx + /V = Am? + 2/3« + ^mx' j 2m'y = 2^tnx' - ^y* ; 
whence, eliminating /3, we find 

2 {2t» (y - y*) + y' (« - a')}' = (^ww* -triii^y + 2ar'a? - Ama^ - 2aj^, 
the equation of a parabola whose axis is perpendicular to the polar of the given 
point. If the chords be parallel to a fixed line, the locus reduces to a right line, aa 
is also evident from Ex. 11. 

Ex. 18. Find the locus of the Intersection of normals at right angles to each othec 

In this case o=*-m, « = 3i»+— , y = /9, y' = «(a: — 8m). 
m 

Ex. 14. If the lengths of two tangents be a, h, and the angle between them w^ 
find the parameter. 

Draw the diameter bisecting the chord of contact; then the parameter of that 

diameter isp' = ^ , and the principal parameter is|> = ^ ^^ = ^-^ (where w is the 

* X Ajr 

length of the perpendicular on the chord from the intersection of the tangents). Bat 
2«y = od fiinc0y and 16a;* = a' + ^* + 2a5 cos « ; hence 

, = *°'*''^'" , (see p. 199). 

(a* + 6« + 2a^cos«)« 

Ex. 16. Show, from the equation of the circle circnmscribmg three tangents t^ 
a parabola, that it passes through the focus. 

The equation of the circle circumscribing a triangle being (Art 124) 

/9y sin il + ya sin £ + a/3 sinC = ; 

the absolute term in this equation is found (by writing at full length for a^ 
acosa + ysino-/?, Ac.) to be p'p" sin 03 - y) + p"p sin (y - o) -^pp' sin {a - /3). 
But if the line a be a tangent to a parabola, and tlic origin the focus, we have (Art. 210) 

« = -^ , and the absolute term 
'^ cos a 

= ^ ^ {sin (fl - y) cos o + Bin (y - o) cos^ + 8in(a - /3) ooBy}^ 

cosoco8/3cosy ^ V- // 

which vanishes identically. 
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"Ex. 16. Find the locns of the intersection of tangents to a parabola, being given 
either (1) the prodnct of sines, (2) the product of tangents, (3) the sum or (4) difference 
of cotangents of the angles they make with the axis. 

Atu, (1) a circlei (2) a right line, (3) a right line, (4) a parabola. 

228. We add a few miscellaneous examples. 

Ex. 1. If an equilateral hyperbola circumscribe a triangle, it will also pass through 
the intersection of its perpendioulara (Brianchon and Poncelet; Gergonne, Aniuihs^ 
XI., 205 J Walton, p. 283). 

The equation of a conic meeting the axes in given points is (Ex. 1, p. 148) 

ftAiV + 2Axy + XXy - /u/i' (\ + V) x-W ijji + n')y+ XK'fifi' = 0. 

And if the axes be rectangular, this will represent an equilateral hyperbola (Art. 
174) if W = — fifi'. If, therefore, the axes be any side of the given triangle, and 
the perpendicular on it from the opposite vertex, the portions X, \', fi are given, there- 
fore, fi* is also given ; or the curre meets the perpendicular in the fixed point y = — - ' , 
which is (Ex. 7, p. 27) the intersection of the perpendiculars of the triangle. 

Ex. 2. What is the locus of the centres of equilateral hyperbolas through three 
given points ? 

Afu. The circle through the middle points of sides (see Ex. 8, p. 153). 

Ex. 8. A conic being given by the general equation, find the condition that the 
pole of the axis of x should lie on the axis of y, and vice versa. Ant, he =/ff» 

Ex. 4. In the same case, what is the condition that an asymptote should pass 
through the origin? Ans. af* - ygh + bg^ = 0, 

Ex. 5. The circle circumscribing a triangle, self -conjugate with regard to an equi- 
lateral hyperbola (see Art. 99), passes through the centre of the curve. (Brianchon 
and Poncelet; Gergonne, xi. 210; Walton, p. 304). [This is a particular case of the 
theorem that the six vei-tices of two self -con jugate triangles lie on a conic (see Ex. 1, 
Art. 875).] 

The condition of Ex. 8 being fulfilled, the equation of a circle passing through 
(he origin and through the pole of each axis is 

A (a^ + 2xy cos« +y2) +fx + ffy = 0, 

or a {hx + by +/) + y {ax + hy + ff) - {a + b - 2h (mu) xy, 

an equation which will evidently be satisfied by the coordinates of the centre, pro- 
vided we have a + 6 = 2A cos », that is to say, provided the curve be an equilateral 
hyperbola (Arts. 74, 174). 

Ex. 6. A circle described through the centre of an equilateral hyperbola, and 
through any two points, will also pa«« through the intersection of lines drawn through 
each of these points parallel to the polar of the other. 

Ex. 7. Find the locus of the intersection of tangents which intercept a given 
length on a given fixed tangent. 

The equation of the pair of tangents from a point x'y' to a conic given by the 
general equation is given Art. 92. Make y = 0, and we have a quadratic whose roots 
are the intercepts on the axis of x. 

Forming the difference of the roots of this equation, and putting it equal to a 
constant, we obtain the equation of the locus required, which will be in general of 
the fourth degree ; but if g^ = ae?, the axis of x will touch the given conic, and the 
equation of the locus will become divisible by y% and will reduce to th« MGoncL 



Digitized by VjOOQIC 



216 



EXAMPLES ON CONtC SECTIONS. 



degree. Wfi conld, by the help of the same equation, find the locna of the intenectiod 
of tangents ; if the sam, product, Ac, of the intercepts on the axis be giren. 

Ex. 8. Given four tangents to a conic to find the locus of th6 centre. [The 
solution here given is by F. Serret, Nouve let AnTialeSf 2nd series, iv. 145.] 

Take any axes, and let the equation of one of the tangents bea;oosa+^aina— /> = 0j 
then a is the angle the perpendicular on the tangent makes with the axis of x } and 
if be the unknown angle made with the same axis by the axis major of the conic, 
then a >- 6 is the angle made by the same perpendicular with the axis major. If then 
X and y be the coordinates of the centre, the formula of Art. 178 gives us 

(« cos o + y slna -p)« = a* cos« (o - 0) + b^ sin« (a - 0)« 

We hare four equations of this form from which we have to eliminate the 
three unknown quantities a*, A«, 0. Using for shortness the abbreviation a for 
X cos a + 3fmna—p (Art. 53), this equation expanded may be written 

a« = (a« cos»0 + i* 8in«0) cos*a + 2 (a* - b^ coe0 sin0 cosa sina + (ft« sin«0 + *• cos«0) sin*** 

It appears then that the three quantities a* cos*0 + ** sin»0, (o* — ft») cos ein 0, 
a' sin*0 + b^ co3'0, may be eliminated linearly from the four equations ; and th« 
result comes out in the form of a determinant 

a', 008* a, cos a sin a, sin^ a 

^, 008«/9, cos /3 sin /3, 8in«/3 

7', cos*y, cos 7 sin 7, sin'y 

^, cos* d, cos d sin if sin* d =0, 

which expanded is of the form Jo* + JB/8* + Cy« + DS' = 0, where i4, J^, C, D ai« 
known constants. But this equation, though apparently of the second degree, is in 
reality only of the first; for if, before expanding the determinant, we write o*, Ac, 
at full length, tlie coefficients of x* are co8*o, coe=/3, cos'y, cos*^; but these being 
tiie same as one column of the determinant, the pait multij.lied by a;* vanishes on 
expansion. Similarly, the coefficients of the terms ay and y^ vanish. The locus id 
therefore a right line. The geometrical determination of the line depends on prin- 
ciples to be proved afterwards ; namely, that the polar of any point with legaid to 
the conic is 

Aa'a + Bfi'fi + Cy'y + r^d = ; 

and, therefore, that the polar of the point a/? passes through yB. But when a oonio 
reduces to a line by the vanishing of the three highest tei-ms in its equation, the polar 
of any point is a parallel line at double the distance from the point. Thus it is seen 
that the line represented by the equation bisects the lines joining the points a/3, yi ; 
ay, /3d; ad, fiy. Conversely, if we are g^ven in any form the equations of four 
lines a = 0, (&c., the equation of the line joining the three middle points of diagonals 
of the quadrilateral may, in practice, be most easily formed by determining th« 
constants so that Aa* + B^ 4- Cy* + DS^ = shall represent a right line. 

Ex. 9. Given three tangents to a conic and the sum of the squares of the axes, 
find the locus of the centre. We have three equations as in the last example, and 
A fourth a' + 4* = A*, which may be written 

*• = (a« coa*0 + 6* 8in«0) + (a* 8in«0 + 6« cos'0), 

imd, as before, the result appears in the form of a determinant 

a*, cos* a, oos a sin a, sin* a 

/3*, cos* /3, cos /3 sin /3, sin* /3 

y*, cos* y, cos y sin y, sin -y 

**, 1 , , 1 =0^ 



Digitized by VjOOQIC 



THE ECCENTRIC AXGLB. 217 

wliich expanded is of the form Aa^ + B§^ + Cy* + 2> = 0. It is seen, as in the last 
example, that the coefficient of xy ranishes in the expansion, and that the ooefficients 
of «» and y« are the same. The locns is therefore a circle. Now if At^ + B§P + Cy* = 
tepresents a circle, it will afterwards appear that the centre is the intersection of 
perpendicnlars of the triangle formed by the lines a, /9, y. The present equation there- 
fore, which differs from this by a constant (Art. 81) represents a circle whose centre 
is the intersection of perpendicolars of the triangle formed by the three tangents. 

If we consider the case of the equilateral hyperbola a^ + 6* = 0, we see that two 
eqnUateral hyperbolas can be described to tonch fonr given lines, the centres being 
the intersections of the line joining the middle points of diagonals with any one of 
four circles whose centres are the intersections of perpendiculars of the four triangles 
formed by any three of the four given lines. From the fact that the four drclea 
have two common points it follows that the four intersections of perpendiculars lie 
on a right line, peipendiculat to the line joining middle points of diagonak (ses 
Art. 268, Ex. 2). 

Ex. 10. Oiren four points on a conic to find the locus of either focus. Th« 
distance of one of the g^ven points from the focus (see Ex., Art. 186) satisfies the equation 

p - Ax* +Btf-^C, 
We have four such equations from which we can linearly eliminate A^ B, C, and w« 
get the determinant 

P ,»'»/» 1 
P' , *" , y" , 1 

p", *"', y"', 1 

which expanded is of the form tp + tnp' + np*' +pp"' = 0. If we look to the actual 
values of the coefficients /, m, n, /?, and their geometric meaning (Art. 86), thia 
equation geometrically interpreted gives us a theorem of Mobius, viz. 
OA.BCD+OCABB^OB.ACD-^ OJ),ABC, 
where is the focus, and BCD the area of the triangle formed by three of the points 
(compare Art 94). It is seen thus that l-^m + n+p^O» If we substitute for p 
its value .]{(» — aTjl* + (y — yy], Ac, and clear of radicals, the equation of the locus, 
though apparently of the eighth, is found to be only of the sixth degree. In fact, 
we may clear of radicals by giving each radical its double sign, and multiplying 
together the eight factors Ip ± mp' ± np" ±pp"' ; and then it is apparent that the 
highest powers in x and y will be (o^ + y')* multiplied by the product of the factors 
l±n^±n±p\ and that these terms vanish in virtue of the relation /-fm + «+|» =: 0. 

If the four given points be on a circle, Mr. Sylvester has remarked that the locus 
breaks up into two of the third degree, as Mr. Bumside has thus shewn. We have 
by a theorem of Feuerbach's, g^ven Art. 94, 

Ip* + m/>'» + np"* +pp'''* = 0. 

We have then {I + m) (/p« + mp*^ ^{n + p) {np"* + pp'"^, 
{lp + mpy = {np"+pp"y, 
whenoe, subtracting fta (p - />')« = np {p" - p"')*, 

which obviously breaks up into factors. 

THE ECCENTRIC ANGLE .• 

229. It is always advantageous to express the position of a 
point on a curve, if possible, by a single independent variablci 

* The use of this angle was recommended by Mr. CBiien, Cambridge MathematkcU 
Jwmal, vol. lY. p. 99. 
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rather than by the two coordinates x*y\ We shall, therefore, 
find it useful, iu discussing properties of the ellipse, to make a 
BubstitutioQ similar to that employed (Art. 102) in the case of 
the circle^ and shall write 

oj' = a cos <^, y* ^h sin <^, 

a substitution evidently consistent with the equation 

The geometric meaning of the angle <^ is easily explained. 
If we describe a circle on the axis major as diameter, and 
produce the ordinate at P to meet the circle at Q, then the angle 

QCL^4>^ for CL= CQ cosQCL, or x'^a cos 5 and Pi = - QL 

(Art. 163) ; or, since QL == a sin ^, we have y' » i sin^. 

230. If we draw through P a parallel PxV to the radius (7(?, 
then FM: CQ :: PL : QL :: b : a, _D^ 

but CQ = a, therefore PM=^ b. 

P^ parallel to CQ is, of course, =a. 

Hence, if from any point of an ellipse A'( 
a line ^ a be inflected to the minor axis, 
its intercept to the axis major ^ b. If 
the ordinate PQ were produced to meet 
the circle again in the point Q\ it could d' 

be proved, in like manner, that a parallel through P to the 
radius CQ' is cut into parts of a constaut length. Hence, con- 
versely, if a line 3/iV, of a constant length, move about in the 
legs of a right angle, and a point P be taken so that AiP may 
be constant, the locus of P is an ellipse, whose axes are equal 
to MP and NR (See Ex. 12, p. 47.) 

On this principle has been constructed an instrument for 
describing an ellipse by continued motion, called the Elliptic 
Compasses. CA^ CU are two fixed rulers, MN ^ third ruler of a 
constant length, capable of sliding up and down between them, 
then a pencil fixed at any point of MN will describe an ellipse. - 

If the pencil be fixed at the middle point of MN^ it will 
describe a circle. (O'Brien^s Coordinate Geometry ^ p. 112.) 
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231. The consideration of the angle ^ affords a simple 
method of constructing geometrically the diameter conjugate 
to a given one, for 



Hence the relation 



tan fl = ^, = - tan <L 
X a ^ 




tan ^ tan ^ = - ^ (Art. 170) 

becomes tan tan 0* = - 1, 

or ^-0' = 9O*. 

Hence we obtain the following constnictioq. Let the ordU 
nate at the given point P, when produced, 
meet the semicircle on the axis major at 
C join CQ^ and erect CQ perpendicular 
to it ; then the perpendicular let fall on 
the axis from Q' will pass through P', a 
point on the conjugate diameter* 

Hence, too, can easily be found thq coordinates of P* givea 
in Art. 172, for since 

cos d> = sin A, we have — = t • 

and since sin ^' = -^ cos ^, we have ^ :;? -r - , 

From these values it appears that the areas of the trianglea 
^Cif,P'Cif' are equal, 

Ex. I. To express the lengths of two conjugate semi-diameters in terms of the 
^gle <^. Ans, a*« = a? co&^<^ + *« sin«<^ j ^'« = a« sinV + ** cos^^. 

Ex. 2. To expresR the equation of any chord of the ellipse in terms of and ^A*^ 
{see p. 94). » « 

^«*. - cosj (</, + 0*) + 1 sinj (</> + ^^^O = cosi (0 - ^'), 

Ex. 3. To express aimilarljr the equation of the tangent. 

Afu. -cos0+?sin0 = U 

jpix. 4. To express the length of the chord joining two points a, /9„ 
jD/* = tt^ (cos a - cos/3)2 + *« (sincj - wip)\ 
V = 2 sin 4 (a - /3) {a* Bin'i (« + /9> + b^ cos'i (a + /3>}*. 
5ut (Ex. 1) the quantity between the parentheses is the semi-diameter conjugate te^ 
that to the point i (a + /J) j and (Ex. 2, 3) the tangent at the point J (a -f /3) ia parallel 
to the chord joining the points a, /3 ; hence, if 6' denote the length of the Semite 
diameter parallel to the given chord, -D = 2^' sin J (a - /3). 
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Ex. 5. To find the area of the triangle formed by three given points «, fi^ y. 
By Art. 86 we have 

2£ = oi {sin (o - /9) + Bin 03 - y) + §ln (y - «)} 

s oft (2 Bin 4 (a - /3) C06 Ha - /3) - 2 Bin i (a - /9) ooa i (a + /3 - 2^)) 
s 4ad Bin^a - /3) 8in^ 09 - y) Bini (y - a) 
£ = 2a6 Bin ^ (a — /?) sin I (/3 - y) Bin ^ (y - a). 
Ex. 6. If the bisectors of sides of an inscribed triangle meet in the centre its 
area is constant. 

Ex. 7. To find the radius of the circle arcumscnbing the triangle formed by thre« 
given points a, /3, y. 

If fl^ 0}/be the sides of the triangle formed by the three points, 

42 ~ ab * 
where h\ d", V" are the semi^diameters parallel to the sides of ihe triangle. II 
,..^.^'bethep«aHfoo.lch,>,a,.tben(,eeB..5,p.2,8)i. = _ .. (Th», 
cxpresBlons ara due to Mr. MacCullagh, DtAHi^ Exam, Paper*, 1836, p. 22.) 
£x. 8. To find the equation of the circle drcamscribing this triangle. 

Au9. *» + y*-?^^-^^^coBi(a + /3)oo8i09+y)cosHy + a) 

- ?i^^^^2j^ sin* (a + ^ sin J (^ + y) sinj (y + a) 

= 4 (a« + 4*) - ^ (o« - d«) {cos (a + /9) + cos 09 + y) + cos (y + a)) 
Jmm. this equation the coordinates of the centre of this circle are at once obtained. 
£x. 9. The area of the triangle formed by three tangents is, by Alt. 89^ 

o*tanJ(a-/3) tani (^-y)tanl (y-o). 
Ex. 10. The area of the triangle formed by three normals is 
^ tanj (« - /3) tan J 0^ - y) tanJCy - o) {sin 03 + y) + sin (y + «) + sin (o +jp)rt 

consequently three normals meet in a point if 

■in 03 + y) + sin (y + «) + sin (a + /S) = a [Mr. Bnrnside.] 

Ex. 11. To find the locus of the intersection of the focal radius vector FP with 
the radius of the circle CQ, 

Let the central coordinates of P be 9/5^', of 0, xy, then we have, from the similav 

triangles, FON, FPM, ^ .,^W 

y _ y^ _ ^B!n<^ 

Kow, since ^ is the angle made with the axis by the 

radius vector to the point 0, we at once obtain the polar 

equation of the locus by writing p cos f or a;, /) sin ^ f or y, 

and we find 

P h 

# + /> oos^ " a (e + cos ^) ' 

ho 
or A 3 — . ^ 

e+(a-6)co9<^ 

Hence (Art 198) the locus is an ellipse, of which C is one focus, and it can easU^ 
bf proved that /' is the other. 
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Ex. 12. The nonnal at P is produced to meet CQ; the locus of their intersectioa 
Sb a circle concentric with the ellipse. 
The equation of the normal is 

J^ -*y- = c«. 

cos ^ sin ^ ' 
but we may, as in the last example, write /» cos <^ and p sin 4» for x and y, and the 
equation becomes 

(o — i) /> = c*, or /> =: a + ^. 



Ex. 13. Prove that tan iPFC = J(J — ^] tan J<^. 



Ex. 14. If from the vertex of an ellipse a radius vector be drawn to any point 
on the curve, find the locus of the point where a parallel radius through the centre 
meets the tangent at the point. 

The tangent of the angle made with the axis by the radius vector to the vertex 

8 -r- — i therefore the equation of the parallel radius through the centi-e ia 
y_ t/ _ ^sin^ ^b l-cos</>^ 
« ~ »' + a"~a (1 + co8<^) ~" a Biu</> * 

V . X X 

or r-sm<^ + -co8^ = - , 

and the locus of the intersection of this line with the tangent 



M 



X 



I sin</> + -cos</> = l, 
is, obviously, - = 1, the tangent at the other extremity of the axis. 

The same investigation will apply, if the first radius vector be drawn through, 
any point of the curve, by substituting a' and 1/ for a and b -, the locus will then be 
the tangent at the diametrically opposite point. 

Ex. 15. The length of the chord of an ellipse which touches a oonfocal ellipsis 

the squares of whose semiaxes are o« — A', b* — A*, is — -— [Mr. Bumside]. 

ao 

The condition that the chord joining two points a, /3 should touch the confocal 

oonicis 

~~ cos4 (o + ^ +^^ Bin«4 (« + /S) =■ cos'i (a - /5). 

or 8inH(a-/5) = ^^{*«cos'i(«+P) + «*Bin«i(a + /3)} = ^,i'». (Ex.4). 
But the length of the chord is 

24'BinJ(.-/S) = ^. 

By the help of this Example several theorems concerning chords through a focoa 
may be extended to chords touching oonfocal conies. Hence also is immediately 
derived a proof of Ex. 13, p. 212, for OR, OR is to OS. OS' as the squares of the 
parallel diameters (Art. 149), and it is here proved that th^ chords OH — OR, 
08 — OS' are to each other in the same ratio. 

232. The methods of the preceding Articles do not apply to 
the hyperbola. For the hyperbola, however, we may substitute^ 
x' ^a sec ^, y' = J tan ^, 
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This angle may be represented geometrically by drawing 
a tangent MQ from the foot of 
the ordinate M to the circle de-? 
scribed on the transverse axis, 
theji the angle QCM= ^, since 

CM^CQbocQCM. 

We have also QM=a tan<^, but PM=h tan<^. Hence, if 
from the foot of any ordinate of a hyperbola we draw a tangent 
to the circle described on the transverse axis, this tangent is ii^ 
a constant ratio to the ordinate, 

Ex. If any point on the conjugate hyperbola be expressed similarly y" = i eec^', 
a^' = atan0', prove that the relation ponnectiug the extremities of conjugate dia«. 
meters is <^ = ^'. [Mr. Turi;ier.] 

SIMILAR CONIC SECTIONS. 

233. Any two figures are said to be simitar and similarly 
placed if radii vectores drawn to the first from a certain point 0- 
are in a constant ratio to parallel radii drawn to the second from 
another point o. If it be possible to fiud any two such pointa 
and 0, we can find an 
infinity of others; for, take 
any point C, draw oc parallel 
to 0(7, and in the constant 

ratio ^*^, then from the similar triangles OGP^ ocp^ cp ia parallel 

to CP and in the given ratio. In like manner, any other radiua 
vector through o can be proved to be proportional to the parallel 
radius through (7. 

If two central c/)nic sections be similar and similarly placed^ 
all diameters of the one are proportional to the parallel diameters, 
of the other, since the rectangles OP,OQ^ op.oq are propor-& 
tional to the squares of the parallel diameters (Art. U9)^ 

234. To find the condition that two conies, given by the^ 
general equations, should be similar and similarly placed. 

Transforming to the centre of the first as origin, we find 
(Art. 152) that the square of any semi-diameter of the first ia 
equal to a constant divided by a cos*^ + 2A cos ^ sin ^ + 6 sinV, 
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and, in like manner, that the square of a parallel Remi-diameter 
of the second is equal to another constant divided by 

a cos*5 + 2A' cos e sin 5 4 6' sin*^. 

The ratio of the two cannot be independent of Q unless 

a _ A _ h 

Hence two conic sections will he similar and similarly placed^ 
%f the coefficients of the highest powers of the variables are the 
same in both or only differ by a constant multiplier, 

235. It is evident that the directions of the axes of these 

conies must be the same, since the greatest and least diameters 

of one must be parallel to the greatest and least diameters of 

the other. If the diameter of one become infinite, so must also 

the parallel diameter of the other, that is to say, the asymptotes 

of similar and similarly placed hyperbolas are parallel. The 

same thing follows from the result of the last Article, since 

(Art. 154) the directions of the asymptotes are wholly determined 

by the highest terms of the equation. 

rt'— &* 
Similar conies have the same eccentricity; for — ^ — must 

be = 5-5 — . Similar and similarly placed conic sections 

have hence sometimes been defined as those whose axes are 
parallel, and which have the same eccentricity. 

If two hyperbolas have parallel asymptotes they are similar, 
for their axes must be parallel, since they bisect the angles 
between the asymptotes (Art. 155), and the eccentricity wholly 
depends on the angle between the asymptotes (Art. 167). 

236. Since the eccentricity of every parabola is =1, we 
should be led to infer that all parabolas are similar and similarly 
placed, the direction of whose axes is the same. In fact, the 
equation of one parabola, referred to its vertex, being y^=px^ or 

p costf 
^"' sin'"^' 

it IS plain that a parallel radius vector through the vertex of the 
other will be to this radius in the constant ratio p' : p. 



Digitized by VjOOQIC 



224 SIMILAR CONIC SECTIONS. 

Ex. 1. If on any radius vector to a conic eection through a fixed point 0, OQ b« 
taken in a constant ratio to OP, find the locus of Q, We have only to substitute 
tnp for p in the polar equation, and the locos is found to be a conic similar to the given 
conic, and similarly placed. 

The point may be called the centre qfsimilUwle of the two conies; and it is 
obviously (see also Art 115) the point where common tangents to the two conies 
intersect, since when the radii vectores OP, OP* to the first conic become equal, so 
must also OQ, OQ! the radii vectores to the other. 

Ex. 2. If a pair of radii be drawn through a centre of similitude of two similar 
conies, the chords joining their extremities will be either pai-allel, or will meet on the 
chord of intersection of the conies. 

Tlus is proved precisely as in Art. 116. 

Ex. 8. Given three conies, similar and similarly placed, their six centrea of simili* 
tude will lie three by three on right lines (see figure, page 108). 

Ex. 4. If any line cut two similar and concentric conies, its parts intercepted 
between the conies will be equal. 

Any chord of the outer conic which touches the interior will be bisected at the 
point of contact. 

These are proved in the same manner as the theorems at page 191, which are but 
particular cases of them; for the asymptotes of any hyperbola may be considered 
as a conic section similar to it, since the highest terms in the equation of the asymp- 
totes are the same as in the equation of the curve. 

Ex. 6. If a tangent drawn at any point P of the inner of two concentric and 
similar ellipses meet the outer in the points T and T', then any chord of the inner 
drawn through P is half the algebraic sum of the parallel chords of the outer 
through rand T'. 

237. Two figures will be similar, although not similarly 
placed, if the proportional radii make a constant angle with 
each other, instead of being parallel ; so that if we could imagine 
one of the figures turned round through the given angle, thej 
would be then both similar and similarly placed. 

To find the condition that two conic sections^ given by the 
general equations^ should be similar^ even though not similarly 
placed. 

We have only to transform the first equation to axes making 
any angle with the given axes, and examine whether any 
value can be assigned to which will make the new a. A, b pro- 
portional to a, A', b'. Suppose that they become ma\ mh\ mb\ 

Now, the axes being supposed rectangular, we have seen 
(Art. 157) that the quantities a + 5, ab — h\ are unaltered by 
transformation of coordinates ; hence we have 

a + J=tw(a' + J'), 
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and the required condition is evidently 

If the axes be oblique, it is seen in like manner (Art. 158) that 
the condition for similarity is 

(a + 6 - 2A cos w)* " {a + i' - 2h' cos w)* * 

It will be seen (Arts. 74, 154) that the condition found ex- 
presses that the angle between the (real or imaginary) asymptotes 
of the one curve is equal to that between those of the othen 

THE CONTACT OF CONIC SECTIONS. 

238. Two curves of the nfC^ and n** degrees respectively inter* 
sect in ran points^ 

For, if we eliminate either xot y between the equations, the 
resulting equation in the remaining variable will in general be 
of the mn^^ degree {Higher Algebra^ Art. 73). If it should 
happen that the resulting equation should appear to fall below 
the mn^^ degree, in consequence of the coefficients of one or 
more of the highest powers vanishing, the curves would still 
be considered to intersect in mn points, one or more of these 
points being at infinity (see Art. 135). If account be thus 
taken of infinitely distant as well as of imaginary points, it 
n)ay be asserted that the two curves always intersect in mn 
points. In particular two conies always intersect in four points. 
In the next Chapter some of the cases will be noticed where 
points of intersection of two conies are infinitely distant; at 
present we are about to consider the cases where two or more 
of them coincide. 

Since four points may be connected by six lines, viz. 12, 34; 
13, 24 ; 14, 23 ; two conies have three pairs of chords of intersection. 

239. When two of the points of intersection coincide, the 
conies touch each other, and the line joining the coincident points 
is the common tangent. The conies will in this case meet in two 
real or imaginary points X, M distinct from the point of contact. 
This is called a contact of the first order. The contact is said to 
be of the second order when three of the points of intersection 

GG. 
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coincide^ as, for Instance, if the point M move up until it coincide 



T "* '-T,^ T ~""rr=^5»^J 




with T, Curves which have contact of an order higher than 
the first are also said to osculate} and it appears tliat conies 
which osculate must intersect in one other point. Contact of 
the third order is when two curves have four consecutive points 
common; and since two conies cannot have more than four 
points common, this is the highest order of contact they can 
have. 

Thus, for example, the equations of two conies, both passing 
through the origin and having the line x for a common tangent 
are (Art. 144) 

031? + 2hxy + 5/ -f 2^a: = 0, aV + 2Kicy + jy + 2gx = 0. 

And, as in Ex. 2, p. 175, 

X [[aV - a'b) a; + 2 [Kb' - Kh) y 4 2 [gV - g%)] ^ 0, 

represents a figure passing through their four points of inter- 
section. The first factor represents the tangent which passes 
through the two coincident points of intersection, and the second 
factor denotes the line LM passing through the other two points. 
If uow^i' = (y'J, LM passes through the origin, and the conies 
have contact of the second order, tf in addition Kb' ^h'b^ the 
equation ot LM reduces to a: = ; LM coincides with the tangent, 
and the conies have contact of the third order. In this last 
case, if we make by multiplication the coefficients of y* the same 
in both the equations, the coefficients of xy and x will also be 
the same, and the equations of the two conies may be reduced 
to the form 

aa:' + 2Aary+ Jy"+2^aj = 0, aV + 2^iry + Jy* + 2^a; = 0. 

240. Two conies may have double contact if the points of 
intersection 1, 2 coincide and also the points 3, 4. The condition 
that the pair of conies considered in the last Article should 
touch at a second point is found by expressing the condition 
that the line LM^ whose equation is there given, should toucb 
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either conic Or, more simply, as follows: Multiply the equa-* 
tioas by g ^^^ 9 respectively^ and subtract| aad we get 

which denotes the pair of lines joining the origin to the two 
points in which LH meets the conies^ And these lines will 
coiucide if 

241. Since a conic can be found ta satisfy any ftve conditions 
fArt. 133]| a CQulc can be found to. toach a given conic at a 
given point, and satisfy any three other conditions. If it have 
contact of the second order at the given point, it caa be road^ 
to satisfy two other conditions; and if it have contact of the 
third order, it can be made to. satisfy one other condition. Thua 
we can determine a paraibsila having cojitaQt of the third ojirder 
at the origin with 

ax^-^-^hxy + Sj^* + 2gx = 0; 

Referring to the last two equations (Art. 23&), we see that 
it is only necessary to write a instead of a^ where a is deter** 
mined by the equation ab = A*. 

We cannot, in general, describe a ctVcfe to have contact of the 
third order with a given couic^ because two conditions must be 
fulfilled la order that an equation should represent a circle ; or, in 
other words, we cannot describe a circle through four consecutive 
points on a conio, since three points are sufficient to determine 
^ circle. We ca^i however, easily find the equation of the 
circle passing through three consecutive points on the curve. 
This circle ia called the osculating circle^ or the circle of 
curvature* 

The equation of the conic ta ohlique or rectangular axes 
being, as before, 

a»" + 2Ajy + 8y*4 2^x = 0, 
that of any circle touching it at the origin is (Art. 84, Ex. 3^ 

«' + 2ajy cos » + y" — 2rx sin o) = 0. 
Applying the condition gb'^gb (Art. 239), we see that the 
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condition that the circle should osculate is 

g^^rb sin a>, or r = -. — A— .* 
6 sin to 

The quantity r is called the radius of curvature of the conio 
at the point 1\ 

242. 1*0 find the radius of curvature at any point on a central 
conic. 

In order to apply the formula of the last Article the tangent 
at the point must be made the axis of y. Now the equation 
referred to a diameter through the point and its conj update 

y-m + V;, = 1 J 18 transferred to parallel axes through the given 

point, by substituting x-\-a for x^ and becomes 

Therefore, by the last Article, the radius of curvature ia 

—r—' — . Now a sin o) is the perpendicular from the centre on 
o sinw ^ ^ 

the tangent, therefore the radius of curvature 
-=|:, or (Art. 175) = *-^. 

243. Let N denote the length of the normal PN^ and let ^ 

denote the angle FPN between the normal ^ '_ — ---->*' 

and focal radius vector, then the radius of 




N bb 

curvature is — =-7- . For N= — (Art. 181), 
cos'y* a ^ " 

and cog^=T> (Art. 188), whence the truth of the foi'inuU ia 
manifest. 

• In the Examples which follow we find the absolute magnitude of the radius ol 
curvature, without regard to sign. The sign, us usual, indicates the direction in which 
the radius is measured. For it indicatea whether the giveu curve is osculated by 
a circle whose equation is of the form 

a;' + '2x1/ CO" M + y* + 2rx sin « = 0, 
the upper sign signifying one who>*e centra is in the positive direction of the axis 
of X ; and the lower, one whose centre is in the negative direction. The formula in 
the text then gives a positive nulius of curvature when the concavity of the curve 
is turned in the positive direction of the axis of x, and a negative radius when it ia 
turned in th9 opoosito dii-ection. 
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Thus we have the following construction : Erect a perpen- 
dicular to the normal at the point where it meets the axis; and 
again at the point (?, where this perpendicular meets the focal 
radius, draw GQ perpendicular to it, then G will be the centre 
of curvature, and GP the radius of curvature. 

244. Another useful construction is founded on the principle 
that if a circle intersect a conic^ its chords of intersection will 
make equal angles with the axis. For the rectangles under the 
segments of the chords are equal (Euc. in. 35), and therefore 
the parallel diameters of the conic are equal (Art. 149), and 
therefore make equal angles with the axis (Art. 162). 

Now, in the case of the circle of curvature, the tangent at 7^ 
(see figure, p. 226) is one chord of intersection and the line TL 
the other; we have, therefore, only to draw TL, making the 
same angle with the axis as the tangent, and we have the point 
Z; then the circle described through the points T, 2/, and, 
touching the conic at T, is the circle of curvature. 

This construction shows that the osculating circle at either 
vertex has a contact of the third degree. 

Ex. 1. Using the notation of the eccentric angle, find the condition that fonr 
points Of ^, y, d should lie on the same circle (Joachimsthal, Crtlle^ xxxvi. 95). 

The chord joining two of them roust make the same angle with one side of the 
fuds as the chord joining the other two does with the other ; and the chords being 



a 



C0S4 (o + /3)+|sin4 (a + /3) = 008i (a - ^) ; 



a 



cos* (y + a) +1 sin^ (y + a) = cos J (y - d) ; 



we have tan J (a + /S) + tan^ (y + a) = Oj o + /3 + y + a = 0jor = 2mir. 

Ex. 2. Find the coordinates of the point where the osculating circle meets the 

conic again. 

Ax** 4u'* 

We have a = /3 = y j hence i = - 8a j or Z = — g- - ar*; Y= ^ - 8/. 

Ex. 8. If the normals at three points a, ft, y meet in a point, the foot of the fourth 
normal from that point is given by the equation a + j8 + y + d = (2m + 1) v, 

Ex. 4. Find the equation of the chord of curvature TL. 

Am. -coea — f sina = oo92a. 

Ex. 5. There are three points on a conic whose osculating circles pass through 
a given point on the curve ; these lie on a circle passing through the point, and form 
a triangle of which the centre of the curve is the intersection of bisectors of sides 
(Steiner, Crelle^ xxxii. 800 ; Joachimsthal, Crelle^ xxxvi. 95). 

Here we are given d, the point where the circle meets the curve again, and from 
the last Example the point of contact is a = — ^d. But since the sine and cosine 
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of d would not alter if 8 were increased by 360**, we might also have o = — ^d + 120**, 
or = — ^i + 240**, and, from Ex. 1, these three points lie on a circle passing through d. 
If in the last Example we suppose JT, Y given, since the cubics which determine 
a/ and y* want the second terms, the sums of the three values of ac^ and of y* are 
respectively equal to nothing ; and therefore (Ex. 4, p. 5) the oiigin is the intersection 
of the bisectors of sides of the triangle formed by the three points. It is easy to seQ 
tliat when the bisectora of sides of an inscribed tiiangle intersect in the centre, the 
normals at the vertices are the three perpendiculars qt this triangle, ^d th^i^orQ 
lacet in a point. 

245. To find the radius of curvature of a parabola^ 

The equation referred to any diameter aqd tangent being 

jf^px. the radiua of curvature (Art. 241) is — ^^5— ?i , where Q 

' 2 sin ^ ' 

N 
is the angle between the axes. The expression — ^rr ^ and th^ 

^ cos^ ' 

construction depending on it^ hold for the parabola^ since. 

-»r= iy sin d (Arta. 212, 213) aud i^ = 9Q'' - 5 (Art. 217). 

Ex. 1. In all the conic sections the radius of curvature is eq,nal to the cube of thQ 
normal divided by the square of the semi-parameter. 

Ex. 2. Express the radius of qurvatore of an ellipse in terz^iB of the angle which 
the normal makes with the axis. 

Ex. 3. Find the lengths of the chords of the circle of curvature which pass 

through the centre or the focus of a oentral conio section. ^ 2b'* 2^^* 

Ana. —r , and — 

Ex. 4. The focal chord of curvature of any oonie is equal to the focal chord o{ 
the conic drawn parallel to the tangent at the point. 

Ex. 5. In the parabola the focal chord of curvature is eqoal to the parameter o% 
the diameter passing through the point. 

246. To find the coordinates of the centre of curvature of a 
central conic. 

These are evidently found by subtracting from the coordi- 
nates of the point on the conic the projections of the radius of 
curvature upon each axis. Now it is plain that this radius is to. 
its projection on y as the normal to the ordinate ^ We find the 
projection, therefore, of the radius of curvature on the axis of 

by multiplying the radius - by ^j = -^ . The y of the^ 
centre of curvature then is " y\ But 6" = *' + p y", there:* 

IS __ • 

fore the y of the centre of curvature is ,^ y". In lik^ 
manner its x is — ^— a;'\ 
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We should have got the same values by making a = yS = 7 
in Ex. 8, p. 220. 

Or, again, the centre of the circle circumscribing a triangle is 
the intersection of perpendiculars to the sides at their middle 
points; and when the triangle is formed bj three consecutive 
points on a curve, two sides ate consecutive tangents to the 
curve, and the perpendiculars to them are the corresponding 
normals, and the centre of curvature of any curve is the intersect 
tion of two consecutive normals. Now if we make x* = x" = -ST, 
y' z=y"=z. y, in Ex. 4, p. 175, we obtain again the same values as 
those just determined. 

247. To find tJie coordinates of the centre of curvature of a 
parabola. 

The projection of the radius on the axis of y is found in like 

manner (by multiplying the radius of curvature -r-^j^ by ^j 
and Bubtract'iDg this qaantitj from y' we have 

In like manner its X is a;' + ^ . ,^ = a' + ^— ^ — = 3^' + i p. 

2 sar^ 2 *^ 

The same values may be found from Ex. 10, p. 214. 

248. The evolute of a curve is the locus of the centres of 
curvature of its different points. If it were required to find the 
evolute of a central conic, we should solve for xy' in terms of 
the x and y of the centre of curvature, and, substituting in the 

equation of the curve, should have (writing - = -^, t *-fi) , 

— , + ^i = 1. 

In like manner the equation of the evolute of a parabola is found 
to be 

27;;/=16(a:-ip)«, 

>f\rhich represents a curve called the semi-cubical parabola. 
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CHAPTER XIV. 

METHODS OF ABRIBGED NOTATIOK. 

249. If S=0, S'=^0 be the equations of two conies, then 
the equation of any conic passing through their tour, real 
or iraaginary, points of intersection can be expressed in the 
form 8=k8'. For the form of this equation shows (Art. 40) 
that it denotes a conic passing through the four points common 
to 8 and 5' ; and we can evidently determine k so that 8= k8. 
shall be satisfied by the coordinates of any fifth point. It must 
then denote the conic determined by the five points.* 

This will, of course, still be true if either or both the quan- 
tities S, 8' be resolvable into factors. Thus 8=ka/3j being 
evidently satisfied by the coordinates of the points where the 
right lines a, meet 5, represents a conic passing through the 
four points where 8 is met by this pair of lines; or, in other 
words, represents a conic having a and /8 for a pair of chords of 
intersection with 8. If either a or ^ do not meet 8 in real 
points, it must still be considered as a chord of imaginary inter- 
section, and will preserve many important properties in relation 
to the two curves, as we have already seen in the case of the 
circle (Art. 106). So, again, ay =^kl38 denotes a conic circum- 
scribing the quadrilateral ajSyB^ as we have already seen (Art. 
122).t It is obvious that in what is here stated, a need not 

• Since five conditions determine a conic, it is evident that the most general 
equation of a conic satigfying four conditions must contain one independent constant, 
^-hose value remains undeteimined until a fifth condition is given. In like manner, 
the most general equation of a conic satisfying three conditions contains two in- 
dependent constants, and so on. Compare the equations of a conic passing through 
three points or touching three lines (Arts. 124, 129). 

If we are given any four conditions, in the expression of each of which the co- 
efficients enter only in the first degree, the conic passes through four fixed points ; 
for hy eliminating all the coefficients but one, the equation of the conic is reduced 
to the form S = kS*. 

t If a/3 be one pair of chords joining four points on a conic S, and yd another 
pair of chords, it is immaterial whether the general equation of a conic passing 
through the four points be expressed in any of the forms S — ^a/3, S — kyi^ o/3 — kyd, 
where k is indeterminate } because, in virtue of the general principle, 8 is itself of tha 
form afi ^ kyd. 
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be restricted) as at p. 53, to denote a line whose equation has 
been reduced to the form oscosa+y sinassi?; but that tha 
argument holds if a denote a line expressed by the general 
equation^ 

250. There are three values of A?, for which S^kS^ re* 
presents a pair of right lines. For the condition that this shall 
be the casoi is found by substituting a~ka'^ b-^hb'^ &G, for 
a, l^ &c* in 

and the result evidently is of the third degree in Jc^ and is 
therefore satisfied by three values of ft. If the roots of this 
cubic be *', ic", 1<!% then /8-A'S', B~1(!'8\ S-k"'8\ denote 
the three pairs of chords joining the four points of intersection 
of 8 and S' (Art. 238). 

fex. 1. What is the eqtiation of a Oonic paasmg tlnongli the points irhete tt giTeil 
conic S meets the axes ? 

Here the axes a; = 0, y = 0, are chords of inteis^ctioii, and the equation mtiBt bs 
of the form 8 == hxy, Mrhere k is Indeterminate. See Ex. 1, Art. 101. 

Ex. 2. Form the equation of the conio passing through five giTezi points ; fdr 
example (1, 2), (3, 6), (^ 1, 4), (- 8, - 1) (- 4} 3). Fbrming the equations of the sides 
of the quadrilateral formed by the first four points^ we see that the equation ol ths 
lequiied oonic must be of the form 

(8a;-2y + l)(5*-2y+18) = Ar(«-4y + l7)(lb-4y + 6). 

Substituting in this, the coordinates of the fifth point (-4, 8), we obtain h^*- \^. 
Substituting this yalue and reducing the equation, it becomes 

79a:> - 8202^ + 601j^ + 1101» - 1666y + 1686 = 0» 

261. The conies 8^ 8- hafi will totich ; or, in other wordS| 
two of their points of intersection will coincide } if either a or /3 
touch 5, or again, if a and fi intersect in a point on 8. Thus if 
T=^ be the equation of the tangent to /S at a given point on it 
xy^ then iS= T (?«: + twy + n), is the most general equation of a 
conic touching 8 at the point x'y' ; and if three additional con* 
ditions are given, we can complete the determination of the 
conic by finding Z, m, n. 

Three of the points of intersection will coincide if 2a; + m^ + n 
pass through the point x'ff' ; and the most general equation of a 
conic osculating 8 bX the point x'y' is 8^ T{Ix+mjf-lx'^my')^ 
If it be required to find the equation of the osculating circle^ 
we have onlj to express that the coefficient xy vanishes in this 
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equation, and that the coefficient of as* = that of y^ ; when we 
have two equations which determine I and 9n. 

The conies will have four consecutive points common if 
Ix-^my + n coincide with 7"^ so that the equation of the second 
conic is of the form 8=kT*. Compare Art. 239. 

Ex. 1. If the axes of <Sr be iiarallel to those of 1^, so \7ill also the axes of 
8 — kS', For il the a±es of eoordin&tes be parallel to the axes of S, neither S nor 
ff will contain the term xy. It S' he u circle, the axes of ^ — *«5* are parallel to 
Che axes of 5. If S — kS' represent a pair of right lines, its axes become the internal 
and external bisectors of the angles between them> and we have the theorem off 
Art. 244. 

Ex. 2. II the axes of coordinates be parallel to the axes of S, and also to those 
of <S — kafi, then a and /3 are of the forms It -k- m$f + n, Ix - my + n^. 

Ex. 8. To find the equation of the circle osculating a central oonic The equation 
must be of the form 

Expressing that the coefl^ent of xy vanishes, we red ace the equation to the form 

and expressing that the coefficient of «* = that of y\ we find X = i^STt ' *^^ 
the equation becomes 

' a* 6* 

Ex. 4. To find the equation of the circle osculating a parabola. 

Aru. ip* + 4i?xO (y« - px) = {^yy" -p{x + x*)} {2yy'' + par - Spx^, 

252. We have seen that 8=^koL0 represents a conic passing 
through the four points 
P^Q'jPj q, where a, /8 meei 
S'j and it is evident that 
the closer to each other 
the lines a, fi are, the 
nearer the point P is to p, 
and Q to q. Suppose that the lines a and fi coincide, then 
the points P, /> ; Qj q coincide, and the second conic will touch 
the first at the points P, Q, Thus, then, the equation S=ko? 
represents a conic having double contact with 8j a being the chord 
of contacts Even if a do not meet S^ it is to be regarded as the 
imaginary chord of contact of the conies S and 8 — ka^. la 
like manner a7 = kj3* represents a conic to which a and 7 are 
tangents and fi the chord of contact, as we have already seen 
(Art. 123). The equation of a conic having double contact 
with 8 at two given points x'yj aj'V may bealso written in the 
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form S==kTT^ where Taqd T' represent the tangents at thes^ 
points, 

253. If the line a be parallel to an asymptote of the conio 
S, it will also be parallel to an asymptote of any conic repre-» 
sented by /S= A:ay9, which then denates a system passing through 
three finite and one infinitely distant point. In like manner^ 
if in addition fi were parallel to the other asymptote^ the system 
would pass through two finite and two infinitely distant points. 
Other forms which denote conies haying points of intersectioa 
at infinity will be recognis^ed by bearii^ in mind the prin-> 
ciple. (Art. 67) that the equation of an infinitely distant line ia 
0.a;+0.y +C7=0; and hence (Art. 6d) that an equation, appa-i 
rently not homogeneous, may be made homogeneous ia form, if 
in any of the terms which seem to be below the proper degree of 
the equation we replace one or more of the constant niultipliera 
by O.o; + 0,y + G. Thus, the equation of a conic referred to ita 
asymptotes xy = k* (Art. 199) is a particular case of the form 
a7 = ^ referred to two tangents and the chord of contact 
(Arts. 123, 252). Writing the equation iry = (Car + 0.^ + 4)", 
it is evident that the lines x and y a^e tangents, whojse points of 
contact are at infinity (Art. 154), 

254. Again, the equation of a parabola y*=px is abo a par* 
ticular case of a7==i8". Writing the equation a; (0« aj + . y+ p) =y% 
the form of the equation shows, not only that the line x touchea 
the curve, its point of contact being the point where x meets y^ 
but also that the line at infinity touches the curve, its point of 
contact also being on the line y. The same inference may be 
d/awn from the general equation of the parabola 

(flUC + ^8^^)* + (2^aj + 2/y + c) (a.a; + 0,y + 1) = Oj 

which shews that both 2ffx + 2fy + c, and the line at infinity are 
tangents, and that the diameter ax'\- fiy joins the points of conn 
tact. Thus, then, every parabola has one tangent altogether at an 
infinite distance. In fact, the equation which determines the 
direction of the points at infinity on a parabola is a perfect 
square (Art. 137); the two points of the curve at infinity 
therefore coincide; and therefore the line at infinity is ta h(^ 
fegai:ded as a tangent (Art. 83.).^ 
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Ex. The general equation 

aa? 4- SAay + Jy« + 2^x + 2/y + c = 

nay be regarded aa a particnlar case of the form (Art. 122) ay = k^. For the first 
thiee tenoa denote two lines a, y passing through the origin, and the last three terms 
denote the line at infinity /3, together with the line d, 2gx + 2/y + c. The form of the 
equation then shows that the lines a, y meet the cnrre at infinity, and also that d 
represents the line joining the finite points in which ay meet the curye. 

255. In accordanoe with Art. 253, the equation 8^h0v& to 
be regarded as a particular case of iS» a/3, and denotes a system 
of conies passing through the two finite points where /8 meets 8y 
and also through the two infinitely distant points where 8 is 
met by O.aj + O.y + A. Now it is plain that the coefficients of 
$6*, oixy^ and oiy*^ are the same in 8 and in 8— kffy and there- 
fore (Art. 234) that these equations denote conies similar and 
aimilarly placed. We learn, therefore, that two conies similar 
Und similarly placed meet each other in two infinitely distant 
jpoints^ and consequently only in two finite points^ 

This is also geometrically evident when the curves are 
hyperbolas; for the asymptotes of similar conies are parallel 
(Art. 235), that is, they intersect at in* 
£nity; but each asymptote intersects 
its own curve at infinity ; consequently 
the mfiuitely distant point of intersect 
lion of the two parallel asymptotes ia 
also a point common to the two curves. 
Thus, on the figure, the infinitely distant 
point of meeting of the lines OZ, Oxj 
and of the lines OF, Oy, are common to the curves. One of 
their finite points o.f intersection is shown on the figure, the 
other is on the opposite branches of the hyperbolas. 

If the curves be ellipses, the only difference is that the 
asymptotes are imaginary instead of being real The direction* 
of the points at infinity, on two similar ellipses, are determined 
from the same Equation (ao;* + 2Aajy + 6y' = Q) (Arts. 136,234). 
Now, although the roots of this equation are imaginary, yet 
they are, in both cases, the same imaginary roots, and theretbro 
the curves are to be considered as having two imaginary points 
at infinity common. In fact, it was observed before, that even 
when the line a does not meet 8 in real points, it ia to be re* 
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garcled as r chord of imaginary intersection of 8 and 8—Jcafi^ 
and this remains true when the line a is infinitely distant. 

If the curves be parabolas, they are both touched by the line 
ftt infinity (Art. 254) ; but the direction of the point of contact, 
depending only on the first three terms of the equation, is the 
same for both. Hence, tioo similar and similarly placed para^ 
holaa touch each other at infinity. In short, the two infinitely 
distant points comifion to two similar conies are real, imaginary, 
or coincident, according as the curves are hyperbolas, ellipseS| 
or parabolas. 

256. The equation /S=i, or iff=A(0.aj + 0.y + 1)' is raani-. 
festly a particular case of 8=ko?^ and therefore (Art. 252) de-» 
notes a conic having double contact with S, the chord of contict 
being at infinity. Now 5—4 dificrs from 8 only in the constant 
term. Not only then are the conies similar and similarly placed, 
the first three terms being the same, but they are also con-« 
centric. For the coordinates of the centre (Art. 140) do not 
involve c, and therefore two conies whose equations differ only 
in the absolute term are concentric (see also Art. 81). Hence, twa 
similar and concentric conies are to be regarded as touching each 
other at two infinitely distant points. In fact, the asymptotes of 
two such conies are not only parallel but coincident ; they havQ 
therefore not only two points at infinity common, but also the 
tangents at those points ; that is to say, the curves touch. 

If the curves be parabolas, then, since the line at infinity 
touches both curves, 8 and 8—k^ have with each other, by 
Art. 251, a contact at infinity of the third order. Two para- 
bolas whose equations differ only in the constant term will bo 
equal to each other; for the curves y^—px^ y*=p (x-^-n) are 
obviously equal, and the equations transformed to any new axes 
will continue to differ only in the constant term. We have seen, 
too (Art. 205), that the expression for the parameter of a para- 
bola does not involve the absolute term. The parabolas then, 
8 and 8—k* are equal, and we learn that two equal and similarly 
placed parabolas whose axes are coincident may be considered as 
having with each other a contact of the third order at infinity. 

267. All circles are similar curves, the terms of the second 
degree being the same in all. It follows then, from the last 
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Articles, that all circles pass through the same two imaginary 
points at infinity^ and on that account can never intersect in more 
than two finite points, and that concentric circles touch each other 
in two imaginary points at infinity ; and on that account can 
never intersect in any finite point. It will appear hereafter 
that a multitude of theorems concerning circles are but parti-t 
cular cases of theorems concerning conies which pass through 
two fixed points, 

258. It is important to notice the form Pa' -f tw'^* = n*7\ 
which denotes a conic with respect to which a, ^, 7 are tha 
Bides of a self-<conjugate triangle (Art. 99). For the equation, 
may be written in any of the forma 

nV - w'/3« = Pa' ; « V - ^^ = »i"/3* \ ^^ + w*/8» = w y. 
The first form shows that «7 + w)8, n^^-^mfi (which intersec^^ 
in /S7) are tangents, and a their chord of contact. Consequently 
the point ^7 is the pole of a. Similarly from the second form 
7a is the pole of ^, It follows, then, that a^ is the pole of 7 j 
and this also appears from the third form, which shows that the 
two imaginary lines 7a ± m^ */{" 1) are tangents whose chord 
of contact is 7, J^^ow these imaginary lines intersect in tli^ 
real point a^S, which is therefore the pole of 7 j although b:jing 
within the conic, the tangents through it are imaginary. 
It appears, in like manner, that 

«a' + 2Ao^-f iy8' = C7* 

denotes a oonlc, such that a^ is the pole of 7 ; for the left-hand 
side can be resolved into the product of factors representing 
lines which intersect in a/3. 

Cor. If Po» + m'/3* = n»7» denote a circle, its centre must be the intersection of 
perpendicnlais of the triangle a/9y. For the perpendicular let fall from any pointy 
on its polar must pass through the centre. 

258*(a). If a? = 0, y = be any lines at right angles to each» 
other through a focus, and 7 the corresponding directrix, th^ 
equation of the curve is 

a particular form of the equation of Art. 258. Its form show* 
that the focus {xy) is the pole of the directrix 7, and that the. 

* This Article was nambered 279 in the preriouB editions. 

Digitized by VjOOQIC 



METHaDS OP ABRIDGED NOTATION. 239 

polar of any point on the directrix is perpendicular to the line 
joining it to the focus (Art. 192) ; for y, the polar of (xy) is per- 
pendicular to a?, but X may be any line drawn through the focus. 
The forra of the equation shows that the two imaginary 
lines X* -\-y* are tangents drawn through the focus. Now, since 
these lines are the same whatever 7 be, it appears that all conica 
which have the same focus have two imaginary common tangents 
passing through this focus. All conies, therefore, which have both 
foci common, have four imaginary common tangents, and may 
be considered as conies inscribed in the same quadrilateral. The 
imaginary tangents through the focus (a?' + y' = 0) are the same 
as the lines drawn to the two imaginary points at infinity on any 
circle (see Art. 257). Hence, we obtain the following general 
conception of foci : " Through each of the two imaginary points 
at infinity on any circle draw two tangents to the conic ; these 
tangents will form a quadrilateral, two of whose vertices will be 
real and the foci of the curve, the other two may be considered 
as imaglnaiy foci of the curve." 

Ex. To find the foci of the conic pren by the general equation. We hawe 
only to express the condition that x - as' + (y — y*) J(- 1) Bhould touch the curre. 
Substituting then in the formula of Art. 161, for \, /», v respectively, 1, J(— 1), 
— {xf + 1/ 4{— 1)} ; «"id equating eeparately the real and imaginary parts to cypher, 
we find that the foci are determined as the intersection of the two loci 

C{x*- y«) + 2Fy - 2Gx + .4 - B = 0, Cacy - Fa? - (7y + fi" = 0, 

which denote two equilateral hyperbolas concentric with the given conic. Writing 
the equations 

(Caj - G^« - (Cy - F)« = G» - ^C - (F« - 5(7) = A (a - i), 
{Cx -G){C!/-F)=FG'-CH=Ah; 
fhe coordinates of the fod are immediately given by the equations 

{Cx-0)* = kA{R-\-a-b); (Cy - F)» = i A ( R + ft - a), 

where A has the same meaning as at p. 158, and J2 as at p. 158. If the curve isfl 
parabola, C = 0, and we have to solve two linear equations which give 

(F«+^)a:=/'ir+K4--B)C?; {F^ + G^y=: GB -^ ^{B - A) F. 

259. We proceed to notice some inferences which follow on 
interpreting, by the help of Art. 34, the equations we have 
already used. Thus (see Arts. 122, 123) the equation ay = i/8" 
implies that the product of the perpendiculars from any point of 
a conic on two fixed tangents is in a constant ratio to the square 
of the perpendicular on their chord of contact. 

The equation a7 = A^8, similarly interpreted, leads to thq 
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important theorem : T/ie product of the perpendiculars let fatt 
from any point of a conic on ttoo opposite sides of an inscribed 
quadrilateral is in a constant ratio to the product of the perpen^ 
diculars let fall on the other tvoo sides. 

From this property we at once infer^ that the anharmonte 
ratio of a pencil j whose sides pass through four fixed points of a 
conic^ and whose vertex is any variable point ofit^ is constant* 

For the perpendicular 

OA.OB.sinAOS OO.OD.tCmCOD ^ 
a ^^ , 7- CD '*^ 

Now if we substitute these values ^^^.^.^^ ' _.J ^^^^=4<. 

in the equation a7+ i/8S, the con- ^/^^^^---^ — -^^^ A™\o 
tinned product OA.OB.OC.OD ^r<^ ** X 

will appear on both sides of the V ^"^^ y /^ y 

equation, and may therefore be x^^^^ ^s^ ^^^^^^^^ 

suppressed, and there will remain ^ ^*c^ 

%mAOB,^mCOD , AB.CD 
ninBOCsinAOD'^ BG.AD ^ 

but the right-^hand member of this equation is constant, while 
Uie left-hand member is the anharmonic ratio of the pencil OA^ 
OB, OC, OD. 

The consequences of this theorem are so numerous and im- 
portant that we shall devote a section of another chapter to 
develope them more fully. 

260. If 5=0 be the equation to a circle, then (Art. 90) 8 is 
the square of the tangent from any point xy to the circle ; hence 
8- ftajS = (the equation of a conic whose chords of intersection 
with the circle are a and /8) expresses that the locus of a pointy 
such that the square of the tangent from it to a fixed circle is in a 
constant ratio to the product of its distances from two fixed lines^ 
is a conic passing through the four points in which the fixed lines 
intersect the circle. 

This theorem is equally true whatever be the magnitude of 
the circle, and whether the right lines meet the circle in real or 
imaginary points ; thus, for example, if the circle be infinitely 
small, the locus of a point, the square of whose distance from a 
fisDsd foixU is in a constant ratio to the product qf its distances from 
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two fixed linesy is a conic section ; and the fixed lines may be 
considered as chords of imaginary intersection of the conic with 
an infinitely small circle whose centre is the fixed point. 

261. Similar inferences can be drawn from the equation 
S- ia*= 0, where /Sis a circle. We learn that ike locus of a 
pointy such that the tangent from it to a fixed circle is in a constant 
ratio to its distance from a fixed line^ is a conic touching the circle 
at the two points where the fixed line meets it ; or, conversely, that 
if a circle have double contact toith a conic^ the tangent drawn to 
the circle from any point on the conic is in a constant ratio to the 
perpendicular from the point on the chord of contact. 

In the particular case where the circle is infinitely small, we 
obtain the fundamental property of the focus and directrix, and 
we infer that the focus of any conic may be considered as an in^ 
finitely small circle^ touching the conic in two imaginary points 
situated on the directrix. 

262. In general, if in the equation of any conic the coordt*' 
nates of any point be substituted^ the result will he proportional to 
the rectangle under the segments of a chord drawn through the 
point parallel to a given line.* 

For (Art. 148) this rectangle 

c' 



a cos*^ + 2h cos sin0-\-b sin"^ * 

where, by Art. 134, cf is the result of substituting ifi the equa- 
tion the coordinates of the point ; if, therefore, the angle be 
constant, this rectangle will be proportional to <f. 

Ex. 1. If two oonics have dont>le contact, the equate of the perpendicular frotn 
ahy point of one upon the chord of contact is in a consttint ratio to the rectangle 
under the segments of that perpendicular made by the other. 

Ex. 2. If a line parallel to a given one meets two conies in the points P^ Q^ p, q^ 
and we take on it a point 0, such that the rectangle OP . OQ may be to Op.Ogm 
a con.stant ratio, the locus of C^ is a conic through the points of intersection of th^ 
given conies. 

Ex. 8. The diameter of the circle circumscribing the triangle formed by t^o 

tangents to a central oonic and their chord of contact is — ; where b'^ h" are the 

semi-diametera parallel to the tangents, and j» is the perpendicular from the centre 
on the chord of contact. [Mr. Bumside]. 

♦ This is equally true for curves of any degree. 

II 
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It will be convenient to suppose the equation divided by such a constant that the 
lesnlt of substittiting the* coordinates of the centre ehall be unity. Let t'j t" be the 
lengths of the tangents, and let S^ be the result of substituting the coordinates 
of their intersection ; then 

But also if o be the perpendicular on the chord df contact from the Tertez of the 
triangle^ it is easy to se^ attendiDg to the remark, Note, p. 154^ 

«:p:;5':l. 

Henoe - = . 

But the left-hand Fide of this equation, by Elementary Geometry, represents the 
diameter of the circle circumscribing the triangle, 

Ex. 4. The expression (Art. 242) for the radius of cnrvature may be deduced 
if in the last example we suppose the two tangents to coincide, in whieh case the 
diameter of the circle becomes the radius of curvature (see Art. 398) ; or also from 
the following theorem due to Mr. Roberts: If », n* be the lengths of two in- 
tersecting normals; p, p' the corresponJing ceiytral perpendiculai-s on tangents; 1/ 
the semi-diameter parallel to the diord joining the two points on the curve, then 
»o + n'y/ = 2^*^. For if S' be the result of substituting in the equation the coordi- 
nates of the nuddle jwint of the chord, w, w' the pen/endicnilars from that point 
©n the tange.nta, and 2^ the length of the chord, then it can be proved, as in the 
last example, that ^ = b'^ii', w = pS% w' = p'S', and it i» vuiy easy to see that 
uza+ n'u' = 2/3*. 

263. If two comes have each doMe contact with a third^ their 
ehords of contact with the third contCj and a pair of their chords 
cf intersection with each other^ will all pass through the same 
pointy and will form a harmonic pencil. 

Let the equation of the third conic be >S=0^ and those of 
the fii*sttwo conies, 

Now, on enbtracting these equations, we find Z' - IP = 0^ 
which represents a pair of chords of intersection (L± Jf=0) 
passing through the intersection of the chords of contact [L and 
3f), and forming a harmonic pencil with them (Art. 57). 

Ex. 1. The chords of contact of two conies with their common tangents pass 
through the intersection of a pair of their common chords. This ia a particular case 
of the preceding, S being supposed to reduce to two right lines* 

Ex. 2. The diagonals of any inscribed, and of the corresponding circumscribed 
quadrilateral, pass through the same point, and form a harmonic pencil. This is 
also a particular case of the preceding, S being any conic, and S-^ L% 8 + M* being 
supposed to reduce to right lines. The proof may also be stated thus : Let ^i, f„ Cj ; 
tr '«} c, be two pairs of tangents and the corresponding chords of contact. In other 
words, Cj, e, are diagonals of the corresponding inscribed quadrilateral. Then tha 
et^uation of 8 may be written in either of the forms 
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The second equation must therefore be identical with the first, or can only differ 
from it by a constant multiplier. Hence fjfj — \t^^ must be identical with ^i* — \r,». 
Now Ci^ — Xc,^ = represents a pair of right tines parsing through the intenection of 
C], c^ and harmonically conjugate with them ; and the equivalent form shows that 
these right lines join tlie points fif^, t^^ and t^t^ V*- ^or t^t^ - Xi^^ = must denote 
a locus passing through these points. 

Ex. S. U %Xy 2)9, 27, 2d be the eccentric angles of four points on a oentral conto, 
form the equation of tlie diagonals of the quadrilateral formed by their tangenta. 
Here we hare 

Cj = ?'cosa« + ?sin2o-l, «, = - oos2i3 + f sin 2/3 - L 

Cj=^oos(a + i8) + |sin(« + i3>-oo8(«-^ 
«iid we eadly verify 

«,e,-(H» = -8m»(«-/5)g + f!-l}. 

Peope reasoning^ as in the last example, we find fpi: the equationa oC tihe <fiagOBalp 

ein (a — j3) ~ sin (y — 6\ ' 

264. If three conies have each double contact with a fourth^ 
9ix of their chords of intersection will pass three by three through 
the same points, thus forming th^ sidqs and diagonal of ^ 
quadrilateraL 

Let the conies be 

Pj the last Article the chords will be 

i-l/=0, J/-JV=0, N^L^Oy 
L-\-3I=:0y Jlf+JVr=o, N-L^Oi 

Z-Jf=0, lf+JV=0, JV+i = 0. 

As in the last Article, we may deduce hence many particular 
theorems, by supposing one ox more of the conies to break up 
into right lines. Thus, for example,, if 8 break up into right 
lines, it represents two common tangeuta to 8 + APj 8+N^i 
and if L denote any right line through the intersectioa of those 
common tangents, then 8 + i" also breaks up into right lines,, 
and representa any two right lines passing through the intersec-. 
tion of the common tangents. Hence^ if through the intersection 
of the common tangents of two conies we draw any pair of right 
lines^ the chords of each conic joining the extremities of those lineA 
^ffill meet on one of the common chords of the conies. This \» th^ 
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extension of Art 116. Or, again, tanqenta at the extremities of 
^ther of th^se right linea will meet on one of the common chords, 

265. 1{S+L% S-^AP, 8+N% aU break up into pairs of 
right lines, they will form a hexagon circumscribing 8^ the 
chords of intersection will be diagonals of that hexagon, and 
we get Brianchon's theorem : " The three opposite diagonals of 
every hexagon circumscrihing a conic intersect in a poinU'*^ By 
the opposite diagonals we mean (if the sides of the hexagon bo 
numbered 1, 2, 3, 4, 5, 6) the lines joining (1, 2) to (4, 5), (2, 3) 
to (5, 6), and (3, 4) to (6, 1) ; and by changing the order iu 
which we take the sides we may consider the same lines as 
formipg a nvimber (sixty) of different hexagons, for each of 
which the present theorem is true. The proof may also be stated 
as \n £x. 2, Art. 263. If 

be equivalent forms of the equation of S^ then c^ = c, = c, re* 
presents threq intersecting diagonals,* 

266. If three conic sections have one chord common to all^ their 
three other chords will pass through the same point. 

Let the equation of one be /S= 0, and of the common chord 
7i = 0, then the equations of the other two are of the form 

ig+il/=0, 8-\-LN=0^ 

which must have^fpr their intersection with each other, 

but If - jV is ft line passing through the point [MN). 

According to the remark in Art. 257, this is only an extension 
of the theorem (Art. 108), that the radical a3ves of three circles 
meet in a point. For three circles have one chord (the line at 
infinity) common to all, and tl^e rc^dical ftxes are their other 
common chords. 

• Mr. Todhunter has with justice objected to this proof, that since no rale is given 
which of the diagonals of t^t^t^i is Ci = + r^, all that is in strictness proved is that the 
lines joining (1, 2) to (4, 6) and (2, 3) to (5, 6) intersect either on the line joining. 
(8, 4) to (6, 1), or on that joining (1, 3) to (4, 6). But if the latter were the case the 
triangles 123, 456 would be homologous (see Ex. 3, p. 59), and therefore tlie inter- 
sections 14, 25, 36 on a right line ; and if we suppose five of these tangents fixed, the 
sixth iuafcead of touching a conic would pass through a fixed point* 
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The theorem of Art. 264 may be considered as a still further 
extension of the same theorem, and three conies which have 
each double contact with a fourth may be considered as having 
four radical centres, through each of which pass three of their 
common chords. 

The theorem of this Article may, as in Art. 108, be other- 
wise enunciated : Otven four points on a conic section^ its chord of 
intersection with a fixed conic passing through two of these points 
will pass through a fixed point. 

Ex. 1. If through one of the points of interaection of two conies we draw any line 
meeting the conies in the points P, p, and through any 
other point of inteisection B a line meeting the conies in 
the points Q, ^, then the lines PQ, pq will meet on Ci>, 
the other chord of intersection. This is got by supposing 
one of the conies to reduce to the pair of lines OAy OB, 

Ex. 2. If two right lines, drawn through the {mint of 
contact of two conies, meet the curves in points P, />, Qi y, 
then the chords PQ^ pq will meet on the chord of inter- 
section of the conies. 

This is also a particular case of a theorem given in Art. 264, since one interseetioiv 
of common ta^gepts to two conies which touch reduces to the point of contactr 
(Cor., Art. 117). 

267. The equation of a conic circumscribing a quadrilateral 
(a7 = i)3S) furnishes us with a proof of "Pascal's theorem," 
that the three intersections of the opposite sides of any hexagon, 
inscribed in a conic section are in one right line. 

Let the vertices be ahcdef and let aJ = denote the equation 
of the line joining the points a, h ; then, since the conic circum- 
scribes the quadrilateral abcd^ its equation must be capable of 
being put into the form 

ah.cd^ho.ad^O. 
But since it also circumscribes the quadrilateral defa^ the same 
equation must be capable of being expressed in the form 

de ,fa ^ef.ad^ 0. 
From the identity of these expressions, we have 

ah.cd - de,fa = (Jc — ef) ad. 
Hence, we learn that the left-hand side of this equation (which 
from its form represents a figure circumscribing the quadrilateral 
formed by the lines aJ, efe, erf, af) is resolvable into two factors, 
which must therefore represent the diagonals of that quadri- 
lateral. But ad is evidently the diagonal which joins the vertices 
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a and d^ therefore he-ef must be the other, and mast join the 
points (ai, de\ {cd^ of) ; and since from its form it denotes a line 
through the point (&c, e/"), it follows that these three points are 
in one right line, 

268. We may, as in the case of Brianchon's theorem, obtain 
a number of different theorems concerning the same six points^ 
according to the different orders in which we take them. Thus^ 
since the conic circumscribes the quadrilateral bce/^ its equation 
can be expressed ia the form 

be^cf—hcef—O. 
Jfow, from identifying this with the first form given, in the last 
Article, we have 

ab,cd'-be.cf=i{ad'-e/) bc\ 

whence, as before, we learn that the three points (aJ, c/*), (erf, be)y 
{adj ef) lie in one right line, viz. ad — ^= 0. 

In like manner, from identifying the second and third forma 
of the equation of the conic, we learn that the three points 
(efe, cf)j (/a, be)y {adj be) lie in one right line, viz. 6^ -00?= On 
But the three right lines 

5(j— e/'=0, ef-ad=Oj ad-bo=^(yy 
meet in a point (Art. 41). Hence we have Steiner's theoren\ 
that " the three Pascal's lines which are obtained by taking the. 
vertices in the orders respectively, ahcdef^ adcfeh^ afchcd^ meet 
in a point." For some further developments oji this subject wa 
refer the reader to the note at the end of the volume, 

Ek. 1. If a, 6, c be three points on a right line ; a', b'y c^ three points on another 
line, then the intersections {bc% 6V), {ca\ e'a), {ah\ a'b) lie in a right line. This is. 
a particular case of Pascal's theorem. It remains true if the second line be at infinity, 
and the lines ba\ ea* be pai*allel to a given Une, and similarljr for eb'^ ab' ; ac'^ bc\ 

Ex. 2. From four lines can be made fonr triangles, by leaving out in turn one. 
line : the four intersections of perpendiculars of these triangles lie in a right line. 
Let a, bj Cj d he the right lines ; a', 6', c', dC lin&<i perpendicular to them ; then the. 
theorem follows by applying the last example to the three points o{ intecBCction o^ 
a, bj e with d, and the three points at infinity on o', i', &.* 

• This proof was given me independently by Prof. De Morgan and by Mr. Bumside, 
The theorem itself, of which another pi'oof has been given p. 217, may also be deduced^ 
from Steiner's theorem, Ex. 3, p. 212. For the four intersections of perpendiculars, 
must lie on the directrix of the parabola, which has the four lines for tangents. The 
line joining the middle points of diagonals is parallel to the axis (sec Ex. 1, p. 212). 
It follows in the same way from Cor. 4, p. 207, that the circles circumscribing the four 
triangles pass through the same point, viz. the focos of the same parabola. If we ar^ 



Digitized by VjOOQIC 



METHODS OF ABRIDGED NOTATION. 247 

Ex. 8. Steiner's theorem, that the perpendicnlars of the triangle formed by three 
tangents to a parabola intersect on the directrix is a particular case of Brianchon's 
theorem. For let the three tangents be o, <J, c ; let three tangents perpendicular to 
them be a', 6', c', and let the line at infinity, which is also a tangent (Art. 254) be oo . 
Then consider the six tangents a, b, c, c', oo , a' ; and the lines joining ab, c'ao ; 
bCf a'co ; cc\ aa' meet in a point. The first two are perpendiculars of the triangle, 
and the last is the directrix on which intersect eveiy pair of rectangular tangents 
(Art. 221). This proof is by Mr. John C. Moore. 

Ex. 4. Given fire tangents to a conic, to find the point of contact of any. Let 
ABCBE be the pentagon formed by the tangents; then, \l AC and BE intersect in 
Of BO passes through the point of contact of AB. This is derived from Brianchon's 
theorem by supposing two sides of the hexagon to be indefinitely near, since any 
tangent is intersected by a consecatlve tangent at its point of contact (Art. 147). 

269. Pascal's theorem enables ns, given five points ^, J5, C, 
D, Ey to construct a conic; for if we draw any line -4 P through 




c n F B 

one of the given points, we can find the point F in which that 
line meets the conic again, and can so determine as mauj points 
on the conic as we please. For, by Pascal's theorem, the points 
of intersection [AB, DE\ [BC, EF), [CD, AF) are in one right 
line. But the points (AB, DE), [CD, AF) are by hypothesis 
known. If then we join these points 0, P, and join to E the 
point Q in which OP meets JBC, the intersection of ^^with AP 
determines F. In other words, F is the vertex of a triangle 
FPQ whose aides pass through the fxed points A,E, O, and whose 
base angles P, Q mane along the fixed lines CD, CB (see Ex. 3, 
p. 42). The theorem was stated in this form by MacLaurin. 

Ex. 1. Given five points on a conic, to find its centre. Draw AP parallel to BC 
and detei-mine the point F. Then AF and BC are two parallel chords and the line 
joining their middle points is a diameter. In like manner, by drawing QE parallel 
to CD we can find another diameter, and thus the centre. 

given five lines, M. Auguste Miquel has proved (see Catalan's Theorhmes et Pt-oblemes 
de Geometrie Eiementaire. p. 93) that the foci of the five parabolas which have four 
of the given lines for tangents lie on a circle (see Higher Plane Curves^ Art. 146). 
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Ex. 2. Given five points on a conic, to draw the tangent at any oiie Of them. 
The point F must then coincide with A, and the line QF drawn through E muBt 
therefore take the position qA, The tangent therefore mttst \»pA. 

Ex. 8. Inlrestigate by trilinear coordinates (Art. 62) MacLanrin's method of 
generating conies. In other words, find the locus of the vertex of a triangle whose 
sides pass through fixed points and base angles move on fixed lines. Let a, /3, y 
be the sides of the triangle formed by the fixed points, and let the fixed lines be 
io + m/3 + ny = 0, ^o + »n'/3 + »'y = O* I^t ^'^ ^ase be o = /i/J. Then the line 
joining to /Sy, the intersection of the base with the first fixed line, is 

(/m + m) /3 + ny = 0. 
And the line joining to ay, the intersection of the base with the second Ime, is 

(7V ■>fm*)a-\- n'fxy = 0. 
Eliminating /x ftom the last two equations, the equation of the locus is found to be 

/m'a/3 = (fl»/3 + ny) {J a + n'y), 
a oonic passing through the points 

/3y, yo, (o, /o + in/3 + ny), ifi, fd + to'/3 + n'y)* 

EQUATION REFEBRED TO TWO TANGENTS AND THElB CHORD. 

270. It much facilitates computation (Art. 229) when the 
position of a point on a curve can be expressed by a single 
variable ; and this we are able to do in the case of two of the 
principal forms of equations of conies already given. First, let 
i, -Jf be any two tangents and -fi their chord of contact. Then 
the equation of the conic (Art. 252) is iif= jB' ; and if /ii = -B 
be the equation of the line joining LR to any point on the 
curve (which we shall call the point /i), then substituting in the 
equation of the curve, we get M=^^R and yi^L^M for the 
equations of the lines joining the same point to MR and to LM. 
Any two of these three equations therefore will determine a 
point on the conic. 

The equation of the chord joining two points on the curve 

/i/i-(/* + /)^ + ^ = 0. 
For it is satisfied by either of the suppositions 

[ixL^R, ^R^M\ {f/L^R, fi'R'^if). . 
If fA and fM coincide we get the equation of the tangent, viz. 
/A''L-2/ijB+Af=0. 
Conversely, if the equation of a right line (fi^L-^fiR+M^O) 
involve an indeterminate fi in the second degree^ the line will 
always touch the conic £il/= 5\ 
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271. To find the equation of the 'polar of any point* 

The coordinates i', M\ R of the point substituted in the 
equation of either tangent through it give the result 

Now at the point of contact /x^ = y, and A = y (Art. 270)* 

Therefore the coordinates of the point of contaot satisfy th« 
equation 

MU-2RR-\-LM'^0f 

which is that of the polar required^ 

If the point had been given as the intersection of the lined 
aL = Ry bR = My it is found hj the same method that the equa« 
tion of the polar is 

aJZ-2a5 + if=a 

272. In apptyinfg these equjitions to examples it is tiseful itf 
fake notice that, if we eliminate B between the equations of 
two tangents 

we get fifi^^L =: M for the equation of the line joining LM for 
the intersection of these tangents. Hence,- if we are given the 
product of two /a's, fifJ ^a^ the intersection of the corresponding 
tangents lies on the fixed line aL^M. \vt th& same csise, sub-^ 
stituting a for /ia/a' in the equation of the chord joining the points, 
we see that that chord passes through the fiiced point {aL -f Jf, R). 

Again, since the equation of the line joining any point /x to 
LM is fi^L = if, the pointET + /ia^ — /.» lie on a right line passing 
through LM. 

Lastly, if iJf = 12', LM— Rf^ be the equationfs of two conies 
iiaving i, M for common tangents, then since the equation 
fi^L = M doea not involve -fi or -B', the line joining the point 
+ M on one conic to either of the points ± /^ on the other, passes 
through LM the intersection of cotnmon tangents. We shall 
say that the point + /* on the one conic corresponds directly to 
the point + fi and inversely to the point — /it on the other^ And 
we shall say that the chord joining any two points on one conio 
corresponds to the chord joining the corresponding points on 
the other. 
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Ex. 1. Cottwpondilig cliotds of two conies intereect on one of tiie chorda of 
intcraection of the comce. 

The conies LM-IO, LM-IC^ have iP-JT* for » psir of common chord*. 

Bat the chords 

evidently intersect ^nR-R, And if we clu»ge the signs of /*, m' in the second 
equation, they intersect on iZ + iZ*. 

Ex. 2. A triangle is circumscribed to a given conic ; two of its vertices move on 
fixed right lines ; to find the locus of the third. 

Let ufl take for lines of reference the two tangents through the intersection of the 
fixed lines, and their chord of contact. Let the equations of the fixed lines be 

while that of the conic is LM - iP = 0. 

Now we proved (Art. 272) that two tangents which meet on aZ - Jt must have 
the product of thdr /*"s = ii; hence, if one side of the triangle touch at the point /*, 

the -otheiB will touch at the points * , - , and their equationa will b© 

/» M 

?'i:,-2^i2 + Jlf=0, ^L-2^J?+iM'=0. 

^ can easily be eliminated from the last two equations, and the locus of the vertex 
is found to be ^ , 

the equation of a conic having double contact with the given one along the Kne -B*. 

Ex. 8. To find the envelope of the base of a triangle, inscribed in a conic, and 
whose two sides pass through fixed points. 

Take the line joining the fixed points for /?, let the equation of the conic be 
JLif = JEPr lu^cl those of the lines jcaning the fixed points to LAi be 
«X-J/=0, bL-M=(k 

Now, it was proved (Art. 272) that the extremities ef any chord passing through 
^L - M, £) mast have the product el their m'b = «. Henee, if the vertex be >a» the 

Itose angles must be ? and -, and the equation of the base must be 

tU>L-{a + b)fiR + p?M = 0. 
The base must,, therefore (Art. 270), always touch the conie 

ft conic having doublls contact with the given one along the line joining the giveit 
points. 

Ex. 4. To inseribe it a conic section a triangle whoee sides pass through three 
given points. 

Two of the points being assumed as in the last Example, we saw that the equa- 
tion of the base must be 

mhL-{fl-\'h)fiR + 11^ M = a. 

* This reasoning holds even when the point LM is within the conic, and therefoie 
tiio tangents L, M imaginary. But it may also be proved by the methods of the 
aext section, that when the equation of the conie is L* + if ' = J2>, that of the locua 
li of the form L> + i£* = k^B?^ 
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Now, if this line paaa throngh the point eL-R = 0, <fJl - Jf = 0, we miut hATO 

«*-(« + *) ^ + fi*cd = 0, 
an equation sufficient to determine /i. 

Now, ftt the point ^ we haye ^ = JZ; ^*Z s JT; hence the ooordinates of thii 
point most satisfy the equation 

abL - (a + *) ciJ -f cdM- 0. 
The qneRtion, therefore, admits of two solutions, for either of the points in which thi* 
line meets the carve may be taken for the vertex of the reqnirod triangle. The geo* 
metric oonetruction of this line is given Art. 297, Ek. 7. 

Ex. 5. The base of a triangle touches a given conic, its extremities move on two 
fixed -feangents to the eoaie, and the other two sides of the triangle pass through fixed 
|)oint8 ; $nd the loeaa of the vertex. 

Let the fixed tamgents bie L, Jl, aad the equation of the conk L3f=: JP. Thea 
the point of intersection of the line L with any tangent (/I'L — 2fiR + M) will have 
its coordinates L, R, M respectively proportional to 0, 1, 2fi. And (by Art. 65) tho 
e<;[uauon of the line joining this point to any fixed point L*KM* will b^ 

IW - VM = 2/» (Li? - L'R^, 

Similarly, the equation of the line joining the fixed point VITM** to the point 
(2, /A, 0), which is the intersection of the line M with the same tangent^ if 

2 {RM" - R'M) = p, {LM" - L"M). 

Fih'minating m the locns of the vertex is fband to be 

{LM' - LM) {LM" - L"M) = 4 {LR - LR) {RM" - BTM)^ 

the equation of a conic through the two given points. 

273. The chord joining the points /a tan^, ;& cot^ (where 
4> is any constant angle) will always touch a conic having double 
contact with the given one. For (Art. 270) the equation of the 
chord ifl 

/iA*i - /ajB (tan <^ + cot 0) + JIf = 0, 

which, since tan^-f cot^ = 2 cosec2^, is the equation of a tan- 
gent to LM sin'^^ = 5* at the point fi on that conic. It can be 
proved, in like manner, that the locus of the intersection of tan-* 
gents at the points /t tan^, /a cot ^ is the conic LM=^B^ 8in'2^« 

Ex. If in Ex. 5, Art. 272, the extremities of the base Ke on any conic having 
doable contact with the given conic, and passing through the given points, find the 
locus of the vertex. 

Let the conies be 

X3f-JP=0, Llf8in«2<^-JP=0k 

then, if any line tonch the latter at the point /i, it will meet the former in the points 
$1, tan^ and fx cot^ ; and if the fixed points are /a', /a", the equations of the sides arQ> 

^' tan<^X - (^' + fi tan<^) iZ + if =r 0, 

/i4/*" cot <^X -(/*"+ fi cot <^) ii + Jf=: 0. 

Smminating /<, the locus is found to be 

(4f - fk'i?) Oit"-^ - iQ = ta»«* {U - f^"R) {ji'L - S^ 
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274. Oiven four points of a conic^ the anharmonic rath of the 
pencil joining them to any fifth point is constant (Art. 259). 

The lines joiaiqg four points /*', iJk\ iif'\ ^l"' to any fifth 
point /Lt, are 

/ (AAi-J2) + (Jlf-/i5) = 0, /' (/iL-i?) + (3/-Mi?) = 0, 

;*'" (^L - iZ) + (ilf - li^E) = 0, 1^-' [fj.L ^B) + (ilf - fiM) * 0, 

f^^d their anharmonic ratio is (Art. 58) 

[p,'-^")[^"'-^"") 

(/*'-m"')(/*" -/'")' 

find is, therefore, independent of the position of the point /a. 

We shall, for brevity, use th^ expression, " the anharmonio 
ratio of four points of i^ conic," when we mean the anharmonic 
ratio of a pencil joining those points to any fifth point on the 
curve, 

275. Four fixed tangents cut any fifth in points whose anhav^ 
fnonic ratio is constant 

Let the fixed tangents be those at the points fi% fji,'% fi'\ /Lt"", 
and the variable tangent that at the point fi ; then the anhar* 
monic ratio in question is the same as that of the pencil joining 
the four points of iqtersectioa to the point Z/ilf. Bat (Art. 272) 
the equation^ pf the joining lines lire 

/A>2;-if = 0, /i>L-3f=0, /"M-J^=Q, /">i-if=0, 
a system (Art. 59) homographio with that fquqd in the las| 
Article, and whose anharmonic ratio is therefore the same. 
Thus, then, the anharmonic ratio of foi|r tangeqta ip the same 
as that of their points of contact. 

276. The expression given (Art. 274) for the anharmonic 
ratio of four points on a conic /*', /a", /a'", /*"" remains unchanged 
if we alter the sign of each of these quantities ; hence (Art. 272) 
if we draw four lines through any point LM^ the anharmonio 
ratio of four of the points (/*', /a", ^''', /i'"') where these lines meet 
the conicj is equal to the anharmonic ratio of the other four points 
(— /*', — fi\ - /t*"', — /:*"'') where these lines meet the conic. 

For the same reason, the anharmonio ratio of four points on one 
conic is equal to that of the four corresponding points on another; 
since corresponding points have the same fi (Art. 272). Again, 
the expression (Art. 274) remains unaltered, if we multiply each 
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/i either by tan <f} or cot ^ ; hence, we obtain a theorem of Mr. 
Townsend's, " 1/ two conies have double contact^ the anharmonio 
ratio of four of the points in which any four tangents to the one 
meet the other is the same as that of the other four points in which 
the four tangents meet the curve^ and also the same as that of the 
four points of contact. 

277. Conversely, given three fixed chords of a conic aa\ 
lb\ ce' ; a fourth chord dd^ such that the anharmonic ratio of 
abed is equal to that of aVc'^^ will always touch a certain conic 
having double contact with the given one. For let a, 6, c, a', b\ d 
denote the values of /x for the six given fixed points, and fu^ ik' 
those for the extremity of the variable chord, then the equation 

when cleared of fractions, may, for brevity, be written 

^/i/*' + 5/i + (7/i' + i) = 0, 
where A^ £, C^ D are known constants. Solving for ijf from this 
equation, and substituting in the equation of the chord 

it becomes 

fi{Bfi-\'D)L-\-B{fi (^/*+0) - {BfM + D)] ^M{Afi-^C) = 0, 
or fi^BL+AB)+fi{DL-^{C--B)B-AM]'-{DIt'VCM)^0, 
ivhich (Art. 270) always touches 

[DL-\-{C^B)B^AMY-\-4.{BL + AIi){CM-{-J)Il)^0, 
im equation which may be written in the form 

4 (5C- AB) {LM--R) + [DL+{B+ 0) i2 + ^Jf}"«0, 
showing that it has double contact with the given conic. 

In the particular case when -B=(7, the relation connecting 
/t, ti^ becomes 

^/i/A' + 5(/A + /*T + 2> = 0, 

which (Art. 51) expresses that the chord fXfifL - (ji •{- fi') B •}- M 
passes through a fixed point. 

EQUATION BEFEK5ED TO THE SIDES OF A SELF-CONJUGATE 
TRIANGLE. 

278, The equation referred to the sides of a self-conjugate 
triangle Pa" + 7n*/3' = wV i^^* 258) also allows the position of 
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any point to be expressed by a single indeterminate. For if 
we write la^ny cos^, mfi = ny sin0, theu, as at pp. 94, 219, 
the chord joining any two points is 

la cos^ (<^ + ^') + tnfi sin J (^ 4- ^0 =;= 727 cos^ (^ - <f/)^ 
and the tangent at any point is 

la coB<l> H- fn/S sin <j> = ny. 
If for symmetry we write the equation of the coniQ 

then it may be derived from the last equation, that the equation 
of the tangent at any point a'fi'y is 

aoa' + 5)8/8' + C77' = 0, 

and the equation of the polar of any point a')8V is necessarily 
of the same form (Art. 89). Comparing the equation last 
written with Xa + /i^ + v7 = 0, we see that the coordinates of 

the pole of the last line are - , ~ , - ; and, since the pole of 

any tangent is on the curve, the condition that \a + fifi+yy 

X* u* v" 

may touch the conic Is 1- 4- + - = 0. When this condition 

•^ a c 

is fulfilled the conic is evidently touched by all the four linea 

Xa ± /L6i8 ± 1^, and the lines of reference are the diagonals of the 

quadrilateral formed by these lines (see Ex. 3, Art. 146). In like 

manner, if the condition be fulfilled aa'" + 5)8'* + cy'' = 0, the 

conic passes through the four points a\ ±P^ ±y\ 

Ex. 1. Fmd the locua of the pole of a given line \a + nP + »y with regazd ta 
» conk which poeaes through four fixed pointa a\ ± /^, ± y'. 

Ans.'i^ + a^ + ^^O, 
« /3 y 

Ex. 2. Find the locus of the role of a given line Xa + /x/9 + vy^ with regard to ik 
oonic which touches four fixed lines la±mti± ny. . Pa . w'fl . n*y . 

A. fl V 

These examples aim give the locus of centra ; since the centre is the pole of thek 
line at infinity a sin il + /i sin B + 7 sin C, 

Ex. 8. What is the equation of the circle having the triangle of referenoe for a 
aelf-oon jugate triangle ? An4. (See Ex. 2, Art. 128) a' sin 2A -i- ^ an2B + y* wa2C= 0. 

It is easy to see (see Art. 258) that the centre of the circle is the intersection of 
perpendiculars of the triangle, the square of the radius being the rectangle under the 
segments of any of the perpendiculars (token with a positive sign when the triangle 
is obtuse angled, and with a negative sign when it is acute angled). In the latter 
gae^f therefore, the circle is imaginary. 
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280* The equation (Art. 268 (a)) aj»-fy" = cV (where the 
origin is a focus and 7 the corresponding directrix) is a parti- 
cular case of that just considered. The tangents through (7, x) 
to the curve are evidently ey + x and ey^x. If, therefore, the 
curve be a parabola, e = I ; and the tangents are the internal 
and external bisectors of the angle (7a;). Hence, " tangents to 
a parabola from any point on the directrix are at right angles 
to each other." 

In general, since 0? = 67 cos ^, y = ey sin^, we have 

|=tan(^; 

or <l> expresses the angle which any radius vector makes with x. 
Hence we can find the envelope of a chord which subtends 
a constant angle at the focus, for the chord 

X cosi (<^ + 4>) + y sin J (^ + ^') = e7 cos J {(f> - <^% 

if ^ - ^' be constant, must, by the present section, always touch 

aj« + y = «Vcos«i(^-f), 

a conic having the same focus and directrix as the given one. 

281. The line joining the focus to the intersection of two 
tangents is found by subtracting 

X cos + y sin 4 — «7 = 0, 

a? cos ^' + y sin ^' — 67 = 0, 
to bo X sin i (^ + <^') - y cos 4 (^ + ^') = 0, 

the equation of a line making an angle ^ (^ -f <!>') with the axis 
of a;, and therefore bisecting the angle between the focal radii. 

The line joining to the focus the point where the chord of 
contact meets the directrix ia 

X cosi {4> + ^') +y sin J (<^ + ^0 = ^f 
a line evidently at right angles to the last. 

To find the locus of the intersection of tangents at points which 
subtend a given angle 2i at the focus. 

By an elimination precisely the same as that in Ex. 2, Art. 102, 
the equation of the locus is found to be (a?* -f y") cos" S = e*7% 

* Art. 279 of the older editioDS ifl sow numbered Art. 258 (a). 
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which represents a conic having the same focus and directrix as 

the given one, and whose eccentricity =* k . 

If the curve be a parabola, the angle between the tangents is 
in this case given. For the tangent (ic cos^ +y sin^ - 7) bisects 
the angle between x cos^ fy sin^ and 7. The angle between the 
tangents is, therefore, half the angle between xcoB(f>+ysin<l> and 
X COB ^' + y sin <f>\ or = ^ (^ — ^'). Hence, the angle bettceen two 
tangents to a parabola is half the angle which the points of contact 
subtend at the focus ; and again, the locus of the intersection of 
tangents to aparabola^ which contain a given angle^ is a hyperbola 
with the same focus and directrix^ and whose eccentricity is the 
secant of the given angle^ or whose asymptotes contain double 
the given angle (Art. 167). 

282. Any two conies ham a common self-conjugate triangle. 
For (see Ex. 1, p. 148) if the conies intersect in the points 
^, 5, (7, D, the triangle formed by the points E^ F^ O, in which 
each pair of common chords intersect, is self-conjugate with 
regard to either conic. And if the sides of this triangle be 
Oy /8| 7, the equations of the conies can be expressed in the form 

We shall afterwards discuss the analytical problem of reducing 
the equations of the conies to this form. If the conies intersect 
in four imaginary points, the lines a, )9, 7 are still real. For it 
is obvious that any equation with real coefficients which is 
satisfied by the coordinates a(' + aj" V(- !)» y' + y"V(-l)r '^'*U 
also be satisfied by aj'-oj'Vt- i)i y'-/'V(-l)) a^^d that the 
line joining these points is real. Hence the four imaginary 
points common to two conies consist of two pairs 05' ± a?" V(- J \ 
y'±y'V(-l); a:'"±a;'"V(- 1), y"±y'"V(-l). Two of the 
common chords are real and four imaginary. But the equa- 
tions of these imaginary chords are of the form i±JlfV(-l)) 
i'±if'V(-l)j intersecting in two real points LM^ 1JM\ 
Consequently the three points E^ F^ are all reaL 

If the conies intersect in two real and two imaginaiy points, 
two of the common chords are real, viz. those joining the two 
real and two imaginary points; and the other four common 
chords are imaginary. And since each of the imaginary chords 
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passes through one of the two real points, it can have no other 
real point on it. Therefore, in this case, one of the three points 
J?, jP, is real and the other two imaginary ; and one of the 
sides of the self-conjugate triangle is real and the other two 
imaginary. 

£x. 1. iHnd the locus of yertet of a triangle whose hase angles more along o&« 
conic, and whose sides touch another. [The following solution ia Mr. Bumside's.] 
Let the conic touched by the sides be cb* + ^ — «', and the other aa^ + hy*-^ cz^. 
Then, as at Ex. 1, p. 94, the coordinates of the intersection of tangents at points a, y 
are oos^ (a + y)» sin | (a + y)} cos | (a — y) ; and the conditions of the problem giY« 

a 008* J (a + y) + ft Bin«i (a + y) =s c cos« J (a - y) ; 
or (a + ft - *) + (a — 6 - tf) coea cosy +(ft — e^a)Binasiny=:0. 

In 1 ke niannet 

(a + ft-tf) + (a— ft-d)«»^c08y + (ft-c-d) silijSsiny = 0, 
whence (a + ft - ^ cos |(a + /3) = (ft + e - a) coe^a - /9} cos y, 

(a + ft - c) sln^ (tf + /8) :=; (a + c - ft) cos i (o - /3) sin y J 

and, since the coordinates of the point whose locus we seek are oqb } (a -f /3f}, 
nn H<x '^ /3}» 008 |(a - /3)| the equation of the locus ia 

(ft + c - a)« "^ (tf + d-ft)« - (o + ft - c)« • 

Ex. 2. A triangle is inscribed in the conic afi-k-j/*- «', and two sides toudi th« 
Conio aa^ + fty* = ce* ; find the envelope of the third side. 

Am. (co + oft - ftc)«a^ + (aft + ft* - «»)'y« = (ftc -h «i - aft)*«*. 

ENVELOPES. 

283. If the eqnation of a right line involye an indetermidate 
quantity in any degree, and if we give to that indeterminate a 
series of different yalues, the eqilation represents a series of 
different lines, all of which touch a certain curve, which is called 
the envelope of the system of lines. We shall illustrate the 
general method of finding the equation of an envelope by 
proving, independently of Art. 270, that the line fjL*L — 2^B-\-Mf 
where fi is indeterminate, always touches the curve LM-^^IP. 
The point of intersection of the lines answering to the values 
fk and /* + i is determined by the two equations 

the second equation being derived from the first by substituting 
/* + A; for /i, erasing the terms which vanish in virtue of the first 
equation, and then dividing by k. The smaller k is, the more 
nearly does the second line approach to coincidence with th« 

LL. 
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first; and if W6 make & = 0, we find that the point of meeting 
of the first line with a consecutive line of the system is de- 
termined by the equations 

or, what comes to the same thing, by the equations 

Now since any point on a curve may be considered as the inter- 
section of two of its consecutive tangents (Art. 147), the point 
where any line meets its envelope is the same as that where 
it meets a consecutive tangent to the envelope; and therefore 
the two equations last written determine the point on the 
envelope which has the line /A*i — 2/ftiJ -f- M for its tangent. 
And by eliminating /i between the equations we get the equa- 
tion of the locus of all the points on the envelope, namely 

A similar argument will prove, even If X, Jf, R do not re- 
present right lines, that the curve represented by fi^L—2fjLB-\- M 
always touches the curve LM— B^. 

The envelope of i co8 0+ Jf sin<^ — A, where ^ is indeter- 
minate, may be either investigated directly in like manner, or 
may be reduced to the preceding by assuming tan^^ = /i, when 
on substituting 

. 1-m" . . 2m 
<^s6= -— — J, Bm6as ^ , 

and clearing of fractions, we get an equation in which /* only 
enters in the second degree. 



284. We might also proceed as follows : The line 

/A"i-2/AS + Jlf 

is obviously a tangent to a curve of the second class (see note, 
p. 147) ; for only two lines of the system can be drawn through 
a given point: namely, those answering to the values of fjk 
determined by the equation 

where L\ Ry M' are the results of substituting the coordinates 
of the given point in X, R^ M. Now these values of ^ will 
evidently coincide, or the point will be the intersection of two 
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conBecutive tangents, if its coordinates satisfy the eqaation 
LM — a?. And, generally, if the indeterminate ^ enter alge- 
braically and in the n^ degree, into the equation of a line, the 
line will touch a curve of the t^ class, whose equation is found 
by expressing the conditiou that the equation in /^ shall have 
equal roots. 

Ex. 1. The Tertioes of a triangle moTe along the three fixed Imea a, /3, y, and twgi 
of the sides peas through two fixed pointa a!^y\ a"^'y'\ find the envelope of the 
third side. Let a + m/9 be the line joining to o^ the vertex which ^lOVQi along y^ 
(hen the equatiova of the aidea through the fixed pointa are 

And the equation of the base ia 

(«' + M/30 y^« + (a^ + M/n My'/9- («' + M^ (a^ + z^/S") y = Ov 
for it can be easily vended that this pasaea through the intersection of the first lina 
with a, and of the aeoond line with /?, Apangin^ accozdii^ to the ^weis of /i, we 
find for the envelope 

{a§^y" + /Sya" - ya'/3" - ya'W« = Aa*^ (ay - oTy) {fiy' - /Ty). 

Thia example may also be solved by a]:ranging according to the ^wera ol a, the 
equation in Ex. 8» p. 4^ 

Ex. 2. find the envelope of a line such that the product of the perpendiculan. 
on it from two fixed points may be constant. 

Take for axes the line joiuiog the fixed pointa and a perpendicular through ita 
middle point, so that the coordinates of the fixed points may bey = 0, = ±c; thei^ 
if the variable Une bey — m0 + fi = O, we have by the condition of the queatiop, 

(a + i»ic) (n - mtf) = 6* (1 + m«),, 

or •? = 3« + *%»« + <j«»\ 

but iB? = ^-.2maJ3f + !»««» 

therefore »i^ (»* - ft* - c*) - 2«wy + y» - ft* = 0* fc 

and the envelope la ajy =(a?-ft*-cs)(y*~ft*)» 

Ex. 8. Find the envelope of a line such that the sum of the aquarea of the perpem- 
diculazB on it from two fixed points may be ooustant. . 2x* . ^y* _ t 

**• A«-2o»'*" *«^" 

Ex. 4. Find the envelope if the difference of squares of perpendiculars be given. 

An». A parabola^ 

Ex. 6. Through a fixed point O any line OF is drawn to meet a fixed Une ; to finck 
the envelope of PQ drawn so as to make the angle OPQ constant. 

Let OP make the angle 6 with the perpendicular on the fixed line, and its length 
Is J? sec 6 ; but the perpendicular from O on PQ makes a fixed angle ^ with OP, 
therefore its length is =;> sec6 coe^; and since this perpendicular makes an angle 
7= 6 + /3 with the perpendicular on the fixed line,, if we assume the latter for the axis 
ol x^ the equation of PQ is 

« coa (6 + /3) + y sin (6 + P) = p see 6 COB /9y 
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or ff 003(2e + /9) + y sin (26 + /9) = 2^ 009 /9 - » 008/3 ^ ^ Bin/3, 

an equation of the form Xoofl^ + ifain^ = J?, 

whose enyelope^ thezef ore, ia 

ai» + ^ a: (a cos /9 + y Bin /3 - 2p oos /3)% 
the equation of a parabgla haying the poi4t for its focus. 

A B 

Ex. 6. Find the enyelope of the line - + — = 1, where the indeterminafces are 

connected by the relation ii + fi* =zC. 

We mi|7 aubetitute for n', C— n, and dear of fractions; the enyelope ia thua 
found to be jit^B^^c^^2AB- UC- 2£Cz=0, 

tOL equatipD to which the following form will be found to be equivalent, 
±4A±4B±4C=0. 

Thus, for example^-vQiyea Tertical angle and sum of sides of a triangle to Qnd th« 
enyelope of base. 



The equation of the base ia "^j^^ 

where a + d =: e. 

The enyelope is, therefore, 

fl>* + y* - 2a?y - 2«B - 2cy + c« = 0^ 

a pambola touching the sides x and y. 

In like manner, — Given in position two conjugate diameters of an ellipse, and thf 
vnm of their squaresy to find its envelope. 

«* «« 
If In the equatloa ~7a '^ a's ~ *■» 

we have a** + *'* « ^, the envelope ia 

a±y±e^O. 
The ellipse^ therefore, must always touch four fixed right lines, 

285. If the coefficients in the equation qf any right line 
\a + /*i8+ V7 be connected by any relation of tM second order 
in \, /i, V, 

-4X" + P/a" + Cf^ + 2i?>v + 2 <?vX + 2i7\/i = 0, 

the envelope of the line ia a conic section. Eliminating v between 
the equation of the right line and the given relation, we have 

(J7«-2ff7ra + Oa")X" + 2(J3V"--p7a- OyjS ■{- Caj3) \pt 

+ (57--2F7/9+C18"),*' = 0, 
and the envelope la 

(^7»-2 t77a+ Ga')[By'^2Fy0 + C/3») = (^/-i?Va- (?y^+ Oafi)\ 

Expandin^^ this equation, and dividing by y, we get 

i+{Gn^AF)l3y-{^2[nF^BG)ya-{-2{Fa''CS)o(ff^O. 
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The result of this article may be stated thus : Any tangential 
equation of the second order in \, /n, v represents a conic^ whose 
trilinear equation is found from the tangential hy exactly the 
same process that the tangential is found from the trilinear. 

For it is proved (as in Art. 151) that the condition that 
Xa + [A^ + V7 shall touch 

oa' + Ays' + C7* + 2/397 + 2(7ya + 2Aa8=:0, 
or, in other words, the tangential equation of that conic is 
(Jc-/«)V + (ca-(7«)/.-+ (aJ-A*) v» 

+ 2(^A-a/)fiv + 2(A/-J^)vX + 2(/7-cA)\/A-0. 

Conversely, the envelope of a line whose coefficients X, ^t, v 
fulfil the condition last written, is the conic aa' + &c. = ; and 
this may be verified by the equation of this article. For, 
if we write for -4, 5, &c., he — /*, ca - ^*, &c., the equation 
(5(7- F*) a* + &c. = becomes 

{ahc + 2fgh- af-^hg"- cV) [aol' + &/8'+ cf + 2//3y + 25r7a + 2hcLff) = 0. 

Ex. 1. We may dedaoe, as particular cases of the aboTe, the results of Arta. 127, 

F C IT 
130, namely, -that the envelope of a Ihie which fulfils the condition -. 4- / + ~ =0 

is ^{Fa) + ^((7/3) + 4{Hy) = ; and of one which fulfils the condition 
J(F\)+J((?M) + J(Bi.):=0 is ^+1+^=0. 

Ex. 2. What is the condition that \a + ii^ + vy should meet the conic given by 
|he general equation in real points ? 

Ans, The line meets in real points when the quantity {lite — /^ X' + 4c. is 
negative ; in imaginary points when this quantity is positive ; and touches when 
it vanishes. 

Ex. 8. What is the condition that the tangents drawn through a point a'/S^ 
should be real ? 

An8, The tangents are real when the quantity (BC— F*) a** + Ac. is negative ; 
or, in other words, when the quantities abc + 2fgh + Ac. and aa*^ + b^* + &.c. have 
opposite signs. The point will be inside the conic and the tangents imaginary when 
these quantities have like signs. 

286. It is proved, as at Art. 76, that if the condition be 
fulfilled, ABG-^2FGH--AF'^BGP^CW^% 
then the equation 

4X" + 5aa" + (7/ + 2F/L6V + 2 (?vA, + 2 ff\)[A = 
may be resolved into two factors, and is equivalent to one of the 
form (a'x + /S'/i + 7V) (a"\ + i8> + 7'V) ^ 0. 
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And since the equation is satisfied if either factor vanish, it 
denotes (Art. 51) that the line Xa + /A)9 + K7 passes through one 
or other of two fixed points. 

If, as in the last article, we write for A^ hc^/^j &c.. It will 
be found that the quantity AB0 + 2FQB'\^&c^ ia the square 
of aic + 2/57* + &0. 

Ex. If a oonio pass through two ghren points and ha^e double contact with a fixed 
GOniC| the chord of contact passes through one or other of two fixed points. For let 
B be the fixed conic, and let the equation of the other be 5 = (Xa + ju/S + 1^)*. ThOjA 
•ubstituting the coordinates of the two giyen points, we hare 

whence (Xa* + m/S* + »y') ^l(5") = ± (Xa" + m/3" + yy") 4(50, 

showing that Xa + ^/3 + wy passos thiongh one or othor of two fixed points, shioo 
8', 8" are known constants, 

287. To find the equation of a conic having double contact 
with two given conies, 8 and S'. Let E and i^ be a pair of 
their chords of intersection, so that 8- 8' ^EFy then 

lifl?'-^!*. (5+ 8') + i^=a 

represents a conic having double contact with 8 and 8\ for it 
may be written 

{^E+Fy=^Afi8^ or {fAE-^F)^:=^4fA8'. 

Since /a is of the second degree, we see that through any 
point can be drawn ttvo conies of this system; and there are 
three such systems, since there are three pairs of chords Ej jFV 
If 8' break up into right lines, there are only two pairs of 
chords distinct from 8'j and but two systems of touching conies. 
And when both 8 and 8^ break up into right lines there is but 
one such system. 

Ex. Find the equation of a oonio touching four glyen HneA. 

Ant, fi^E* - 2fi {AC+ BD)-hF* = 0^ 
where Aj B,C,D9m the sides ; J?, J* the diagonals, and AC - BD = £F, Qc xaocft 
ejmmetricaUy if i^ if, iNT be the diagonals, L ± if ± iV^ the sides^ 

M*X»-A»(X,« + if«-JV«)+if« = 0. 

For this always touches 4Z>ifs - (X* + if *- J^V 

= (X, + if + jv) (if + -y- z) (X, + -y- if) (if + £ - jv). 

Or, agtia, the equation may be written N* = ^f^ "^ ^« i ^"^ ^^^ ^^^' 
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288. The equation of a conic having double contact T^ith 
two circles assumes a simpler form, viz. 

The chords of contact of the conic with the circles are found 
to be O-'C' + fi^Oy and C7-(7'-/i=:0, 

which are therefore parallel to each other, and equidistant from 
the radical axis of the circles. This equation may also be written 
in the form ^C±^/0' = ^fA. 

Hence, the locus of a pointy the sum or difference of whose tangents 
to two given circles is constant^ is a conic having double contact 
with the two circles. If we suppose both circles infinitely small| 
we obtain the fundamental property of the foci of the conic 

If /EA be taken equal to the square of the intercept between 
the circles on one of their common tangents, the equation de« 
notes a pair of common tangents to the circles. 

Ex. 1. Solve by thia method the Examples (Arts. 118, 114) of finding common 
tangents to circles. 

^»M. Ex.1. JC+JC" = 4or = 2. ^fi». Ex.2. JC7+ JC"=r 1 or = ^-79, 

Ex. 2. Given three circles j let X, L' be a pair of common tangents to C, C" j 
M,M'toC"yC', N^N'toC, C; then if Z, Jf, AT meet in a point, so will L', if', JV'.* 
Let the equations of the pairs of common tangents be 

Then the condition that L, M, N should meet in a point is <' ± < = <" ; and it k 
obvious that when this condition is fulfilled, !»', M\ N' also meet in a point. 

Ex. 8. Three conies having double contact with a given one are met by three 
common chords, which do not pass all through the same point, in six points which 
lie on a conic. Gonsequently, if three of these points lie in a right line, so do the 
other three. Let the three conies be 8 — L\ 8 — M^^ 8- N*; and the common 
chords L + Mf M-\- N, N + L, then the truth of the theorem appears from inspeo- 
tion of the equation 

S + MN+NL+LM={3-L'^ + {L + M){L + N). 



* This principle is employed by Steiner in his solution of Malfatti's problem, via. 
" To inscribe in a triangle three circles which touch each other and each of which 
touches two sides of the triangle." Steiner's construction is, " Inscribe circles in the 
triangles formed by each side of the given triangle and the two adjacent bisectors 
of angles ; these circles having three common tangents meeting in a point will have 
three other common tangents meeting in a point, and these are common tangents to 
the circles required. For a geometrical proof of this by Dr. Hart, see Quarterly 
Journal of Afathemaiics, vol. I., p. 219. We may extend the problem by substituting 
for the word "circles," "conies having double contact with a given one." In this 
extension, the theorem of Ex. 8, or its reciprocal, takes the place of £x. 2, 
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GENERAL EQUATION OP THE SECOND DEGREE. 

289. There is no conic whose equation may not be written 
in the form 

oa' + J/9' + 07* + 2/387 + ^g^ti 4 2 Aa^S « 0. 
For this equation is obviously of the second degree ; and since 
it contains five independent constants, we can determine these 
constants so that the curve which it represents may pass through 
five given points, and therefore coincide with any given conic. 
The trilinear equation just written includes the ordinary Car- 
tesian equation, if we write x and y for ot and )9, and if we 
suppose the line 7 at infinity^ and therefore write 7 «= 1 (see 
Art. 69, and note p. 72). 

In like manner the equation of every curve of any degree 
may be expressed as a homogeneous function of a, /8, 7. For 
it can readily be proved that the number of terms in the complete 
equation of the ri*" order between two variables is the same as 
the number of terms in the Aoinogeneous equation of the n* 
order between three variables. The two equations then, con- 
taining the same number of constants, are equally capable of 
representing any particular curve. 

290. Since the coordinates of any point on the line joining 
two points a'/3'7', a^yS'V' are (Art. 66) of the form W + ma'\ 
Iff-^^mff'^ l*/ •\-m^\ we can find the points where this joining 
line meets any curve by substituting these values for a, yS, 7, 
and then determining the ratio I*, m hy means of the resulting 
equation.* Thus (see Art. 92) the points where the line meets 
a conic are determined by the quadratic 

P (aa'' + J)8^ + C7'» + SJ/J3Y + 2^7V H- 2Aa'/8') 
+ 2Zm{aaV' + Ji8^/3'' + C7'7" 

+/(/S'7" + yS'V) + 9 (7V' + 7V) + h (a'^' + a"/3')} 
+ m» {aal'^ + J/S'^ + C7"* + 2//3'V' + 2^7 V + 2Aa''i8") = ; 
or, as we may write it for brevity, PS^ + 2lmP-\-m*S^^ = 0. 
When the point a'^Y ^s on the curve, 8' vanishes, and the 
quadratic reduces to a simple equation. Solving it for I: m^ 

* This method was introdaoed by Joachimsthal. 
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we see that the coordinates of the point where the conic is met 
again hj the line joining o^^^'y^ to a point on the conic ol'^Y} 
are fiTV - 2Pa", S^'/^ - 2P^% Sy - 2iy'. These coordinate* 
reduce to a'/S''/ if the condition P= he fulfilled. Writing this 
at full length, We see that if a'^yS'V' satisfy the equation 
aaa!^' 6^8/3'+ cyY-^/W+ ^y) + 9 (7*' + 7'a) + * (a/S' + a'fi) = 0, 
then the line joining OL'ff'^' to ol^^ meets the curve in two 
points coincident with a'/S'y'; in other words, a'^/S'V' ^i^s oi* 
the tangent at dffy'. The equation just written is therefore 
the equation of the tangent. 

291. Arguing, fls at Art. 89, from the tynimetry between 
ft/87j (j[ffy of the equation just found, we infer that when tiff^ 
is not supposed to be on the curve^ the equation represents the 
polar of that point. The same conclusion may be drawn from 
observing) as at Art. 91, that P= expresses the condition that 
the line joining (iffy\ a^'/S'V^ shall be cut harmonically by the 
curve. The equation of the polar nlay be Written 

a' (aa + Ai8+j77) + /^ (Aa + &/3 \fi) + ^ G^a +f$-{'C-/) = 0. 
But the quantities which multiply a', /S', 7' respectively, are half 
the diflTerential coefficients of the equation of the conic with re* 
spect to a, )8, 7. We shall for shortness write 8^^ 8^j 8^, instead 

jn jn jn 

of ^ , -7^ , -%— ; and We see that the equation of the polar ia 

In particular^ if /S'j Y both vanish, the polar of the point 0y 
Is 8^y or the equation of the polar of the intersection of two of the 
lines of reference is the differential coefficient of the equation of 
the conic considered as a function of the third. The equation of 
the polar being unaltered by interchanging afiy^ a'^V) ^^7 also 
be written aS,' + 08^ + 7/S,' = 0* 

292. When a conic breaks up into two right lines, the polar 
of any point whatever passes through the intersection of the 
right lines. Geometrically, it is evident that the locus of har- 
monic means of radii drawn through the point is the fourth 
harmonic to the pair of lines and the line joining their inter- 
section to the given point. And we might also infer, from tho 

MM. 
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formula of the last article^ that th« polar of any point Tvith 
respect to the pair of lines a^ is ^a + a'/9, the harmonic con- 
jugate with respect to a, ^8 of ^a - a')3, the line Joining a)8 to 
the given point. If then tb^ general equation represent a pair 
of lines, the polars of the three points )37, 7a, a^S, 

da^ + A)8^-^7 = 0, Aa + J)8+/7=0, .^a+/)8 + C7±=0, 
are three Ikes meeting in a point. Expressing, as in Art. 38, 
the condition that this should be the t^ase, by eliminating a, iS, 7 
between these equations, we get the condition, already found by 
other methods, that the equation should represent right lines, 
which we now see mi^ be written in the form oi a determinant, 

a* A, g 

or, expanded, abc + 2fgh — af* — J^ — cA' = 0. 

The left-hand side of this equation is called the diacriminant* 
of the equation of the conic. We shall denote it in what follows 
by the letter A. 

293. To find the coordinates of tlie pole of any line 
Xa + /*)8 + vff. Let «'^V ^ ^^ sought coordinates, then we 
must have 

aoC^-hpr-^gr/^X^ Aa'H-J/3'+/7' = M, ^ -fZ/y + ey'-v. 
Solving these equations for a', )8', 7', we get 

A^ - X [fg- ch) 4 M (ca - /) + V {gh^ af), 
AY^\(hf^bg) + fi{gk--a/) + v[ab--h')] 
or, if we use -4, B^ (7,t &c. in the same sense as in Art. 151, 
we find the coordinates of the pole respectively proportional to 

A\ + Efi+Ov^ H\ + Bfi + Fy^ G\ + F/m+Cv. 
Since the pole of any tangent to a conic is a point on that 
tangent, we can get the condition that Xa + /ifi + yy may touch 
the conic, by expressing the condition that the coordinates just 
found satisfy Xa + /a)8 + V7 = 0. We find thus, as in Art. 285, 
^X" + 5/*" + Cv" + 2F/[AV -I- 2 (?vX + 2^A/i = 0, 

* Bee Letsona on Modem Higher Algebra f Lesson xr. 

t A, Bf Cf Ac. are the minors of the determiiuuit of the last article. 
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If we write this equation S = (^ it will be observed that the 
coordinates of the pole are S^, S„ S„ that is to say, the diffe- 
rential coeflScients of S with respect to X, ^, v. Just, then, as the 
equation of the polar of any point is a5/ + )8/S/ + 7^,' = 0, sq 
the condition that Xa + /i)9 + K7 may pass through the pole of 
Va + /tt'/3 + V 7 (or, ia other words^ the tangential equation of 
this pole) is X2/ + 4*2/ + ^2/ = a Aud again, the condition 
that two lines Xa + ft^S+i^ X'a -f /*')8 -f y '7 may be conjugate 
with respect to the conic, that is to say, may be such that the 
pole of either lies on the other^ majr obviously be written in 
either of the equivalent forma 

\:\ \ /s, + /s, = 0, xs; + /*s/ + vs/ = 0- 

From the manner in which S was liere formed,, it i^peavs that 
% is the result of eliminating a', ff^ 7", p between the equatiom^ 

«a' + A)8' + ^7' + pX = 0, Aa'+ J^+/3f' + p/A = 0, 

^^'+//3' + C7' + pi' = <^ Xa' + M/9'+»7' = 0; 

ixi other words, that 2 may be written as the determinant 

X, ft, V, =:4X"t-B^'t CVt2i^^v + 2Qi'X + 2m^, 
a. A, ^E, X 
i, h A A* 

Ex. 1. To find the ooorcHnates of tlie pole of Xa + n^-y- vy with seqwd ta^ 
^2a) •(- 4(^fi). + *i(*>Y)* The tangential equation in this caae (Art. 180} bein^f 

Ifu; + mv\ + nXfi = 0, 
Ihe coocdinatCB of the pole are 

a'nmjr + n^ /3'=:nX+Rr, 7' = ^K + «lV 

Ex. 2. To find the locoB of the pole of \a + fifi + ry with respect to a con^ 
|)eing given three tangents, and one other condition.* 

Solving the preceding equations for /, m, fi, we find l,m,n proportional to. 

Now 4W + ^(m/3) + 4(nyr) denotes a oonic touching the three lines a, p, y ; and 
fmy fourth condition establishes a relation between 2, m, n, in which, if we substitute 
the values just found, we shaU have the loci^ of the pole of \a + ftfi + vy. If wtt 
write for \, fi, p. the sides of the triangle of reference a, 6, c, we shall have the locus 
pf the pole of the line at infinity aa + bfi + eyj that is, the locus of centre. Thus 

the condition that the oonic should toach Aa + Bfi-h Cy being 7 + & + ^ = ^ 

•— «• 

* 7^ method here used la taken from. Hoam's Retearehes on Conic SecCiom^ 

Digitized by VjOOQIC 



268 METHODS OP ABRIDGED NOTATION. 

(Art. 180), we infer that the locus pf the pole of \a + fi^ + uy with respect to n 
oouic tonphing the four lines a, fi, y, Aa + Bfir\- Cy, is the right line 

4 ^ B "*■ C ~ 

Or, again, since the condition that the conic should p^ss through a'/3'y' ^ 
4{la) + ^(w/3^ + J(ny') = 0, the locus of the pole of \a + /i/3 + i/y with respect to i^ 
ponic which touches the three lines a, ^, y, and passes through a point a'/3'y', is 

4{\a' (ft/3 + vy - Xa)} + J{ft/y (yy + Xa - ft/3)} + J{»»y' (Xa + ft/3 ^ vy)} = 0, 

which denotes a conic touching ft/3 + i«y — Xo, «y + Xo — ft/3, Xa + ftjS — vy. In the 
case where the locus of centre is sought, these three lines are the lines joining the^ 
ngidd^e pointy of the ^id^ of the tnmg\e formed by a, /3, y, 

Ex. a. To find the coordinates of the pole of \a + ft/3 + vy with respect tQ 
Ifiy + my a + ria/3. The tfkngential equation in this case being, Art. 127, 

P\^ + mV + «V - Swnfti/ - 2nlv\ - 2bn\fi = 0, 
the coordinates of the pole are 

d' = / (ZX — ffift — nv)f ^ = tn {mfi — nv — ?X), y* = n (nif — ?X — Wft), 
whence f»y + n^ = - 2^nX, «a' + /y* = - 2;OTnft, //3' + »»«' = - 2Zmnv j 
f^d, as in the last example, we find /, m, n respectively proportional to 

«' (ft^ + vy' - Xa'l, ^ (v/ + xa' - /x/3'), y' i^a' + ft^ - v-y')- 
Thus, then, since the condition that a conic circumscribing a/3y should pass througl^ 
p fourth point a'/3*y* is - 4- -^ + -7 = 0, the locus of the p«le of Xa +. ft/3 + i/^y, witl^ 
regard tp a conic passing through the four points, is 

J 0*/? + lO' - Xa) + I (vy + Xa -ft^) +-^, (Xa + ft/3 - ny) = 0, 

which, when the locus of centre is sought, denotes a conic passing through th^ 
niddle points of the sides of the triangle. The condition that the conic should 
touch ila + B/3+Cy being ^{At) + 4{Bm) + ^{Cn) = 0^ the locus of the pole of 
Xa + ft/3 + vy, with regard to 1^ conic passing through three points and touching^ 
» fixed line, is 

4{Aa (ft/3 + vy -s Xo)} + J{B/3 (vy + Xa - ft/3)} + ^Cy (Xo + ft/3 - y^) = 0, 
Ifhich, in general, represents a curre of the fourth de^^ree. 

294. If a*'/8'V' be any point on any of tbe tangents drawn 
to a curve from a fixed point o!^^\ the line joining a'/JV» a^/S'V' 
meets the curve In two coincidept points, and the equation \x\ 
I : m (Art. 290), which determines the points where the joining 
Jine meets the curve, will have equal roots. 

To find, then, the equation of all the tangents which can be 
drawn through a'/8Vj we must substitute la + ma\ 1/3 -|- tw/S*, 
?7 -I- mY in the equation of the curve, and form the condition 
that the resulting equation in 1 1 m sl^all haye equal roots, 
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Thus (see Art. 92) the equation of the pair of tangents to s^ 
conic is 88" = P*, where 

5 = oa* -I- &c., 8' = aa" 4 &c., P= aaa' + &o. 
This equation may also be written in another form ; for since 
any point on either tangent through a'^y' evidently possesses 
the property that the line joining it to a'/8'7' touches the curve, 
we have only to express the condition that the line joining twQ 
points (Art. 65) 

a(/3'7"-/9'y) + )8(7V'-7V) + 7(a'/3"-a"/3') = 

should touch the curve, and then consider a'^yS'V' variable, wheix 
we shall have the equation of the pair of tangents. In other 
words, we are to substitute fiy - li'y, y% — 7'a, a^ — afi for 
X, /£, y in the condition of Art. 285, 

Attending to the values given (Art. 285) for -4, 5, &c., it may 
easily be verified that 

(aa» + &c,) (aa" + Ac.) - (acta' + &c.)' = A {^Y -^ ^'7)' + &c. 

Ex. To find the locos of intersection of tangents which cut at right angles to 1^ 
^nic given by the general equation (eee Ex. 4, p. 169). 

We see now tbfit the equatioA of the pair of U^igents through any point (Art. 147) 
may also be written 

- 2F (« - «') (ay - yrO + 2 GJ (y - jO (ajy' - aj'y) - 2^ (ar - aO (y - yO = <^ 
This will represent two right lines at right angles when the sum of the coefficienta 
pf x^ and y' yaniahesi which gives for the equation of the locus 

C (z2 + y«) - 2 (?x - 2 Fy + .4 + 5 = . 

This circle has been called the director circle of the conic. When the carve is a 
parabola, 0=0, and we see that the equation of the directrix ia Gx + Fy = ^ [A + B}, 

295. It follows, as a particular case of the last, that the 
pairs of tangents from ^87, 7a, a/8 are 

J5y+C18«- 2^/37, Ca* + Ay'^2Gya, AjS" + Ba' - ^Eaff, 

^s indeed might be seen directly by throwing the equation of 
the curve into the form 

Now if the pair of tangents through y87 he j3 - ky^ /8 - 7/7, it 
lippears from these expressions that kk' ==j,^ and that the corre- 
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G A 
gponding quantities for the other pairs of tangents W*e -j , -^ i 

and these three multiplied together are = I. Hence, recollecting 
the meaning of k (Art. 54), we learn that if A^ F, 5, 2), (7, E 
be the angles of a circumscribing hexagon, 
sin ^.^^.sin FAB.sxn FBCmu DBCsm DCA .sin EGA ^ 
sin EAC^m FAG sin i^'^BJ:. sin i)BA .^mI>CB. &in EGB " 
Hence also three pairs of lines will touch the same conic If 
their equations can be thrown into the form 
-Jf *+ N'-^ %fMN^ 0, J^+ i<«+ 2/i^i = 0, Z« + Jlf* + iKLM^ 0, 
for the equations of the three pairs of tangents, already foun4 
ean be thrown iato this form by writiog L\I[A) for a, &c. 

296. If we wish to form the equations of the lines joining 
to a'ySV all the points of intersection of two curves, we have 
only to substitufe la, + wa\ 7/3 + tw/S', ?7 + inrf in both equations^ 
and eliminate I ; m, from the resulting equatious. For any 
point on any of the lines in question evidently possesses the 
property that the line joining it to ol^^' meets both curves in 
the same point ; therefore the equations in Z : m, which determine 
the points where one of these lines meets both curves, must 
have a common root ; and therefore the result of ellminatioi^ 
between them Is satisfied. Thus, the equation of the pair of 
lines joining to a'^7' the points where any right line L meets 8y 
is U'S'- ^LUP^^ VS = a If the point f^ffi be OA the curve 
the equation reduces to ![&- 2iP=0, 

Ex. A ohord which subtends a right angle at a gi^en point on the cnnre passea 
through a fixed point (Ex . 2, Art. 181 ). We use the general equation, and by the formula 
last giFen, form the equation of the lines joining the giyen point to the inteisection 
of the conio with \x + my + ^, The coordinates being supposed rectangular, these lines, 
will be at right angles if the sum Of the ooe^cients of x' and y*- yanisfa, which gives th% 
condition 

(Xx' + fiy' + ») (a + *) = 2 {d>^ + h^f). 

And since X, /u, v enter in the first degree, the chord passes through a fixed pointi, 

ynj,, £ «', x%f. If the point on the curve vary, this other point will describa 

+ o a + » 

fi conic. If the angle subtended at the given point be not a right angle, or if tha 

angle be a right angle, but the given point not on the curve, the condition found ii^ 

like manner will contain X, ;«, p in the second degree, and the chord will envelopei 

» conic 

297. Since the equation of the polar of a point Involves the 
coefficients of the equation In the first degree, if an indeterminate 
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enter in the first degree into the equation of a conic it will 
enter in the first degree into the equation of the polar. Thus, 
if P and P be the polars of a point with regard to two conies 
Sy S^j then the polar of the same point with regard to 8+kff 
wiU be P+AP'. For 

(a + ka") a(/ + &c. = aaa^ + &c. + k {a'aa' + &c.}. 
Hence, given four points on a conic, the polar of any given point 
passes through a fixed point (Ex. 2, Art. 151 )» 

If Q and Qf be the polars of another point with regard to 8 
and /S', then the polar of this second point with regard to iff + 4/S' 
is Q-\-kQf. Thus, then (see Art. 69), the polars of two points 
with regard to a system of conies through four points form two 
homographic pencils of lines. 

Oiven two homographic pencils of lines^ the locus of the inter** 
section of the corresponding lines qf the pencils is a conic through 
the vertices of the pencils. For, if we eliminate k between 
P-^-kP'y Q^-kQf^ we get PQ=^FQ. In the particular case 
under consideration, the intersection of P+iP, Q -\-kQf i%\h% 
pole with respect to /S+ k8' of the line joining the two given 
points. And we see that, given four points on a conic^ the locus 
of the pole of a given line is a conic (Ex. 1, Art. 278). 

If an indeterminate enter in the second degree into the 
equation of a conic, it must also enter in the second degree 
into the equation of the polar of a given point, which will then 
envelope a conic. Thus, if a conic have double contact with 
two fixed conies, the polar of a fixed point will envelope one 
of three fixed conies ; for the equation of each system of conies 
in Art. 287 contains fi in the second degree. 

We shall in another chapter enter into fuller details re- 
specting the general equation, and here add a few examples 
illustrative of the principles already explained. 

Ex. 1. A point mores along a fixed line ; find the locns of the intersection of its 
polan with regard to two fixed conies. If the polars of any two points a'/^y', a"/3'V' 
on the given line with respect to the two conies be P', P" ; Q*, 0" ; then any other 
point on the line is Xo' + /io", X/3' + /4)3", Xy' + fiy"; and its polare \F + fnP" 
\Q' + A*Q"» ^liicb intersect on the conic P'Q" = F'Q^. 

Ex. 2. The anharmonlo ratio of four points on a right line ia the some as that 
of their four polars. 

For the anharmonic ratio of the four points 

la' + ma", Va' + m'a", Va' + m^aT, ra' + w'"*", 
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is evidently the same &s that of the four lines 

Ex. 3. To find th6 equation of thd pair of tangents at the points where a cOHic B 
is met by the line y. 

The equation of the polar of any point on y is (Art. 291) a'8x + fiS^ = 0. But 
the points where y meets the curve are found by m&king y = in the genetid 
equation, whence 

Eliminating «', ff between these equations, we get toi the equation of the pair 
of tangents 

a5a«-2A5i5, + iV = 0. 
Thus the equation of the asymptotes of a conic (given by the Odrtesian equation) is 



■(!)•-© ©*'©■•* 



icfi the asymptotes are the tangents at the points where the curve is met by the lidd 
at infinity z, 

Ex. 4. Giv^n three pointd on a conic : if ond asymptote pass through a fixed 
point) the other will envelope a conic touching the sides of the given triangle. If 
tiy t^ be the asymptotes, and aa + bp + cy the line at infinity, the equation of the 
conic is t^t^ = {aa + bfi + cy)'. But since it passes through /3y, ya, a/3, the equa- 
tion must not contain the terms a*, /9^, y\ If therefore t| be A.a + /</3 + vy, t^ must 

be^tf+-/3+-y; and if t^ pass through a'/J'y', then (Ex. 1, Art. 285) t^ touchea 

a J(ao') + b J03/3*) + e J(yy*) = 0. The same argument proves that if a conic pass 

through three fixed points, and if one of its chords of intersection with a conic given 

G b ^ c 
by the general equation aa'+Ac. = be Xo+ A*/3+io'» the other will bera + -j/3 + -7'» 

Ex. 6. Given a self conjugate triangle with regard to a conic : if one chord of 
intentection with a fixed conic (given by the general equation) pass through a fixed 
point, the other will envelope a conic [Mr. Bumside]. The terms a^, /3y, ya are 
now to disappear from the equation, whence if one chord be Xa + /u/S + vy, the othec 
is found to be 

\a{jjtg + ph- \f) + hP {vh + X/- ii^) + i^' (X/+ f^ff - vh), 

Ex. 6. il and A' {aifiiyi, a^y^ are the points of contact of a oommoii tiingent 
to two conies U, F; P and P' are variable points, one on each conic ; find the locus 
of C, the intersection of AP^ A*P^^ if PP* pass through a fixed point on the common 
tangent [Mr. Williamson]. 

Let P and Q denote the polars of ai/?iyi) "hPiYt) "^^^ respect to U and V resped- 
tively J then (Art. 290) if a/3y be the coordinates of C7, those of the point P where 
AC meets the conic again, are ITui - 2Po, C^/3, - 2P/9j CTy, - 2Py ; and those of the 
point P' are, in like manner, Fa, — 2Qa, <&c. If the line joining these points pass 
through Of which we choose as the intersection of a, /3, we must have 

U oi - 2P a _ Fflt, -2Qa 

U^x - 2PB " \%- 2Q^ ' 

and when A, A', are unrestricted in position, the locus is a curve of the fourth 
order. If, however, these points be in a right line, we may choose this for the line a, 
and maldng aj and a, = 0, the preceding equation becomes divisible by a, and re- 
duceb to the curve of the third order PF/?, = QU^i* Further, if the given points 
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aze points of contact of a common tangent, P and Q represent the same line ; and 
another factor dirides out of the equation which reduces to one of the form U~hV^ 
teptesenting a conic through the intersection of the given conies, 

fix. 7. To inscribe in a conic, pyen by the general equation, a triangle vrhaeA 
sides pass through the three points /3y, ya, a/3. We shall, as before^ write 5„ 8^ S^ 
for the three quantities, ao + A/3 + gy, ha + bp +//, ffa +fp + cy. Now we have 
seen, in general, that the line joining any point on the curve a/3y to another 
point a'/3'y' meets the curve again in a point, whdse octordinates are 8' a — ^P'a\ 
8'^ - 2P'^, S'y - 2PV. Now if the point a'/3y be the intersection of Imes /5, y, 
we may take a' = 1, /3' = 0, y^ = 0, which gives 5* = a, P' = 5,, and the coordinatea 
of the point where the line joining a^y to /3y meets the curve, are aa — 28^ afi, ay. 
In like mimnel*j the line joining afiy to yaf meets the curve ssgaia in &a, bfi — 2^9,, by^ 
The line joining these two points will pass through ajSj if 
aa — 2S^ _ ba . 
aj3 ~ */3 - 28^ ' 

dt, reducinjf 28^8^ = ad8^ + b^J^a 

which is the condition to 1)6 fulfilled by the coordinates of the vertex. Writing iU 
this equation aa = ^Sj — Aj3 — ^y, */3 = <S^ - Aa — /y, it becomes 

h {d8i + /35j) + y (/8, + g8^) = 0. 

But since a/9y is on the curve, a8i + i3i9^ + y/Sfi = Oj and the equation last writteil 
tedhces to 

tWSi-{'g8i-h8t)^0. 

Now the ftictctr y may be set aside as irrelevaxtt to the g^metric solution of th^ 
problem ; for although either of the points where y meets the curve fulfils the con- 
dition whi^h we have expressfed analytically, namely, that if it be joined to /3y and 
to ya, the joining lines meet the curve again in points which lie on a line with a/9 j 
yet, since thesfi joining lines coincide, they cannot be sides of a triangle. The vertex 
of the soilght triangle is therefore either of the points where the curve is met by 
/8i + g8f — hS^. It can be verified immediately that /Si = gS^ =.hS^ denote tha 
lines joining the corresponding vertices of the triangles afiy, 5i5,5,. Consequently 
(see Ex. 2, Art. 60), the line /8i +g8^- A5, is constructs as follows : ** Form the id* 
angle DJBF wliose sides ^ 

are the polars of the 
given points J, B, C; 
let the lines joining the 

corresponding vertices t i^^iC^^^ / .^.^\yr 

of the two triangles 
meet the opposite sides 
of the polar triangle in 
Lf M, M; then the lines 
LMy MN, NL pass 
through the vertices of 
the required triangles." 
The truth of this construction is easUy shown geometrically : fdr if we suppose that 
we have drawn the two triangles 123, 456 which can be drawn through the points 
Af B, C; then applying Pascal's theorem to the hexagon 123456, we see that the 
line BC passes through the intersection of 16, 34. But this latter point is the pole 
of AL (Ex. 1, Art. 146). Conversely, then, AL passes through the pole of BC, and L 
is on the polar of A (Ex. 1, Art. 146). 

This construction becomes indeterminate if the triangle is self conjugate in which 
case the problem admits of an infinity of solutions. 

NN. 
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Ex. 8. If two conies have double contact, any tangent to the one is cnt liar- 
monicallj at its point of contact, the points where it meets the other, and whei-e 
it meets the chcvd of contact. 

If in the equation iS + JP = 0, we substitnte la' + wa", 7/8' + m^, W + ^y"* f®' 
«i Pi Y> (where the points a'ffy\ a"^'y" satisfy the equation jSf s= 0), we get 

Now, if tlie line joining a'/S'^', a'^'y'\ touch 5 + JP, tliis equation must be a 
perfect square; and it is evident that the only way this can happen is if P = — ^B^B^^ 
when the equation becomes {JR —mlfy-Q^ when the truth of the theorem is 
manifest. 

' Ex. 9. ^d the equation of the conic touching five lines, tis. a, /3, y, Aa+Bfi+ Cy, 
A'a-^-B'fi+Cy. 

Ant, (la)^ + (mfi)^ + {n*r)\ where J^ m, n are determined ty the toonditioBB 

Ex. to. Find Uie equation x>f iihe conic touching the fiye Iihgb, «, /3, y, « 4- /3 + y, 
2a + /9-y. 

Wehayel + m + » = 0, i7 + fli-» = 0i hen(5e the required equathm is 

2 (-«)* + (8/3)* + (y)* = 0. 

Ex. II. ^d the equation of the conic touching a, /3, y, at their middle points. 

An$. C«a)* + (i^* + (<?y)* = 0. 

Ex. 12. Find the condition that (la)^ ^^ (mfi)^ -f (^y)* = shonld Vepxesent a para- 
bola. 

Ant, The cnrYe touches the line at infinity when i "^ r + J = ^» 

Ex. 18. To find the locti8X)f the focus of a parabola touching a, /9, y. 
Generally, if the coordinates of one focus of a conic inscribed in the triangle afiy 
be a'^y\ the lines joining it to the Vertioes of the triangle will be 

and since the lines to the other focus midce equal angles with the lidflB of the triangle 
(Alt. 189), these lines will be (Art. 55) 

«'a = /9r/3, /y/3 = yV, yV = «'«; 

and the coordinates of the other focus may be taken -> , -^ , -> . 

Hence, if we are given the equation of any locus described by one focus, we can 
at once write down the equation of the locus described by the other; and if the 
second focus be at infinity, that is, if a'' sin^i + /3" sin ^ + y" sin C7= 0, the first 

sin A sin B sin C 
must lie on the drole — — + —a,- + -77- =? 0, The coordinates of the focus of 
a pr y 

a parabola at infinity are ^^ , ^^^ , ^^Qt B"»ce (remembering the relation in 
Ex. 12) these values satisfy both the equations, 

aBm^ + /3Biu£ + y8in(7=0, 4la + 4^ + Jny = 0. 

sinM 8in*J? Bin*(7 
The coordinates, then, of the finite focus are — r" » ' 1 • 
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Ex. 14. To find the equatioii of the directrix of this parabola. 
Forming, by Art. 291, the equation <^ the polar of the point whose ooocdiDates 
have jost been given, we find 

ia (8in«^ + «n«C-8inM)+w^ (fdnH7+B!ii«4-d«i«B) + »y (8inM+dii»5-8ln«(7)=0, 

or la sn 3 8U» C 006 ^ + m^ sin C ain ^ COB £ + ny sin il Bin J? COS C=0« 

Suhstitciiti^ foK • Iroiv Ex. i2, the equation beoomea 

^ain£ sinO(acoB^ - 7 008 C) + m sin Csin^ (/9 oobB - y COB C) =t); 

benoe the directrix always passes thvoqgh the intersection of the peq)endiculais of 
the triangle (see Ex. 8, Art 64). 

Ex. 15. Oxvea four tangents to « oonk find the locus of the focL Let the four 
tpngents be a, ^ y, d ; then, sinoe any line can be expressed in terms of three others, 
these most be connected by an identical relation aa + bp + ey + di=:0. This relation 
must Ue s^tis^ed, not only by the coordinates of one focus a'/d'yT, bat also by those 

of the other ^* ff* "^n ^* The locus is therefore the curre of the third degreob 
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CHAPTER XV. 

THE PRINCIPLE OF DUALITY j AND THE METHOD 0? 
RECIPRUCAIi POLARS. 

298. The methods of abridged not<ation, explained in the 
last chapter, ^PP^7 equally to tangential equations. Thu?, if 
the constants X, /a, v ia tl^e equation of a liqe b^ conqected by 
the relation 

(a\ + i/A + of) (a'X+JV + cV) = (a^X+i>+c'V) (a"'X4-J'>4c"V), 
the line (Art. 285) touches a conic. Now it is evident that one 
line which satisfies the given relation is that yrhos^ ^, ft, v are 
determiqed by the equations 

That Is to say, the line joining the points which these las^ 
equations represent (Art. 70), touches the conic in question, 
If thep a, iS, 7, 5 represent equations of points, (that is ta 
Bay, functiops of the first degree in X, M, v) ay^Jc^h \a 
the tangential equation of ^ conic touched by the four lines 
o^, /37, 78, §a. More generally, if 8 and ^ in tangential co-. 
ordinates represent any two curves, ^- kS represents a curve 
touched by every tangept common to 8 and S. For, whatever 
values of X, ft, v make both iS=0 aqd ST = 01, must also make 
S-k8^ = 0^ Thus, then, if 8 represent a conic, 8-rkal3 re-, 
presents a conic having common with S the pairs of tangents 
drawn from the points a, /S. Ag^in, the equation ay=^ki3^ 
represents a conic such that the two tangents which can be 
drawn from the point a coincide with the line a^S; and those 
which can be drawn from 7 coincide with the line 7)8. The 
points a, 7 are therefore on this conic, and 13 is the pole of the 
line joining them. In like manner, 8 -a* represents a conic 
having double contact with 8^ and the tangents at the point£( 
of contact meet in a ; or, in other words, a is the pole of the 
chord of contact. 

So again, the equation a7 = k^/91* may be treated in the same 
manner as at Art. 270, and any point on the ^i|rye may be 
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rcprcBented by /A^a + 2;iAv3 + 7, while the tangent at that point 

joins the points ^a + Tc^^ ^kfi + 7.* 

Ex. 1. To find the locta of the centre of conica tonching four given lines. Let 
E = 0, E' = he the tangential equations of any two conies touching the four lines ' 
then, by Art, 298, the tangential equation of any other is Z + kL'= 0. And (see 

Art. 151) the coordinates of the centre are (fTj^Qn c+kC * *^® ^^^"^ ^^ which 
shows (Art. 7) that the centre of the variable conic is on the line joining the centres 

G F G' F' 

of the two assunSed oqnics, whose coordinates "« ^ , ^i ^ , ^ ; and that it divides 

the distance between them in the ratio C :kC*. 

Ex. 2. To find the locus of the foci of conies touching lour given lines. We have 
pnly i» the equations (Ex. Art. 258a) which determine the foci to substitute A + kA^ 
for Af dc, and then eliminate k between them, when we get the result in the form 
{C'{x'-y^)-^2Fy'-2Gx+A-B}{C'xy-rx- G^ + H'} 

z={C{x''-y^ + 2F'y-2G'^ + A'-'£'}{Cxy-DB-Gy + H]. 

This represents a curve of the third degree (see Ex. 15, p. 275), the terms of higher 
Older mutually destroying. If, however, E and E' be parabolas, E + kJ^' denotes 
a system of parabolas hi^ving three tangents common. We have then C and C both 
= 0, and the locus of foci reduces to a circle. Again, if the conies be conocntric, 
taking the centre as origin, we have F, /*, (?, G ' all = 0. In this case E + kZ' re- 
presents a system of conies touching the four sides of a parallelogram and the locna 
pf foci is an equilateral hyperbola.t 

Ex. 3. The director circles pf conies touching four fixed linea have a common 
^dical axis. This is apparent from what was proved, p. 270, that the equation of 
the director circle is a linear function of the coefficients Aj By dkc, and that therefore 
when we substitute A + kA^ for 4i Ac. it will be of the form S + kS' = 0. This 
^heoi-em includes as a particular case, '< The circles having for diameters the three 
diagonals of a complete quadrilateral have a common radical axis." 

299. Thus we see (as in Art. 70) that each of the equatioqs 
used in the last chapter is capable of a double interpretation, 
according as it is considered as an equation in trilinear or ia 
tangential coordiqates. And the eqgatioqs used in the last 
chapter, to establish any theorem, will, if interpreted as equations 

♦ In other words, if in any system aV^', ai^'y"z"j be the coordinates of any two 
points on a conic, and af^'tf'z^" those of the pole of the line joining them, the eo^ 
prdinates of any point on the curve may be written 

li"x' + 2f,hxf'' + «", fih,' + 2,xky"' + y", mV + ^fjcsf" + z\ 

while the tangent at that point divides the two fixed tangents in the ratios fi : k^ 
fik'.l. When £ = 1, the curve is a paraboU. Waz^t of space prevents us from giving 
illustrations of the great use of this principle in solving examples. The reader may 
try the question :— To find the locya of the point vhere a tangent meeting two fi^^e^ 
tangents is cut in a given r^tio. 

t It is proved in like manner that the locus of fod of conies passing through four 
^xed points, which is in general of the sixth degree, reduces to the fourth when the 
poiats form a parallelogram. 
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in tangential coordinates, yield another theorem, the reciprocal 
of the former. Thus (Art. 266) we proved that if three conies 
(iS, iS+ LM^ 8+LN) have two points (S, L) common to all, 
the chords in each case joining the remaining common pointa 
{My Nj M-'N)y will meet in a point. Consider these a& 
tangential equations, and the pair of tangents drawn from T4, 
is common to the three conies, while J/, Ny M— N denote ia 
each case the point of intersection of the other two common, 
tangents. We thus get the theorem, " If three conies have twa 
tangents common to all, the intersections in each case of th& 
remaining pair of common tangents, lie in a right line.^' Every 
theorem of position (that is to say, one not involving the magni^ 
tudes of lines or angles) is thus twofold. From each theorem 
another can be derived by suitably interchanging the worda 
** point " and " line " ; and the same equations differently inters 
preted will establish either theorem. We shall in this chapter 
give an account of the geometrical method by which the attention 
of mathematicians was first called to this ^' principle of duality."* 

300. Being given a fixed conic section ( U) and any curve- 
(8)y we can generate another curve («) as follows: draw any 
tangent to 8y and take its pole with regard to U] the locus of 
this pole will be a curve s^ which is called the polar curve of 8 
with regard to U. The conic Uy with regard to which the polo^ 
is taken, is called the auxiliary conic 

We have already met with a particular example of polar- 
curves (Ex. 12, Art. 225), where we proved that the polar curve- 
of one conic section with regard to another ia always a curve of 
the second degree. 

We shall for brevity say that a point corresponds to a lino- 
when we mean that the point is the pole of that line with regard 
to 27. Thus, since it appears from our definition that every point 
of s is the pole with regard to Uo{ some tangent to 8j we shalt 

* The method of reciprocal polars was introduced by M. Ponoelet, whose aoooan:^ 
of it will he found in Crelle's Journal, toI. it. M. PlUcker, in hia "System dec* 
Analytischen Oeometrie," 1886, presented the principle of duality in the purely ana-, 
lytical point of view, from which the subject is treated at the beginning of thia 
chapter. But it was Mbbius who, in his " Baryeentrische Calcul," 1827, had made 
the important step of introducing a system of coordinates in which the positioix o| 
fi right line was indicated by coordinates and that of a point by an equation. 
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briefly express this relation by saying that every point of a cor^ 
responds to some tangent of 8* 

301. The paint of intersection of two f^zngents to B will corre^ 
apond to the line joining the corresponding points of s. 

This follows from the property of the conic J7, that the point 
of intersection of any two lines is the pole of the line joining 
the poles of these two lines (Art 146) » 

Let ns suppose that in this theorem the two tangents to 8 
are indefinitely near, then the two corresponding points of s will 
also be indefinitely near, and the line joining them will be a 
tangent to s\ and since any tangent to 8 intersects the con- 
secutive tangent at its point of contact, the last theorem be- 
comes for this case : If any tangent to 8 correspond to a point 
en s^ the point of contact of that tangent to 8 will correspond to 
the tangent through the point on s. 

Hence we see that the relation between the curves is rect* 
procalj that is to say, that the curve 8 might be generated from 
8 in precisely the same manner that s was generated from & 
Hence the name ^^ reciprocal polars.'* 

302. We are now able, being given any theorem of position 
concerning any curve /S, to deduce another concerning the curve s. 
Thus, for example, if we know that a number of points con- 
nected with the figure 8 lie on one right line, we learn that the 
corresponding lines connected with the figure s meet in a point 
(Art. 146), and vice versd; if a number of points connected 
with the figure 8 lie on a conic section, the corresponding lines 
connected with s will touch the polar of that conic with regard 
to {7; or, in general, if the locus of any point connected with 8 
be any curve /S^, the envelope of the corresponding line connected 
with 8 is 8\ the reciprocal polar of 8". 

303. The degree of the polar reciprocal of any curve is equal 
to the class of the curve (see note. Art. 145), that isj to the number 
of tangents which can he drawn from any point to that curve. 

For the degree of s is the same as the number of points in 
which any line cuts s ; and to a number of points on ^, lying on 
a right line, correspond the same number of tangents to 8 passing 
through the point corresponding to that line. Thus, if /9 be a 
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conic section^ twoj and only two, tangents^ real or imaginarji 
can be drawn to it from any point (Art. 145)5 therefore, any 
line meets s in two, and only two points, real or imaginary ; we 
may thus infer, independently of Ex. 12, Art 225, that the reci- 
procal of any conic sectibn is a curve of the second degree^ 

304. We shall exemplify, in the case where S and s are conic 
sections, the mode of obtaining one theorem from another by 
this method. We know (Art. 267) that " if a hexagon be in- 
scribed in /S, whose sides are -4, S, Cj Z>, E^ F^ then the points 
of intersection, ADj BE^ CF^ are in one right line,'^ Hence we 
infer, that ^^ if a hexagon be ctVcumscribed about «, whose vertices 
are a, b^ c, rf, Cj/, then the lines, ad^ be^ cf^ will meet in a point " 
(Art. 265). Thus we see that Pascal's theorem and Brianchon's 
are reciprocal to each others and it was thus^ in fact^ that the 
latter was 6rst obtained. 

In order to give the student an opportunity of rendering him- 
self expert in the application of this method, we shall write in 
parallel columns some theorems, together with their reciprocab. 
The beginner ought carefully to examine the force of the argu*- 
ment by which the one is inferred from the other, and he ought 
to attempt to form for himself the reciprocal of each theorem 
before looking at the reciprocal we have given. He will soon 
find that the operation of forming the reciprocal theorem will 
f educe itself to a mere mechanical process of interchanging the 
words " point " and " line," " inscribed " and " circumscribed,'* 
" locus " and " envelope," &c. 

If two vertices of a tiiangld more If two sides of a triangle pass through 
along fixed right lines, while the sides fised points, while the vertices move on 
pass each through a fixed point, the locos fixed right lines, the envelope of the third 
of the third vertex is a conic section, side is a conic section. 
(Art. 269). 

If, however, the points through which If the lines on which the vertices move 
the sides pass lie in one right line, the meet in a point, the third side will pass 
locus will be a right line. (Ex. 2. p. 41). through a fixed point. 

In what other case will the locus be In what othdr case wiU the third side 
a right line? (Ex. 8, p. 42). pass through a fixed point ? (p. 49). 

If two conies touch, their reciprocals will also touch ; for the 
first pair have a point common, and also the tangent at that point 
common, therefore the second pair will have a tangent common 
and its point of contact also common. So likewise if two conies 
have double contact their reciprocals will have double contact* 
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If a tHtogte be dtcnmacribed to a 
Ocmto BtetlQim t^o of whMe vertices moT6 
on fixed linee, the locua of the thitd ver* 
t6k ifi a Qohib section, having double con- 
tact with the given one. (Ex. 2^ p. 250). 



If a triangle be inscribed fai a eonio 
Bectioh) two of Whose fiidee pass thiongh 
fixed points, the envelope of the third side 
is a tonic section, having double oontacjb 
with the given one. (Ex. 8^ p. 250). 



305. We proved (Art. 301, see figure, p. 282) i( to two points 
P^ P', on 5, correspond the tangents pt^pY^ on «, that the tan- 
gents at Pand P' will correspond to the points of contact 2?,^, 
and therefore Q, the intersection of these tangents, will corre* 
spend to the chord of contact pj/. Hence we learn that to 
any point Q^ and its polar PP"^ with respect to 8^ correspond a 
Unepp' and its pole q with respect to s» 



Given tWo tangents and two poinU 
on a ooniCj the point of intersection Of the 
tangents at those points will move along 
one or other of two fixed rif^t lino?. 

Given four tangents to a donid^ tild 
locus of the pole of a fixed right line ia 
a right line. (Ex. 2^ p. 254). 

Given four tangents to a conic, tiie 
envelope of the polar of a fixed point is 
a conic section. 

The points of interseetioD of eaeh side 
of any triangle, with the opposite side o^ 
the polar triangle, lie in one right line. 

Clrcnmscribe about a oonic a triangk 
whose vertices rest on three given lines. 



Given two poixits on a conioj and two 
6f its tangents^ the line joining the points 
of contact of those tangents passes through 
one or other of two fixed points. (Ex.| 
Art. 286, p. 262). 

Given four points on a conic, the polat 
of a fixed point passes through a fixed 
point. (Ex. 2, p. 153). 

Given four points on a conio, the locus 
of the pole of a fixed right line is a conic 
section. (Ex. t, p. 254)* 

The lines joining the vertices of il tri* 
angle to the opposite vertices of its polar 
triangle with regard to a conic meet in 
a point (Att. 99). 

Inscribe in a conic a triangle whose 
bides pass through three given pointed 
(Ex. 7, Art. 297, p. 278). 

306. Given two conies^ 8 and ffj and their ttro recipfocalsi 
s and / ; to the four points A^ S^ C^ D common to 8 &nd 8^ 
correspond the four tangents a^ &, c^ d comii^on to s and /^ and 
to the six chords of intersection of )9and S^ AS^ CD\ AG^ BD\ 
ADy BC correspond the six intersections of common tangents 
to s and «'; a J, cd\ acjbd*y ad^ be* 

if three' (ionics have tWo points com* 
Qton, or if they have each double contact 
with a fourth, tbp six points of inter* 
section of common tangents lie three hf 
three on the same right lines. 

Or three oonics, having eaeh double 
Cont&ct with a fourth, may be oonsiderod 



If three conies haVe two common tan- 
gents, or if they have each double contact 
With a fourth, their six chords of inter- 
section will pass three by three through 
the same points. (Art. 264). 

Or, in other words, three conic^ having 
each double coxttact with a fourth, may be 



.* A system of four points connected by six lines is accurately called a quaeb-anglef 
as a system of four lines intersecting in six pointe is called a quadiilateral. 

0. 
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considered m hftting four i*dicfti eentitB. 



If tbiougli thiB point of contact of t^ 
conicB which tonch, any chord be drawn, 
tangents at its extremities will meet on 
the common thord of the two oonict. 



If Uirongh an iiltuivoctldu df common 
tangents of two conies any two chords be 
^drawn, lines joining their extremities will 
intersect on one or other of the common 
chords of the two conies. (Ex. 1, p. 250). 

If A and B be two conies having each 
'donhle contact with S^ the chords of con- 
tact of A and B with 5, and their chords 
of intersection with each other, meet in 
a point, and form « hannonio pencil. 
(Art. 268). 

If i4, B^ (7 be thliee oonics, haTing 
€ach double contact with 5, and if A and 
B both tonch C, the tangents at the points 
of contact will intersect on a common 
chord t)f AvdAB. 



te hating fbnr axes of aimilitiide. (See 
Art 117, of which this theorem is an ex« 
tension). 

If from any point on the tangent at 
the point of contact of two conies which 
tonch, a tangent be drawn to each, the 
Hne joining their points of Contact will 
pass throngh the intersecticHi of oommoa 
tangents to the conies. 

If on a common chord of two conica^ 
ahy two points be taken, and from these 
tangents be drawn to the coniC!«, the dia- 
gonals of the quadrilateral so formed will 
pass throagh one or other of the intersco- 
tions of common tangents to the conies. 

If A and B be two conies haying each 
double contact with 8y the intersections 
of the tangents at their points of contact 
with iSf, and the intersections of tangents 
common to A and B, lie in one right line^ 
which they divide harmonically. 

If u4, S, C be three conies, having 
each double contact with 5, and if A and 
B both touch C) the line Joining the points 
of contact will pass through an interaeo- 
tion of common tangents of A and B, 



307. We have hitherto supposed the auxiliary couic {/to be 
any conic whatever. It is most common, however, to suppose 
this conic a circle ; and hereafter, when we speak of polar curves, 
we intend the reader to understand polars tcith regard to a circle^ 
unless we expressly state otherwise. 

We know (Art 88) that the polar of any point with regard 
to a circle is perpendicular to the line joining this point to the 
centre, and that the distances of the point and its polar are, when 
multiplied together, equal to the square of the radius; hence the 
relation between polar curves with regard to a circle is often 

stated as follows: Being given 

any point 0, iffrmn it toe lei/all 
a perpendicular OTon any tan'* 
gent to a curve 8j and produce 
it until the rectangle OT.Op is 
equal to a constant k*^ then the 
locus of the point p is a curve «, 
tohich is called the polar recipro^ 
cal of 8. For this is evidently 




Digitized by VjOOQIC 



THE METHOD OF RECI?£OCAL FOLABSk 283 

equiTalent to saying that p Is the pole of PTj with regard to 
a circle whose centre is and radios k. We see, thereforq 
(Art. 301), that the tangent pt will correspond to the point of 
contact Pj that is to say, that OP will be perpeadicular to pt^ 
wd that (?/\0^ = A?. 

It is easy to show that a change in the magnitude of k will 
affect only the size and not the shape of «, which is all that in 
most cases concerns us. In this manner of considering polars, 
nil mention of the circle may be suppressed, and s may be called 
the reciproctd of S loith regard, to, the j^irU 0^ We shall call 
this poiQt the origin^ 

The advantage of using the circle fbr our auxiliary conio 
chiefly arises from the two following theorems, which are at once 
deduced from what has been said, and which CAable qs to. trans-* 
form, by this method, uot only theorems of position, bMt alaa 
theorems involving the magnitude of lines and angles ; 

The distance of any point P from the origin is the reciprocal qf^ 
ihe distance from the origin of the corresponding line pU 

The angle TQT between any troo lines TQ^ TQ^ is equal ta 
$he angle p Op' subtended at the origin by the corresponding pointSi 
f^p'; for Op is perpendicular to TQ^ and Op' to TQ. 

We shall give some examples of the application, of theses 
principles when we havQ first ioivestigated tho fallawin|^ 
problem; 

308. Tbjind the polar reciprocal of one circle with regard tfh 

unother. That is to say, to find the locus of the pole p with re-* 

gard to the circle (0) of any tangent PT to the circle ((7). Let 

MN be the polar of the point C 

with regard to 0, then having 

the points (7, p^ and their polars 

MNy PTj we have, by Art. XOl, 

. OG Op , , ^ 
the ratio -r^j. = — f^, but the first 
CP pN^ 

ratio is constant, since both OC 

and OP are constant ; hence the 

distance of ^ from is to its distance from MN in the constant 

ratio 00: OP] its locus is therefore a conic, of which is a focus, 

[MN' the corresponding directrixj^ and whose eccentricity ia OQ 
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divided by CP. Hence the eccentricity is greater, less than, or 
■e 1, according as is without, within, or on the circle G, 

Hence the polar reciprocal of a circle is a conic section^ of 
which the origin is the focusj the line corresponding to the centre 
t$ the directrixj and which is an ellipse^ hyperbola^ or parabola^ 
according as the origin is within^ without^ or on the circle. 

309' We shall nqw deduce some properties coQcernii^ anglefl| 
\j the help of the last theorem given in Art. 307, 

Any two tangents to a circle mal^ The line c|rawn from the focas to th^ 
9(|iial an^ with th$iz chord of contact, intersection of two tangents bisects the 

angle subtended at the focos by their- 
^oxd of contact. (Art. 191). 

For the angle between one tangent PQ (see fig., p. 282) and 
the chord of contact PP is equal to the angle snbtended at the 
fbcus by the corresponding points p^ q] and similarlj, the angle 
QP'P is 0€[ual to the angle subtended by ^', ^; therefore^ sincQ 
qPF^ QFP, pOq^fO^, 

Any tazigent to a circle is perpen? Any pohit on a ^nic, and the poin^ 
dicular to the line joining ite point of where its tangent meets the directrix^ 
omtact. tQ the centra. subtend a iright angina at the f ocas. 

This follows as before, recollecting that th^ directrix of the 
eonh) answers to the centre of the circle. 

Any Une is i>efpendicu]ar to the line Any point and the intersection of its 
joining its poJi^ to the centre of the circle, polar with the directrix sabtend a ligh^ 

f^Dgle at the focna. 
The line joining any point to. the Xf the point where any line meets th^ 
eentre of a circle makes equal angles with directrix be joined to the focus, the join- 
the tangents through tl\at poin^ i^g line wiU bisect the angle between th^ 

local radi^ to the p<4nt8 where the g^vei^ 

^e meets the curve. 

The loens of the intersection of tan- The envelope of a ehord of a conic, 

gents to a circle^ which cn( at i^ giren which subtends a giyen angle at the focus, 

Wgle, is a eonoentiic circle. is a conic hayin|f the same focus and th(9 

same directrix. 
The eniKlope of the clv>id of contact Tbe locus of the inteisection of tai\« 
of tangents which cue at a giv^ angle gents, whose chord subtends a given angle 
is a concentric cizde. at the focus, is a conic having the sarn^ 

focus and directrix. 
If from a fixed point tangents be If a fixed Une intersect a series <4 
drawn to a series of concentric circles, conies havUig th^ same focus and same 
the locus of the points of contact Will be directrix, the envelope of the tangents to 
a circ]9 passing through the fixed poiat^ the conies, at the points where this line 
and through the common centre* meets then^, will be a conic having the 

same focus, and touching both the fixe4 
line and the common directrix. 



Digitized by VjOOQIC 



THE METHOD OF RECIPROCAL POLA.RS. 285 

In the latter theorem, if the fixed line be at infinity, we find 
the envelope of the asymptotes of a series of hyperbolas, having 
the same focus and same directrix, to be a parabola having the 
same focus and touching the common directrix. 

If two chords at right angles to each The locus of the intersection of tan* 

other ho drawn thromgh an^ point on a gents to a parabola whic]i cut at righ$ 

circle, the line joining their eii^tremities angles is the directrix, 
passes through the oentre. 

We say a parabola, for, the point through which the chords 
of the circle are drawn being taken for origin, the polar of the 
circle is a parabola {Art, 308), 

The envelope of a chord of a circle The locus of the intersection of tan- 
which subtends a given angle at a given gents to a parabola, which cut at a given 
point on the curve is a concentric circle. angle, is a conic having the same focua 

and the same directrix. 

Oiven base and vertical angle of a Qiven ^l position two sides of a tri- 

triangle, the locus of vertex is a circle angle, and the angle subtended by the 

passing thrpugh thQ extremities of the base at a given point, the envelope of the 

bas^ base is a conic, of which that point is a 

focus, and to which the two given sides 

will be tangents. 

The loons of the intersection of tan- The envelope of any chord of a conio 

gents to an ellipse or hyperbola which which subtends a right angle at any fixed 

cut at right angles is a circle. point ia a conic, of which that point ia 

a focus. 

^^ If from any point on the circumference of a circle perpen-> 
diculars be let fall on the sides of any inscribed triangle, their 
three feet will lie in one right line " (Art. 125). 

If we take the fixed point for origin, to the triangle inscribed 
in a circle will correspond a triangle circumscribed about a paror 
}>ola ; again, to the foot of the perpendicular on any line corre- 
sponds a line through the corresponding point perpendicular to 
the radius vector from the origin. Hence, " If we join the focus 
to each vertex of a triangle circumscribed about a parabola, and 
erect perpendiculars at the vertices to the joining lines, those 
perpendiculars will pass through the same point." If, thereforQ| 
a circle be described, having for diameter the radius vector from 
the focus to this point, it will pass through the vertices of the 
circumscribed triangle. Hence, Oiven three tangents to a para^ 
hohj the locus of the focus is the circumscribing circle (p. 207). 

The locus of the foot of the perpen- If from any point a radius vector be 
flicular (or of a line making a constant drawn to a circle, the envelope of a per- 
{mgle with ^e tangent) from the focus pendicular to it at its extremity (or of a 
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of an ellipse or hyperly)la oa the t«Dgei;it line making a constant anc^ with it) is a 
is a circle conic having the fixed point for its focus. 

310. Having sufficiently exemplified in the last Article the 
method of transforming theorems involving angles, we proceed 
to show that theorems involving the magnitude of lines passing 
through the origin are easily transformed by the help of the first 
theorem in Art. 307. For example, the sum (or, in some cases^ 
the difference, if the origin be without the circle) of the perpen<^ 
diculars let fall from the origin on any pair of parallel tangenta 
to a circle is constant, and equal to the diameter of the circle. 

Now, to two parallel lines correspond two points on a line 
passing through the origin. Hence, " the sum of the reciprocals, 
of the segments of any focal chord of an ellipse is constant." 

We know (p. 185) that this sum is four times the reciprocal 
of the parameter of the ellipse, and since we learn from the 
present example that it only depends on the diameter, and not 
on the position of the reciprocal circle, we infer that the red*^ 
procals of equal circles^ with regard to any origin^ have the same, 
parameter^ 

The rectangle under the segments of- The rectangle nnder the perpendicnlarfL 
any chord of 9, circle through the origin let fall from the focos on two parallel, 
is constant. tangenta is constant. 

Henoe, given the tangent from the origin to a circle^ we are> 
given the conjugate axis of the reciprocal hyperbola. 

Again, the theorem that the sum of the focal distances ot 
any point on an ellipse is constant may be expressed thus : 

The sum of the distances from the The sum of the reciprocals of perpen*. 
focus of the points of contact of parallel dicukrs let fall from any point within i^ 
tangents is constant. circle on two tangents, whose chord of con- 

tact passes through the point, is constant, 

311. If we are given any homogeneous equation connecting* 
the perpendiculars PA^ PB^ &c. let fall from a variable point P» 
on fixed lines, we can transform it so as to obtain a reUtioa 
connecting the perpendiculars op, bp &c., let fall from the fixed^ 
points a, &, &c., which correspond to the fixed lines, on the. 
variable line which corresponds to P. For we have only to* 
divide the equation by a power of OP, the distance of P fronx 
the origin, and then, by Art. 101, substitute for each ternx 
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C4» ^ • For example, If P4, PB^ PC, PD be the perpen». 

diculars let fall f^om any point of a conic on the sides of an 
inscribed quadrilateral, PA.PC^kPB.PD (Art. 259). Divid* 
ing each factoid by OP, and substituting, as above, we have 

y^ . ^ =^ ^ ' -fij 5 *°d Oa, Ob, Od, Od being constant, wo 

infer that if a fixed quadrilateral he circumscrtbed to a conic, 
the product of the perpendiculars let fall from two opposite vertices 
on any variable tangent is in a constant ratio to the product of the 
perpendiculars let fall from t/ie other two vertices. 

Tbe product a! the perpendicnlan from The prodact of the perpendicnlara hom 

any point of a conic on two fixed tangents two fixed points of a conic on any tan* 

is in a constant ratio to the square of the gent, is in a constant ratio to the square 

perpendicular on their chord of contact, of the perpendicular on it, from the inters 

(Art 259). section of tangents at those pointk 

If, however, the origin be taken on the chord of contact, the 
reciprocal theorem is ^^the intercepts, made by any variable 
tangent on two parallel tangents, have a constant rectangle.^^ 

The product of the perpendiculars on The square of the radius rector from 
any tangent of a conic from two fixed a fixed point to any point on a conic, is in 
points (the fod) is constant* a constant ratio to the product of the per* 

pendiculars let fall from that point of the 
eonic on two fixed right lines. 

Generally, since every equation in trilinear coordinates is 
a homogeneous relation between the perpendiculars from a point 
on three fixed lines, we can transform it by the method of this 
article, so as to obtain a relation connecting \, fi, y, the per^ 
pendiculars let fall from three fixed points on any tangent to 
the reciprocal curve, which may be regarded as a kind of tan- 
gential equation* of that curve. Thus the general trilinear 
equation of a conic becomes, when transformed, 

p p p pp p p pp 

where p, p', p" are the distances of the origin from the vertices 
of the new triangle of reference. Or, conversely, if we are 
given any relation of the second degree -4\" + &c. =0, con* 

* See Appendix on Tangential Equatloiifl. 
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nectiDg the three perpendiculars X, /i, v, the trillnear equation 
of the reciprocal curve is 

where a', ^^ 7' are the trilinear coordinates of the origin. 

El. 1. Giren the focus and a trilmgle tircnmscribing a oonic, the perpehdiculats 
let fall from ita rertioeB on any tangent to the conic are connected by the relation 

on e ^ + sin 6' ^ + sin 0*' ^ = 0, 

where 0, O*, B^ are the angles the sides of the triangle subtend at the foctis. Hiia 
is obtained by fbnning the reciprocal of the trilinear equation of the circle circum- 
scribing a triangle. If the centre of the inscribed circle be taken as focus, we haTe 
6 = 90® + (id, paja.^A=rf whence the tangential equation, on this system^ of the 
^isciibed circle id 

/ty cot ^il + A cot ( J9 + Xf& oot I C = 0. 

In the case of any of the exacribed circles two of the cotangents ale i^lacdd by 
tangents. 

El. 2. Given the focus and a triangle inscribed in a conic, the peipendiculan kfc 
iaU from its vertices on any tangent are connected by the relation 

Bin 46 J(^^) + dnie' Jg,) + sin je- Jg,) = 0. 

The tangential equation 6t the circumscribing circle takes the form 
sin^ J(X) + sin-B JO^i) + anC4{») = 0. 

Ex. 8. Given focus and three tangents the trilinear equation of the Conic k 

This is obtained by reciprocating the equation of the cironmscribing circle last foundt 

Ex. 4. In like manner, from Ex. 1, we find that given focus and three points the 
trilinear equation is 

tan i - + tan i 0' f + tan i6" ^ = 0. 

312* Very many theorems concerning magnitude may be 
reduced to theorems concerning lines cut harmonically or an* 
harmonically, and are transformed by the following principle: 
To any four points on a right line correspond four lines passing 
through a pointy and the anharmonic ratio of this pencil is the 
same as that of the four points. 

This is evident, since each leg of the pencil drawn from the 
origin to the given points is perpendicular to one of the corre- 
sponding lines. We may thus derive the anharmonic properties 
of conies in general from those of the circle. 

The anharmonic ratio of the pencil The anharmonic ratio of the point in 
joining four points on a conic to a variable which four fixed tangents to a conic cut 
fifth is constant. any fifth variable tangent is constant. 
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The first of these theorems is true for the cirole, since all the 
angles of the pencil are constant, therefore the second is tme 
for all conies. The second theorem is true for the circle, since 
the angles which the four points suhtend at the centre are 
constant, therefore the first theorem is true for all conies. 
By observing the angles which correspond in the reciprocal 
figure to the angles which are constant in the case of the circle, 
the student will perceive that the angles which the four points 
of the Tariable tangent subtend at either focus are constanti 
and that the angles are constant which are subtended at the 
focus bj the four points in which any inscribed pencil meets 
the directrix. 

313. The anharmonic ratio of a line is not the only relatioil 
concerning the magnitude of lines which can be expressed ia 
terms of the angles subtended by the lines at a fixed point. 
For, if there be any relation which, by substituting (as in Art. 56) 

r u 1- >*T, • 1 J • -x OA.OB,^\tLAOB , 

for each Ime AB myolTed m it, — -^p — ' , can be re- 
duced to a relation between the sines of angles subtended at a 
given point 0, this relation will be equally true for any trans- 
versal cutting the lines joining to the points A^ B^ &c. ; and 
by taking the given point for origin a reciprocal theorem can be 
easily obtained. For example, the following theorem, due to 
Camot, is an immediate consequence of Art. 148: ^^If any 
conic meet the side AB of any triangle in the points (^(l\ BC 
in a, a'; AOmh^V ] then the ratio 

Ac.Ac\Ba.Ba\ Gh. Cb' _ ,» 
Ab.Ab\Bc.Bc\Ca.Ca'^ ' 

Now, it will be seen that this ratio is such that we may. 
substitute for each line Ac the sine of the angle AOs^ which it 
subtends at any fixed point ; and if we take the reciprocal of 
this theorem, we obtain the theorem given already Art. 295. 

314. Having shown how to form the reciprocals of particular 
theorems, we shall add some general considerations respecting 
reciprocal conies. 

We proved (Art. 308) that the reciprocal of a circle is an' 
ellipse, hyperbola, or parabola, according as the origin is withini 

PP. 
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wkbolit, Of on the curve; we shall now extend this conclusion to 
ail the conic sections. It is evident that, the nearer any line or 
point is to the origin, the farther the corresponding point or line 
will be ; that if any line passes through the origin, the corre- 
sponding point must be at an infinite distance ; and that the line 
corresponding to the origin itself must be altogether at an infinite 
distance. To two tangents, therefore, through the origin on one 
figure, will correspond two points at an infinite distance on the 
other ; hence, if two real tangents can be drawn from the origin, 
the reciprocal curve will have two real points at infinity, that is, 
it will be a hyperbola ; if the tangents drawn from the origin be 
imaginary, the reciprocal curve will be an ellipse; if the origin 
be on the curve, the tangents from it coincide, therefore the 
points at infinity on the reciprocal curve coincide^ that is, the 
reciprocal curve will be a parabola. Since the line at infinity 
corresponds to the origin^ we see that, if the origin be a point on 
one curve, the line at infinity will be a tangent to the reciprocal 
curve ; and we are again led to the theorem (Art. 254) that 
every parabola has one tangent situated at an injinite distance. 

315. To the points of contact of two tangents through the 
origin must correspond the tangents at the two points at infinity 
on the reciprocal curve, that is to say, the asymptotes of the 
reciprocal curve. The eccentricity of the reciprocal hyperbola 
depending solely on the angle between its asymptotes, depends 
therefore on the angle between the tangents drawn from the 
origin to the original curve. 

Again, the intersection ef the asymptotes of the reciprocal 
curve {i,e, its centre) corresponds to the chord of contact of 
tangents from the origin to the original curve. We met with 
a particular case of this theorem when we proved that to the 
centre of a circle corresponds the directrix of the reciprocal 
conic, for the directrix is the polar of the origin which is the 
focus of that conic. 

Ex. 1. The reciprocal of a parabola with regard to a point on the directrix is an 
equilateral hyperbola. (See Art. 221). 

Ex. 2. Prove that the following theorems are reciprocal : 

The intersection of perpendiculars of The intersection of perpendiculars of 
B triangle circumscribing a parabola is a a triangle inscribed in an equilateral hy- 
point on the diiectiix. perbola Ilea on the carre. 
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Ex.3. Derive th^ lost trom PaBcal*B theoreoot. (See Ex. 3, p. 247). 

Ex. 4. The axes of the reciprocal carve are parallel to the tangent and normal of 
a conic drawn through the origin confocal with the given one. For the axes of the 
reciprocal curve must be parallel to the internal and external bisectora of the angle 
between the tangents drawn from the origin to the given curve. The theorem stated 
lollowB hy Art. 189. 

316. Given two ciFcIes, we can find an origin such that the 
reciprocals of both shall be confocal conies. For, since the reci-- 
procals of alt circles must have one focus (the origin) common ; 
in order that the other focus should be common, it is only 
necessary that the two reciprocal curves should have the same 
centre, that is, that the polar of the origin with regard to both 
circles should be the same^ or that the origin should be one of 
the two points determined in Art. Ul. Hence, given a system 
of circles, as in Art. 109, their reciprocals with regard to one of 
these limiting points will be a system of confocal conies. 

The reciprocals of any two conies will, in like manner, be 
concentric if taken with regard to any of the three points 
(Art. 282) whose polars with regard to the curves ave the same^ 

Confocal conicB cut at right angles The common tangent to two circles 
('Art. iSS). subtends a right angle at either limits 

ipg point. 

The tangents from any point to two If any line intersect two. ciiicles, it& 
confocal conies are equally inclined to two intercepts between the circl^subteiid< 
^ach other. (Art. 189). equal angles a<^ either limiting point. 

The locus of the pole of a fixed line The polar of a fixed point, with regard 
with regard to a series of confocal conies to a series of circles having the same 
is a line perpendicul^ to the fixed line, radical axis, passes through a fixed point; 
(Art. 226| Ex. 8). and the two points Eubtend a right angle.. 

ab either limiting point. 

317. We may mention here that the method of reciprocal 
polars affords a simple solution of the problem, " to describe a 
circle touching three given circles," The locus of the centre 
of a circle touching two of the given circles (1), (2), is evidently 
a hyperbola, of which the centres of the given circles are tho^ 
foci, since the problem is at once reduced to-^^' Given base and 
difference of sides of a triangle.'* Hence (Art. 308) the polar 
of the centre with regard to either of the given circles (1) will 
always touch a circle which caa be easily constructed. In like 
manner, the polar of the centre of any circle touching (1) and (3) 
must also touch a given circle. Therefore, if we draw a common, 
tangent to the two circles thus determined, and take the polfir 
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of this line with respect to (1), we have the centre of the circle 
.touching the three given circles. 

318. To find the equation of the reciprocal of a conic with 
ryard io its centre. 

We found, in Art. 178, that the perpendicular on the tangent 
could be ezpresaed in terms of the angles it makes with the axes^ 

;?«=a»co8'^ + ysin''^. 
Hence the polar equation of the reciprocal curve ui 

^ = a»cos«^+ysin«^, 

or '' ?^" + *-?!-l 

or IF^k*"^' 

a concentric conic, whose aices are the reciprocals of the axea 
of the given conic, 

819. To find the equation of the reciprocal (/ a conic vnth 
regard to any point (a?y). 

The length of the perpendicular from any point is (Art. 17S) 

I? « i « V(a' coB*^ + 5' sin'fl) - »' cos ^ - y' sin ^ ; 

therefore the equation of the reciprocal curve is 



}. GUven the reciprocal of a curve vnth regard to the origin 
of coordinates^ to find the equation of its reciprocal with regard 
to any point (a/y'). 

If the perpendicular from the origin on the tangent be P^ 
the perpendicular from any other point is (Art. 84) 

P- a?' cos ^ - y' sin d^ 

and therefore the polar equation of the locus is 

If jf 

— =» - -^ a;' cos ^ - y sin ^ ; 

hcnco^- ^^'^y'y'^^' and ^^^^^ ^ ^^^^ ^ • 
hence 2 -p "^^ jf ^xx'^yy' + l^' 

we must therefore substitute, in the equation of the given 
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The effect of this sabstitution may be verj simply written 
as follows : Let the equation of the reciprocal with regard to 
the origin be 

where u^ denotes the terms of the n*^ degree, &c., then the 
reciprocal with regard to any point is 

t*. + «^.( f ^)+t.^(— f )4&o.«0, 

fk cqrve of the same degree as the given reciprocaL 

321. To find the reciprocal with respect too? •\-y^^t? of the 
conic given by the general equation. 

We find the locus of a point whose polar xx* + yy' — k* shafl 
touch the given conic by writing x\ y\ - A* for X, /Lt, v in tha 
tangential equation (Art. 151). The reciprocal is therefore 

Aof ^^Eoey^Bf -^QTex-^^Fk^y'\ Ck^^O. 

Thus, if the curve be a parabola, C or ai — A* = 0, aod the 
reciprocal passes through the origin. We can, in like manner, 
verify by this equation other properties proved already geo- 
metrically. If we had, for symmetry, written 4"= — «*, and 
looked for the reciprocal with regard to the curve oj* + y' + «* = 0, 
the polar would have been xx' + y}/ + ««', and the equation of 
the reciprocal would have been got by writing ar, y, z for \, /*, y 
in the tangential equation. In like manner, the condition that 
'kx •\' fj^y •{■ yz may touch any curve, may be considered as the 
equation of its reciprocal with regard to «* + y" •♦- «*. 

A tangential equation of the n^^ degree always represents 
a curve of the n^^ class ; since if we suppose "Xx -^ fiy -{- yz to 
pass through a fixed point, and therefore have Xa;' + /ty' + y«' = ; 
eliminating y between this equation and the given tangential 
equation, we have an equation of the n^ degree to determine 
X : /i ; and therefore n tangents can be drawn through the given 
point. 

322. Before quitting the subject of reciprocal polars, we 
wish to mention a class of theorems, for the transformation of 
which M. Chasles has proposed to take as the auxiliary conic 
9i parabola instead of a circle. We proved (Art. 211) that the 
intercept made on the axis of the parabola between any two 
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lines is equal to the intercept between perpendiculars let fall on 
the axis from the poles of these lines. This principle then 
enables us readily to transform theorems which relate to the 
magnitude of lines measured parallel to a fixed line. We shall 
give one or two specimens of the use of this method, premising 
that to two tangents parallel to the axis of the auxiliary parabola 
correspond the two points at infinity on the reciprocal curve, 
and that consequently the curve will be a hyperbola or ellipse^ 
according as these tangents are real or imaginary. The reci- 
procal will be a parabola if the axis pass through a point at 
infinity on the original curve. 

<< Any variable tangent to a conic intercepts on two parallel 
tangents, portions whQ3e rectangle is constant.'*' 

To the two points of contact of parallel tangents answer the- 
asymptotes of the reciprocal hyperbola^ and to the intersectiona 
of those parallel tangents with any other tangent answer parallels 
to the asymptotes through any point ; and we obtain, in the first 
instance, that the asymptotes and parallels to. them through any 
point on the curve intercept on any fixed line portions whose- 
rectangle is constant. But this is plainly equivalent to the 
theorem : ^^ The rectangle under parallels drawn to the asymp-. 
totes from any point on the curve is constant.^ 

Chords drawn from two fixed points If any tangent to a parabola meet twoL 

of a hyperbola to a vaiiable thixd point fixed tangents, perpendlculan from its ex^ 

intercept a constant length on the aaymp- tremities on the tangent at the vertex will^ 

tote. (Art. 199, Ex. 1). intercept a constant length on that line. 

This method of parabolic polars is plainly very limited ixk 
its application 
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CHAPTER XVI. 

HABKOlillO AKD ANHABMONlO PBOt>EBTlSS OF COmOS.* 

323. The harmonic and anbarmonic properties of conic sec- 
tions admit of so many applications in the theory of these curves, 
that we think it not unprofitable to spend a little time in point- 
ing out to the student the number of particular theorems either 
directly included in the general enunciations of these properties, 
or which may be inferred from them without much difficulty. 

The cases which we shall most frequently consider are 
when one of the four points of the right line, whose anbarmonic 
ratio we are examining, is at an infinite distance. The an- 
barmonic ratio of four points, -4, B^ Cy i>, being in general 

(Art. 56) s= -np ^ 'tip reduces to the simple ratio - -^ when 

D is at an infinite distance, since then AD ultimately ^- DC. 
If the line be cut harmonically, its anbarmonic ratio » — 1 ; and 
if D be at an infinite distance AB = BG^ and AC\a bisected. 
The reader Is supposed to be acquainted with the geometric 
investigation of these and the other fundamental theorems con- 
nected with anbarmonic section. 

324. We commence with the theorem (Art. 146) : " If any 
line through a point meet a conic in the points R^ R\ and 
the polar of in i?, the line OR RE' is cut harmonically." 

First. Let R' be at an infinite distance ; then the line OR 
must be bisected at R ; that is, if through a fixed 'point a line be 
draion parallel to an asymptote of an hyperbola^ or to a diameter 
of a parabola^ the portion of this line between the fixed point and 
its polar will be bisected by the curve (Art. 211). 

♦ The fundamental property of anharmonic pencils waa giren by Pappns, MatK 
CoU, VII. 129. The name "anharmonic" waa given by Chaslea in his History of 
Geometry f from the notes to which the following pages have been developed. Further 
details will be found in his Traits de Giomkrie Superieure; and in his recently 
published Treatise on Conies, The anharmonic relation, however, had been studied 
by Mobius in his Bari/cetUric Calcultts, 1827, under the name of " DoppelfichnittB* 
Terhaltnias." Later writers use the name " Doppelverhaltniss." 
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Secondly. Let It be at an infinite distance, and Hflf^ must 
be bisected at ; that is, if through any paint a chord be draum 
parallel to the polar of ihatpointj it toill be bisected at the point. 

If the polar of be at infinity, every chord through that 
point meets the polar at infinity, and is therefore bisected at 0. 
Hence this point is the centre, or the centre may be considered as 
a point whose polar is at infinity (Art. 154). 

Thirdly. Let the fixed point itself be at an infinite distance, 
then all the lines through it will be parallel, and will be bisected 
on the polar of the fixed point. Hence every diameter of a conic 
may be considered as the polar of the point at infinity in which its 
ordinates are supposed to intersect. 

This also followa from the equation of the polar of a point 
(Art. 145) 

(ax + Ay+^) + (Aa^ + 5y+/)^ + ^^*— ''^O. 

NoWy if ory be a point at infinity on the line my^nxy we must 
make ^, x± — , and x* Infinite, and the equation of the polar 

becomes wi (aaj + Ay +^) + n (Aa? + 5y +/) « 0, 

a diameter conjugate to my^nx (Art. 141). 

325. Again, it was proved (Art. 146) that the two tangents 
through any point, any other line through the point, and the 
line to the pole of this last line, form a harmonic pencil. 

If now one of the lines through the point be a diameter, the 
other will be parallel to its conjugate, and since the polar of 
any point on a diameter is parallel to its conjugate, we learn that 
the portion between the tangents of any line drawn parallel to 
the polar of the point is bisected by the diameter through it. 

Again, let the point be the centre, the two tangents will be 
the asymptotes. Hence the asymptotes , together with any pair of 
conjugate diameters^ form a harmonic pencil^ and the portion of 
any tangent intercepted between the asymptotes is bisected by 
the curve (Art. 196). 



The anharmonic property of the points of a conic (Art. 
259) gives rise to a much greater variety of particular theorems. 
For, the four points on the curve may be any whatever, and 
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eitber one or two of them may be at an infinite distance ; the 
fifth point 0, to which the pencil is drawn, may be also either 
at an infinite distance, or may coincide with one of the four 
points, in which latter case one of the legs of the pencil will be 
the tangent at that point ; then, again, we may measare the 
anharmonic ratio of the pencil by the segments on any line 
drawn across it, which we may, if we please, draw parallel to 
one of the legs of the pencil, so as to reduce the anharmonic 
ratio to a simple ratio. 

The following examples being intended as a practical exercise 
to the student in developing the consequences of this theorem, 
we shall merely state the points whence the pencil is drawn, the 
line on which the ratio is measured, and the resulting theorem, 
recommending to the reader a closer examination of the manner 
in which each theorem is inferred from the general principle. 

We use the abbreviation [O.ABCD] to denote the anhar- 
monic ratio of the pencil OA^ OB^ OC^ OD. 

Bx. 1. {A.ABCD} = {B . ABCD}. 

Let these ratios be estimated by the segments on the Ime CDi l«t the taagentg 
§itA,B meet CD in the points T, T, and let the chord 
AB meet CD in K, then the ratios are 
TK.DG_ Kr.DO 
TD.KC'KD.rC 
that is, if any chord CD meet two tangents in T, V^ 
and their chord of contact in Jr, 

KC.KT, TD = KD. TK. T'C. 

(The reader most be careful, in this and the following 
examplesy to take the points of the pencil in the same 
order on both sides of the equation. ThuS) on the left* 
hand side of this equation we took K second, because it 
answers to the leg OB of the pencil ; on the right hand 
we take K first, becanse it answers to the log OA^* 

Bz. 2. Let T and 7* coincide, then 

KC.TD^^KD.TCt 
or, any chord through the intenection of two tangents is oat hazmonically by the 
chord of contact. 

Ex. 8. Let 7* be at an infinite distance, or the secant CD drawn pazallel to PV, 
and it will be fbund that the ratio wHl reduce to 

TK^=TC,TD. 

Ex. 4. Let one of the points be at an infinite distance, then [OABCob] h ood« 
Btant. Let thia ratio be estimated on the line C oo . Let the lines AO, BO cut C o» 

in a, 6 ; then tibe ratio of the pendl will reduce to j^ ; and we leani, that if two 

fixed points, A, B, on % hyperboU or parabola, be joined to any Tariable point Of 

QQ. 
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tod the ioixHng lined itteet a fixed parallel to aii asymptote (if the cnrre be a hyper- 
bola), or a diameter (ii the Carre be a parabola), in a, ^ then the ratio Ca i Cb will 
beoonstaat. 

£x. 6. tf the same ratio be estimated on any other parallel line, lines inflected 
from any three fixed points to a yariable point) on a hyperbola or parabola, cut a fixed 
parallel to an asymptote or diameter, so that abiae'iE constant. 

Ex. 6. It foUowB from Ex. 4, that if the lines joining i4, B to any foorth point 
'<y meet C oo in a', h\ we most hate 

a'b'" a'C . 
Now let xa ittppoee the point C to be also at an infinite distance, the line C <x> becomes 
an asymptote, the ratio ab : a^b' becomes one of equality, and lines joining two fixed 
points to any variaUe point on the hyperbola intercept on either asymptote a ecHistant 
portion (Art. 199, Ex. 1). 

Ex. 7. {A.ABC(»)=:{B.ABC<id). 

Let these ratios be estimated on C » ; then if the tangents at if, B, Cttt (7 «> in 

O) b^ and the chord of contact AB in JT, we have 

Ca _€K 

CK " Cb 

(observing the caution in Ex. 1). Oz^ if any paralle 

to an asymptote of a hyperbola, or a diameter of a 4 a/lc \k » 

parabola, cut two tangents and their chord of con- 
'tact, the intercept ftom the curve to the chord is 
a geometric mean between the intercepts from the 
carv« to the tangents. Or, conversely, if a line o^, parallel to a given one, meet the 
sides of a triangle in the points a, &, K, and there be taken on it a point C such that 
CJC = Ca . Cb, the locus of C will be a parab(^ \t Cbhe parallel to the bisector of 
the base of the triangle (Att. 211), but otherwise a hyperb<^ to an asymptote of 
which ab is parallel. 

Ex. 8. Let two of the fixed points be at infinity, 

{9o,ABco co'} = {co\ABco ooT; 
the lines oo od , qd ' ao*, are the two asymptotes, while oo oo ' is altogether at infinity. 
Let these ratios be estimated on the diameter OA ; let 
this line meet the parallels to the asymptotes B oo , B<k>% 

in a %nd a' ; then the ratios become yr- = jyj . Or> 

parallels to the asymptotes through any point on a hyper> 
bola cut any semi-diameter, so that it is a mean propor- 
tional between the segments on it from the centre. 

Hence, conversely, if through a fixed point a line 
be drawn cutting two fixed lines, Bay Ba% and a point A 
taken on it so that Oil is a mean between Oa, Oa\ the 
locus of i4 is a hyperbola, of which is the centre, and 
Boy Ba\ parallel to the asymptotes. 

Ex.9. {oo .ilBoD ao'} = {Qo'.ABQO oo'}. 

Oa Oh* 
Let the segments be measured on the asymptotes, and we have ^zz~^{p bein^ 

the centre), or the rectangle under parallels to the asymptotes through any point on 
the curve is constant (we invert the second ratio for the reaaon given in Ex. !)• 
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327. We next examine some particular cases of the aahar* 
TOonic property of the tangents to a conic (Art. 275J. 

Ex. 1. This property assiuneB a yexy eiiaple form, if th^ cnnr^ \» it parabola^ 
for one tangent to a para-* 
bola is alwayp at an in^ 
finite distance (Art. 254). 
Hence three fixed tani 
gents to a paralx)la cn4 
any fourth in the points 
A, By C, so that il£ : AC 
Is always ooostant. I| 
the Tariable tangents co? 
indde in torn wi^ each 
i4 the given tar\aMafaj we obtain the theoiem, 

Ex. 2. Let two of the toar tangents to an eUipae or hyperbola be paraHe* to each 
«ther, and let the yariable tangent coincide alter. 
Iiately with each of the parallel tai^gei^ts, Ii^ H^ 
first case the ratio i/n 

-7- , and in the second -r-n. 
Ao Dr 

Hence the rectangle Ak.IA* is constant. 

It may be deduced from the anharmonic prc^ 

|>eTty of the points of a conic, that if the lines joining any point on the curve ta 

A^ Df meet the parallel tangents in the points b^ h\ then the rectan^e AJ>.X>f>' wi]]l 

be constant 




328. We now proceed to give some examples of probtema 
easilj solved by the help of the anharmonic properties of conies, 

Ex. 1. To prove MacLaurin*s method of generating conic sections (p. 248), viz. — 
To find the locus of the vertex K ol a triangle whose sides pass through the pointa 
4, Bf C, and whose base angks move on the fixed lines Oa, Ob, 

Let us sn|^)ose four such triangles drawn, then since the pencil {C.aaWaf''] is tb^ 
«ame pencil as {(7. W6"6*"}, we have 

and, therefore, 

{A . aa'u'^ar] = {B . bb'b"b"^ j 
or, from the nature of the question, 

{A. rrP'F'*} = {B. VVTV^ ; 
and therefore A, B, F, V, F", V" lie 
on the same conic section. Now if the 
first three triangles be fixed, it is evident 
that the locus of V" is the conic section 
I)a88ing through AB VVV*', 

Or the reasoning may be stated thus: The systems of lines through A^ and 
through B, being both homographic with the system through C, are homographio 
Vith each other; and therefore (Art. 297) the locus of the intersection of correspond 
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!ng lines is a conic through A and B, The following examples aiei in like manner, 
UluBtistionB of the application of this principle of Art. 297. 

Ex. 2. M. Chasles has showed that the same demonstration will hold if the side 
db, instead of peaeing through the fixed point C, touch any conic which touches 
Oa, Ob J for th^" any four positions of the hase cut Oa, Ob, so that 

[aa^a'W") = {bb'b"b'"} (Art. 275), 
and the rest of the proof proceeds the same as before. 

Ex. 8. Newton's method of generating oonic sections :^Two angles of constant 

magnitude move about fixed pomts P, Q j A A' A* A" 

the intersection of two of their sides tra. 
venee the right line AA' ; then the locus 
of F, the intersection of their other two 
aides, will be a conio passing throng 

P. a 

For, as before, talce fbnr positionB of 
the angles, then 

{P.AA'A"A"'} = {Q. AA'A^A'^ i 
but {P.AA'A"A"'] = {P. FrrT"'}, 
{Q.AA'A^'A'"] = {Q.VVV"V% 
since the angles of the pencils are the same ; therefore 

{P.FK'F"P"}={Q.VFF"P"}j 
and, therefore, as before, the locos of F'" is a oonic through P, Q, F, P, F^. 

Ex. 4. M. Chasles has extended this method of genenting conic sections, by 
supposing the point Af instead of moving on a right line, to move on any conio 
passing through the points P, Q ; for we shall still have 

{P.AA'A"A'"] = {Q,AA'A"A"']. 

Ex. 6. The demonstration would be the same if. in place of the angles APV, AQV 
being constant, APV and AQV cat oft constant intercepts each on one of two fixed 
lines, for we should then prove the pencil 

{P.AA'A"A"'} = {P. FPP'P"}, 
because both pencils cut off intercepts of the same length on a fixed line. 

Thus, also, given base of a triangle and the intercept made by the sides on any 
fixed line^ we can prove that the locus of vertex is a conic section. 

Ex. 6. We may also extend Ex. 1, by supposing the extremities of the line ab 
to move on any conic section passing through the points AB, for, taking four 
positions of the triangle, we have, by Art. 276, 

{aaW'a"'} = {bb'b"b"'] ; 
therefore, {A.aa'a'W'"} = {B.bb'b"b'"], 

and the rest of the proof proceeds as before. 

Ex. 7. The base of a triangle passes through C, the intersection of oommon 
tangents to two conic sections ; the extremities of the base ab lie one on each of the 
conic sections, while the sides pass through fixed points A, B, one on each of the 
conies ; the locus of the vertex is a conic through A, B, 

The proof proceeds exactly as before, depending now on the second theorem 
proved, Art. 276. We may mention that this theorem of Art. 276 admits of a simple 
geometrical proof. Let the pencil {0,ABCD) be drawn from points corresponding 
to [o.abcd^. Now, the lines OA^ o<tf intersect at r on one of the common chords of 
the conies ; in like manner, BO, bo intersect in r' on the same chord, Ac. j henoo 
{rr^r'Y"} mMSures the anhaimonic ratio of both these pencils. 
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Sx. 8. In Ex. 6 tbe baae instead of passing through a fixed point C, may be snp- 
posed to touch a conic haring double contact with the given conic (see Art. 276). 

Ex. 9. If a polygon be inscribed in a conic, all whose sides but one pass through 
fixed points, the enyelope of that side will be a conic having double contact with 
the gLven one. 

For, take any four positionB of the polygon, then if a, 3, c, Ac be the vertices 
of the polygon, we have 

{aa'a"(^*} = {bb*b"b"'} = {ccW"), Ac. 
The problem is, therefore, reduced to that of Art. 277, — " Given three pairs of pointSi 
aaW, dd^cP', to find the envelope of a*'*d"', such that 

{oaW"} = {dd'd"d^"}:* 

Ex. 10. To inscribe in a conic section a polygon, all whose sides shall pass through 
fixed points. 

If we assume any point (a) at random on the conic for the vertex of the polygon, 
and form a polygon whose sides pass through the given points, the point e, where 
the last side meets the conic, will not in general coincide with a. If we make four 
euch attempts to inscribe the polygon, we must have, as in the last example, 

{aa'a"a'"] = {zz'z"z'"}. 
Now, if the last attempt were successful, the point a'" would coincide with z"', and 
tbe problem is reduced to—** Given three pairs of points, aa'a", zi^z'\ to find a point 
£^ such that 

{JToaV} = {ITae'e"}." 
Now if we make asTa'za**^ the vertices of an inscribed hexagon (in the order hero 
given, taking an a and z alternately, and so that E,^.-^ 

ae, aV, a' V, may be opposite vertices), then either ^.--^'■'/T 

of the points in which the line joining the inter- ^^"'^JC'''^ /I 

sections of opposite sides meets the conic may be A/^ l\\ /I 

taken for the point K, For, in the figure, the /tC // \^ / 

points ACE are aa'a'\ BFB saezz'z'*; and if we / I y?^ '/\L 

take the sides in the order ABCDEFj Z, M, N aie !y...JLJNv\j/.....Npl 

the intersections of opposite sides. Now, since V j //\\ /\ 
{KPNL} measures both {D,KACE} and {A^DFB], \W \ Y \ 
we have ^Ns,^ \ / \. \ 

{KACE\-{KDFB], Q.R.T).* ^i^-»^\v 

It is easy to see, from the last example, that K ^-"-.^ 

Is a point of contact of a conic having double oon- ^ 

tact with the given conic, to which oe, a'z\ a"s^' are tangents, and that we have 
therefore just given the solution of the question, <* To describe a conic touchiug three 
given lines, and having double contact with a given conic." 

Ex. 11. The anharmonic property affords also a simple proof of Pascal's theorem, 
alluded to in the last example. 

We have {E. CDFB} = {A, CDFB], Now, if we examine the segments made by 
the first pencil on BC, and by the second on DC^ we have 
{CRMB} = {CDNS}. 

* This construction for inscribing a polygon in a conic is due to M. Poncelet (TVaitd 
dei Propriitds PrcjectiveSf p. 851). The demonstration here used is Mr. Townsend*s. 
It shows that Poncelet's construction will equally solve the problem, " To inscribe a 
polygon in a conic, each of whose sides shall touch a conic having double contact with 
the given conic." The oonics touched by the sides may be all different. 
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Now, if we draw lines from the point L to each of these points, we form two p^ncilfl 
which have the thtee legs, CLy DEf_ AB, common, therefore the fourth legs NL^ Liff 
must form one right line. In like manner, Brian,chon's theorem is deriyed from the 
cmharmonic property of the tangents. 

Ex. 12. Given four points on a conic, ALFB^ and two fixed lines through any 
one of them, DC, DE, to find the envelope of the line CE joining the points wher^ 
those fixed lines again meet the curve. 

The vertices of the triangle OEM move on the fixed Vnea DC; BE^ NL, and 
two of its sides pass through the fixed points, E, F; therefore, the third side 
envelopes a conic section touching DC, BE (by the reciprocal of MacLaurin's mode 
of generation). 

Ex, 18. Givea four points on a conic ABDE^ and two fixed lines, AFy CB^ paB&\ 
ing each through a different one of the fixed points, the l.ine CF joining the points, 
where the fixed Hnes again meet the curve will pass through a fixed point. 

For the triangle CFM has two sides passing through the fixed points D, E^ and 
the vertices move on the fixed hnes AF^ CB, NL^ which ^ed lines meet in a point,, 
therefore (p. 280) CF passes through a fixed point. 

The reader will find in the Chapter on Projection how the lust two theorems are. 
suggested by other well-known theorems. (See Ex. 3 and 4, Art. 355). 

Ex. 14. The anharmonic ratio of any four diameters of a conic is equal to that o( 
Uieir four conjugates. This is a particular case of Ex. 2, Art. 297, that the anharmonic- 
ratio of four points on a Une is the same as that of their four polars. We migh^ 
also prove it directly, from the consideration that the anharmonic ratio of four 
chords proceeding from any point of the carve is equal to that of the supplemental^ 
chords (Art. 179). 

Ex. 15. A conic circomscribes a given quadrangle, to find the Iqcus of its centre. 
(Ex. 3, Art. 161). 

Draw diameters of the conic bisecting the sides of the quadrangle, their anhar-. 
monic ratio is equal to that of their four conjugates, but this last ratio is given, since, 
the conjugates are parallel to the four given Unes ; hence the Ipcus is a conic passing^ 
through the middle points of the given sides. If we take the cases where the conia 
breaks up into two right lines, we see that the intersections of the diagonals, and also, 
those of the opposite sides, are points in the locus, and therefore that these points lie^ 
on a conic passing through the middle points of the sides and of the diagonals. 

329. We think it unnecessary to go through the theoremSj. 
which are only the polar reciprocals of those investigated ia 
the last examples; but we recommend the student to form the> 
polar reciprocal of each of these theorems, and then to prove it- 
directly hy the help of the anharmonic property of the tangentSi 
of a conic. Almost all are embraced in the follawing theorem :; 

If there he any number of points a, J, c, rf, &c. on a vight Itne^ 
and a homographic system a\ h\ c', d\ (fee. on another line^ the- 
lines joining corresponding points vrill envelope a conic* For if 
we construct the conic touched by the two given lines and by- 
three lines aa\ hh\ cc\ then, by the anharmonic property of the^ 
tangents of a conic, any other of the lines dd must touch tb^ 
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•same conic* The theorem here proved is the reciprocal of 
that proved Art. 297, and may also be established by interpreting 
tangentially the equations there used. Thus, if P, P' ; Q^ Q re- 
present tangentially two pairs of corresponding points, P+ XP', 
G + ^C represent any other pair of corresponding points; and 
the line joining them touches the curve represented by the 
tangential equation of the second order, PQf ^P'Q. 

Ex. Any transyeiBal through a fixed point P meets two fixed lines OA^ OA^y in 
the points AA' \ and portions of given length Aa, A'a' are taken on each of the 
given lines ; to find the envelope of aa'. Here, if we give the transversal four 
positions, it is evident that [ABCB] = {A'E^CJy}^ and that {ABCD} = {a*<Jri}, and 
iA'B'CD'} = {a'6Vd'}. 

330. Generally when the envelope of a moveable line is 
found by this method to be a conic section, it is useful to take 
notice whether in any particular position the moveable line can 
be altogether at an infinite distance, for if it can, the envelope 
is a parabola (Art. 254). Thus, in the last example the line aa' 
cannot be at an infinite distance, unless in some position AA^ 
can be at an infinite distance, that is, unless P is at an infinite 
distance. Hence we see that in the last example, if the trans- 
versal, instead of passing through a fixed point, were parallel to 
a given line, the envelope would be a parabola. In like manner, 
the nature of the locus of a moveable point is often at once 
perceived by observing particular positions of the moveable point, 
as we have illustrated in the last example of Art. 328. 

331. If we are given any system of points on a right line 
we can form a homographic system on another line, and sueh 
that three points taken arbitrarily a\ b\ c' shall correspond to 
three given points a, J, c of the first line. For let the distances 
of the given points on the first line measured from any fixed 

* In the same case if P, P' be two fixed points, it follows from the last article 
that the locus of the intersection of Prf, P'd' is a conic through P, P*. We saw 
(Art. 277) that if a, d, c, rf, Ac, a', h\ c*, d' be two homographic systems of points 
on a contc, that is to say, such that {ahcd\ always = {a'hWd\ the envelope o\ ddl Sa 
a conic having double contact with the given one. In the same case, if P, P' be 
•fixed points on the eonicj the locus of the intersection of Pd^ P'd' is a conic through 
P, P*. Again, two conies are cut by the tangents of any conic having double con- 
• tact with both, in homographic systems of points, or such that {ijJbcd) = {a'b'e'd^ 
(Art. 276) ; but it is not true conversely, that if we have two homographic systems 
of points on differetU conicSf the lines joining coiresponding points necessarily en-* 
velope a conic. 
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origin on tbe line be a, h^ Cj and let tbe distance of any Tari- 
able point on tbe line measured from tbe same origin be x. 
Similarly let tbe distances of tbe points on tbe second line 
from any origin on tbat line be a% V^ c\ o^, tben, as in Art. 277, 
we bare tbe equation 

wbicb expanded is of tbe form 

.4araj' + jRB+ Gi;' + 2> = 0* 

Tbis equation enables us to find a point x' in tbe second line 
corresponding to any assumed point x on tbe first line, and such 
tbat {abcx]^[a'Vc'af]. If tbis relation be fulfilled, tbe line 
joining tbe points x^ oi envelopes a conic toucbing tbe two given 
lines ; and tbis conic will be a parabola if ^ s 0, unce tben oi 
is infinite wben x is infinite. 

Tbe result at wbicb we bave arrived may be stated con- 
versely tbus : 2W systems of points connected hy any relation 
will be homographtc^ if to one point of either system always corre^ 
sponds oncj and but one, ^int of the other. For evidently an 
equation of tbe form 

Axaf^Bx-^Csf-^-D^O 

is tbe most general relation between x and of tbat we can write 
down, wbicb g^ves a simple equation wbetber we seek to deter- 
mine X in terms of af or vice versa. And wben tbis relation 
is fulfilled, tbe anbarmonic ratio of four points of tbe first 
system is equal to tbat of tbe four corresponding points of tbe 

second. For tbe anbarmonic ratio ) ^tt \ is unaltered 

* M. Cfaaales states the matter thus : The pointB x, af belong to homographio 
■yBtemB, if a, 6, a', V being fixed points, the ratios of the distances ax : Ase, aV : ^sb', 
be connected ^xj a linear relation, such as 

. ax , cIt? . - 

Denoting, as aboTe, the distances of the points from fixed origins^ \sj o, 0, «; 
a', V^ «'i this relation is 

^ o — « . a' - a?' ^ 

^63^ + ''^^?+''=^' 

wldch, expanded, gires a relation between x and x' of the form 
JLa^ + Ba? + Cy + i> « 0, 
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if instead of x we write - -; tv, and make similar sabstita* 

Ax+0^ 

tions for y, «, to* 

332. The distances from the origin of a pair of points -4, B 
on the axis ofx being given hy the equation^ aa? 4 2 Ax + 6 = 0, and 
those of another pair of points A\ S hy aV + ih'x + J' = 0, to 
find the condition that the two pairs should be harmonically con^ 

jugate. 

Let the distances from the origin of the first pair of points 
be a, i9; and of the second a\ ff ; then the condition is 
AA' _AB' g-g^ g-^ 

which expanded maj be written 

But a + /8=--^, a^.^j (g'+zg-)— ^\ a'ffJ^. 

The required condition is therefore 

ai' + a'i -2AA' = 0* 

It is proved, similai'lj, that the same is the condition that the 
pairs of lines 

oa* + 2Aa^ + 5^, oV 4 2A'a^ + J'/S", 
should be harmonically conjugate. 

333. If a pair of points aa? + ihx + i, be harmonically con- 
jugate with a pair aV + 2A'a? + Vj and also with another pair 
a'V 4 2A''a; + J", it will be harmonically conjugate with every 
pair given by the equation 

(aV 4 2A'a: 4 6') 4 \ (a'V 4 2A"a: 4 V) « 0* 
For evidently the condition 

a(6'4Xr)4 6(a'4Xa'0-2A(A'4\A'0«O, 
will be fulfilled if we have separately 

ai'4Ja'-.2AA^-=0, aJ'' 4 Ja'^ - 2AA" « 0. 

* It can be proved that the anfaarmonic ratio of the Bystem of fonr points wiU b« 
giTen, if {ab' + a'b - 2/iA')* be in a given ratio to {flb - A*) ifl'b' - A**). 

RR* 
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. 334. To find the locus of a point such that the tangents from 
it to tico given conies may form a harmonic penciL 

If four lines form a hartnonic pencil thej will cut any of the 
lines of reference harmonicallj. Kow take the second form 
(Art. 294) of the equation of a pair of tangents from a 
point to a curve given by the general trilinear equation, and 
make y^O when we get 

We have a corresponding equation to determine the pair oc 
points where the line 7 is met by the pair of tangents from 
a^/S'y^ to a second conic. Applying then the condition of 
Art. 332 we find that the two pairs of points on 7 will form 
a harmonic system, provided that a'13'y^ satisfies the equation 

(C/8' + ^«.2i?)37)((ra* + ^V-2<?'a7) 

+ ((7a'+^7*^2Ga7)(C'/3» + B'7'-2i?"i87) 

^ 2 {Cafi-- Fay ^Oey + Ey'){Cafi^ ray ^G'/Sy-^-Ey). 

On expansion the equation is found to be divisible by 7*, and 
the equation of the locus is found to be 

{BC+R C^2FF')a\ ( C4'+ CA^2 O G')l3'-i- {AB-^A'B-2EH)i' 

+2( GE'-^ G'E^ AF - A'F) /37+2(ffF'+ EF^ BG'- B G) 7a 

a conic having important relations to the two conies, which will 
be treated of further on. If the anharmonic ratio of the four 
tangents be given, the locus is the curve of the fourth degree 
F'^kSS'j where S, fi', Fj denote the two given conies, and 
that now found. 

335. To find the condition that the line Xa + /t)8 + V7 should 
he cut harmonically by the two conies. Eliminating 7 between 
this equation and that of the first conic, the points of inter- 
section are found to satisfy the equation 
(cX" + av* - 2^X1^) a" + 2 {cXfi -/Xv - gfiv + hv^ afi 

+ (c/i«+Jv»-2//iAv)^«0. 

We have a similar equation satisfied for the points where the 
line meets the second conic; applying then the condition of 
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Art. 332, we find, preciselj as in the last article, that the re- 
quired condition is 

(fc' + J'o- 2j!r')X*+ (ca' + c'a- 252^') /ia« + (a J' + a'5 - 2AA') v« 

+ ^{/g-\-/g-ch'^c'h)\,i = o. 
The line consequently envelopes a conic* 

INVOLUTION. 

336. Two systems of points a, J, c, &c., a', 5', c', &c., situ- 
ated on the same right line^ will be homographic (Art. 331) if 
the distances measured from any origin, of two corresponding 
points, be connected by a relation of the form 

Axx'-\^ Bx+ Cx+D^O. 

Now this equation not beiug symmetrical between x and a?', the 
point which corresponds to any point of the line considered aa 
belonging to the first system, will in general not be the same 
as that which corresponds to it considered as belonging to the 
second system. Thus, to a point at a distance x considered aa 
belongiog to the first Bystem> corresponds a point at the dis« 

tance — — ^ ; hut considered as belonging to the second 

, Cx-^n 
system, corresponds — -^ — — 1^ < 

Two homographic systems situated o» the same Ifne are 
said to form a system in involution^ when to any point of thj& 
line the same point corresponda whether it be considered aa 
belonging to the first or second system. That this should be 
the case it is evidently necessary aud sufiicieut that we should 
have B^Gia the preceding equation^ in order that the relation 
connecting x and x' may be symmetrical. We shall find it 

* If substituting in tbe equations of two conies Uy V, for a, \a + ua', &c. we 
obtain results 

\^U+ 2\fiP + fi^ir, X«r+ 2X/u(2 + fiW\ 

then it is easy to see, as above, that UV + £7*7— 2PQ, repn-esents the pair of lines, 
which can be drawn through a'/3'y', so as to be cut harmonically by the conies. In 
the same case (Art. 296), the equation of the system of four lines joining a'/S'y' ta 
the intersections of the conicS) is 

{UV +irv-- 2PQ)» = 4 (uu' - p^ {yv - q), 

f/(r — P* and VV — Q^ denote the pairs of tangents from a^y' to the ooniq^ 
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convenient to write the relation connecting anjr tv/o correspond* 
iugpoints Axaf + B{x + x') + B^O] 

and if the distances from the origin of a pair of corresponding 
points be given hy the equation 

ax* + 2hx + J = 0, 

we must have Ab + JBa-^ 2Hh = 0. 

337. It appears from what has been said that a system in 
involution consists of a number of pairs of points on a line 
a, a'l i, b'l &o., and such that the anharmonic ratio of any 
four is equal to that of their four conjugates. The e:Kpre8sion of 
this equality gives a number of relations connecting the mutual 
distwces of the points. Thus, from {abca'] = [a'b'ca]^ we have 

y ab.ccl a'V.o'a 

aa\bo aaMc'^ 
or ab.ca' . J V = — ab\ da . Jo. 

The development of such relations presents no difficulty* 

338. The relation Axx' \E[x^x')->rB=^% connects the 
distances of two corresponding points from any origin chosen 
arbitrarily ; but by a proper choice of origin this relation can 
be simplified. Thus, if the distances be measured from a point 
at the distance x^a^ the given relation becomes 

^ (aj + a) (oj' + a) + H[x + aj' + 2a) + 5 « ;' 

or Axx''\-[H-^A(i) (a + a?') + -4a* + 2fla + JS=0. 

And if we determine a, so that H^- AaL—% the relation reduces 
to au;' = constant. The point thus determined is called the 
centre of the system ; and we learn that the piHxIitct of the die* 
tanceafrom the centre of two corresponding points is constant. 

339. Since, in general, the point corresponding to any point 

IT I jy 

jc 18 - A tip ^^^^ -^^ + -ff = 0, the corresponding point is 

infinitely distant: or the centre is the point whose conjugate is 
infinitely distant. The same thing appears from the relation 
[abed] = [a'Vc'c], or 

acbd __ a'c\ Vc 

ac .be "" dc.Vd* 
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Let d be infinitely distant, 6c' ultimately = ac\ and aV = JV, 
and this relation becomes cuc.clc ^hcMc\ or, in other words, the 
product of the distances from c of two conjugate points is con- 
stant. The relation connecting the distances from the centre 
may be either ca,ccL ^\1^ or ca,ca' ^ — V. In the one case 
two conjugate points lie on the same side of the centre ; in the 
other case they lie on opposite sides. 

840. A point which coincides with its conjugate is called a 
focu8 of the system. There are plainly two foci/,/' equidistant 
from the centre on either side of it, whose common distance 
from the centre c is given by the equation cf*^±k*. Thus, 
when k* is taken with a positive sign, that is, when two con- 
jugate points always lie on the same side of the centre, the foci 
are real. In the opposite case they are imaginary. By writing 
a; = x'in the general relation connecting corresponding points, 
we see that in general the distances of the foci from any origin 
are given by the equation 

-4ai« + 2fl^ + jB=0. 

841. We have seen (Art. 336) that if a pair of corresponding 
points be given by the equation ax^ ■+ 2hx + J = 0, we must have 
Ab + Ba- 2Hh = 0. Now this equation signifies (see Art. 332) 
that any two corresponding points are harmonically conjugate 
with the two foci. The same inference may be drawn from 
the relation {qff'a'} = [a'j^^alj which gives 

aa\jf^'a'a.ff' ""y^a fa'' 
or the distance between the foci/^' is divided internally and ex- 
ternally at a and a' into parts which are in the same ratio. 

Cor. When one focus Is at infinity, the other bisects the 
distance between two conjugate points; and it follows hence 
that in this case the distance ab between any two points of the 
system is equal to a'b\ the distance between their conjugates. 

342. Two pairs of points determine a system in involution. 
We may take arbitrarily two pairs of points 

ax* + 2hx + J, a V + 2h'x + J', 
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and we can then determine A^ Hj B fix)m the equations 
Ab-\'Ba^2Hh^0, AV -V Ba' --2Hh' ^0. 

We see, as in Art. 333, that any other pair of points in in- 
volution with the two given pairs may be represented by an 
equation of the form 

{aj? + 2hx + i) + X (aV + 2A'a? + V) = 0, 

since, when A^ H^ B are determined so as to satisfy the two 
equations written above, they must also satisfy 

The actual values of A^ B^ H^ found by solving these equations, 
are 2(aA'-a'A), 2(Ai'-A'6), aV-a!h. Consequently the foci 
of the system determined by the given pairs of points, are 
g^ven by the equation 

This may be otherwise written if we make the equatiooe 
homogeneous by introducing a new variable y, and write 

TJ^ oaf + 2Aay + 6y*, F=^ aV + 2A'ay + i'yV 

The equation which determines the foci is then 

dx dy dy dx 

The foci of a system given by two pairs of points ck^a'\, J, It 
may be also found as follows, from the consideration that 
{afba'}^[ayVa], or 

af.ba' _ay,Va^ 

ay.ba "^ a/.iV ^ 
whence q/* : af* :: ab.al/ : a'b.ab*'] 

or/ is the point where aa is cut either internally or externally 
in a certain given ratio., 

343. The relation connecting six points in involution is of 
the class noticed in Art. 313, and is such that the same relations^ 

* It easily follows from this, that the condition that three pairs of pointOi 
ttr' + 2hx + b, a'x* + 2h'x + *', a"x^ + 2h"x + b" should belong to a syetem. in. ix)r 
. TPlution, is the Taniahing of the determinant 
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i\'ill subsist between the sines of the angles subtended by them 
at any point as subsist between the segments of the lines them- 
selves. Consequently, if a pencil be drawn from any point to 
six points in ivvolution^ any transversal cuts this pencil in six 
points in involution. Again, the reciprocal of six points in in^ 
volution is a pencil in involution. 

The greater part of the equations already found apply 
equally to lines drawn through a point. Thus, any pair of lines 
a - ft^S, a " fjkf3 belong to a system in involution, if 

and if we are given two pairs of lines 

U= aa" + 2ha0 + J/3«, F= aV + 2A'a/8 + J'/S", 
they determine a pencil in Involution whose focal lines are 

(aA'-a'*)a'+(ay-a'J)a/8+(W'-A'6)/8"-0, 
dUdV_dUdV_ 
^' da d^ dffda'^' 

344. A system of conies passing through four fixed points 
meets any transversal in a system of points in involution. 

For, if S, 8' be any two conies through the points, iS+XS' 
will denote any other; and if, taking the transversal for axis 
of X and making y = in the equations, we get ax* •\' 2gx -k- c^ 
and aV + 2g'x + c to determine the points in which the trans- 
versal meets 8 and 8"^ it will meet 8 + \8' in 

aa^ + 2j7a; -I- c + X (aV + 2g'x + c'), 

a pair (Art. 342) in involution with the two former pair. 

This may also be proved 
geometrically as follows: 
By the anharmonic proper- 
ties of conies, 

{a.AdbA'}=^{c.AdbA'}: 
but if we observe the points 
in which these pencils meet 
AA', we get { j CBA'} = {ARi.'A'} = [A'CITA]. 

Consequently the points A A' belong to the system in in- 
volution determined by BB'y CC'^ the pairs of points in which 
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the transversal meets the sides of the quadrilateral joining the 
given points. 

Beciprocating the theorem of this article we learn that, the 
pairs of tangents drawn from any point to a system of conies 
touching four fxed lineSyform a system in involution. 

345. Since the diagonals acj bd may be considered as a conic 
through the four points, it follows, as a particular case of the last 
Article, that any transversal cuts the four sides and the diagonals 
of a quadrilateral in points BB^^ 0(J^ DU^ which are in invo- 
lution. This property enables us, being given two pairs of points 
JSB', DU of a system in involution, to construct the point con- 
jugate to any other C. For take any point at random, a ; join 
aB^ oDy aC] construct any triangle Jcrf, whose vertices rest on 
these three lines, and two of whose sides pass through ^iX, then 
the remaining side will pass through C\ the point conjugate to C. 
The point a may be taken at infinity, and the lines aJ9, aZ>, aO 
will then be parallel to each other. If the point C be at infinity 
the same method will give us the centre of the system. The 
simplest construction for this case is, — " Through -B, -D, draw 
any pair of parallel lines Bby Dc ; and through ^, iX, a different 
pair of parallels Ub^ Be \ then be will pass through the centre 
of the system." 

Ex. 1. If three conies dicamscribe the same quadrilateral, the oommon tangent 
to any two is cut harmonically by the third. For the points of contact of this 
tangent are the foci of the system in involution. 

Ex. 2. If through the intersection of the oommon chords of two conies we draw 
a tangent to one of them, this line will be cot harmonically by the other. For in 
this case the points D and ly in the last figure coincide, and will therefore be a focus. 

Ex. 8. If two conies have double contact with each other, or if they have a con- 
tact of the third order, any tangent to the one is cut harmonically at the points where 
it meets the other, and where it meets the chord of contact. For in this case the 
common chords ooincide, and the point where any transversal meets the chord of 
contact is a focus. 

Ex. 4. To describe a conic through four points a, 5, «, <?, to touch a given right 
line. The point of contact must be one of the foci of the system BV^ CCy Ac, and 
these points can be determined by Art. 842. This problem, therefore, admits of two 
aolutions. 

Ex. 6. If a parallel to an asymptote meet the curve in C, and any inscribed 
quadrilateral in points abed ; Ca , Ce =. Ch , Cd. For C is the centre of the system. 

Ex. 6. Solve the examples, Art. 826, as cases of involution. 

In Ex. 1, JiT is a focus : in Ex. 2, 7* is also a focus : in Ex. 8, 7* is a centre, Ac. 

Ex. 7. The intercepts on any line between a hyperbola and its asymptotes an 
equal. For in this ca^e one focus of the system is at infinity (Cor., Art 841). 
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346. If there he a system of conies Having a common self-con* 
Jugate triangle^ any line passing through one of the vertices of 
this triangle is cut by the system in involution. 

For, if in aa' -^b^ + cy* we write a = A)8, we get 
{ak' + b)ff' + cy% 
a pair of points evidently always harmonically conjugate with 
the two points where the line meets /S and 7. Thas, then, ia 
particular, a system of conies touching the four sides of a fixed 
quadrilateral cuts in involution any transversal which passes 
through one of the intersections of diagonals of the quadrila- 
teral (Ex. 3, Art. 146). The points in which the transversal meets 
diagonals are the foci of the system, and the points where it 
meets opposite sides of the quadrilateral are conjugate points'^ 
of the system. 

Ex. 1. If two oonica 27) V touch their common tangents At S, Cf D In the point! 
a^bj Cj d'j a\ b\ c\ d* \ a conic S through the points a, h^ c, and tonching D at (f, 
Will have for its second chord of intersection with Kj the line joining the intersections^ 
of A with &c, B with <?n, C with oh. 

Let V meet ah in a, /9, then, by this article, since aJb passes through an intersection r 
of diagonals of ABCD (Ex. 2, Art. 268), afb\a,^ belong to a system in involution, of 
which the points where ab meets Cand D are conjugate points. But (Art. 345) tha 
common chords of S and V meet ab in points belonging to this same system in 
involution, determined by the points a, 6; a, /3, in which S and V meet the line cUt. 
If then one of the common chords be I>, the other must pass through the intersection 
of C with ab, 

Ex. 2. If in a triangle there be inscribed an ellip<% touching the sides at their; 
middle points a, 6, c, and also a circle touching at the points a', b\ </, and if the fourth* 
common tangent D to the ellipse and circle touch the circle at c?', then the circle de- 
scribed through the middle points touches the inscribed circle at (f. By Ex. 1, a conio 
described through a, ^, c, will touch the circle at d\ if it also pass thi-ough the points' 
where the circle is met by the line joining the intersections of A^ bc\ B, ea\ C, o^J 
But this line is in this case the line at infinity. The touching conic is therefore a 
circle. Sir W. R. Hamilton has thus deduced Fenerbach's theorem (p. 127) as a par- 
ticular case of Ex. 1. 

The point cf and the line D can be constructed without drawing the ellipse. For 
since the diagonals of an inscribed, and of the corresponding circumscribing quad- 
rilateral meet in a point, the lines ad, ed', a'b\ <fd^f and the lines joining AD, BC; 
AC, BD all intersect in the same point. If then a, /3, 7 be the vertices of the triangle 
formed by the intersections of be, h'if j ca^ da' ; aby a'b* ; the lines joining a' a, b'fi, e'y 
meet in cT. In other words, the triangle afiy is homologous with abe, a'b'c\ the 
centres of homology being the points d, (f. In like manner, the triangle a/Sy is also 
homologous with ABC^ the axis of homology being the line i>. 



sa. 
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CHAPTER XVII. 

THE METHOD OP PROJECTION • 

347. We have already several timea had occasion to point 
out to the reader the advantage gained by taking notice of 
the number of particular theorems often included under one 
general enunciation, but we now propose to lay before him a 
short sketch of a method which renders us a still more impor- 
tant service^ and which enables us to tell when from a particular 
given theorem we can safely infer the general one under which 
it is contained. 

If all the points of any figure be joined to any fixed point 
in space {0)j the joining lines will form a cone^ of which the 
point is called the vertex^ and the section of this cone, by any 
plane, will form a figure which is called the projection of the 
given figure. The plane by which the cone is cut is called the 
plane of projection. 

To any point of one figure will correspond a point in the other. 

For, if any point A be joined to the vertex 0, the point a, 
in which the joining line OA is cut by any plane, will be the 
projection on that plane of the given point A. 

A right line will always be projected into a right line. 

For, if all the points of the right line be joined to the vertex, 
the joining lines will form a plane, and this plane will be inter- 
sected by any plane of projection in a right line. 

Hence, if any number of points in one figure lie in a right 
line, so will also the corresponding points on the projection ; and 
if any number of lines in one figure pass through a point, so 
will also the corresponding lines on the projection. 

♦ This method is the invention of M. Poncelet. See his TraiU des Proprietcs 
Prqjeaivetf published in the year 1822, a work which I believe may be regarded 
as the foundation of the Modem Geometry. In it were taught the principles, that 
theorems concerning infinitely distant points may be extended to finite points on a 
right line ; that theorems concerning systems of cirdee may be extended to conies 
having two points common ; and that theorems concerning imaginary points and linett 
may be extended to real points and lines. 
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348. Any plane curve wiU always he projected into another 
curve of the same degree. 

For it is plain that, if the given curve be cut by any right line 
in any number of points, A^ jB, C, -D, &c, the projection will 
be cut by the projection of that right line in the same number of 
corresponding points, a, 6, c, rf, &c. ; but the degree of a curve is 
estimated geometrically by the number of points in which it can 
be cut by any right line. If AB meet the curve in some real and 
some imaginary points, ah will meet the projection in the same 
number of real and the same number of imaginary points. 

In like manner, if any two curves intersect, their projections 
will intersect in the same number of points, and any point 
common to one pair, whether real or imaginary, must be con- 
sidered as the projection of a corresponding real or imaginary 
point common to the other pair. 

Any tangent to one curve will he projected inta a tangent to 
the other. 

For, any line AB on one curve must be projected into the 
line ah joining the corresponding points of the projection. Now, 
if the points A^ R, coincide, the poiats a, ft, will abo coincide| 
and the line ah will be a tangents 

More generally, if any two curves touch each other in any 
number of points, their projectioos will touch each otber ia the 
same number of poiuts. 

349. If a plane througb the vertex parallel ta the plane of 
projection meet the original plane in a line AB^ then any pencil 
of lines diverging from a point on AB will be projected into a 
system of parallel lines on tho plane of projection. For, since 
the line from the vertex to any point of AB meets the plane of 
projection at an infinite distance, the intersection of any two lines 
which meet on AB is projected to an infinite distance on the 
plane of projection. Conversely, any system (^parallel lines on 
the original plane is profited inta a system of lines meeting in a 
point on the line DFj where a plane through the vertex parallel to 
the original plane is cut hy the plane of projection. The method 
of projection then leads us naturally ta the conclasion^ that any 
system of parallel lines may be considered as passing through a 
point at an infinite distance^ for their projections on any piano 
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pasf) tlirough a point in general at a finite distance; and again, 
that all the points at infinity on any plane may be considered as 
lying on a right line^ since we have showed that the projection 
of any point in which parallel lines intersect must lie somewhere 
on the right line DF in the plane of projection. 

350. We see now, that if any property of a given curve does 
not involve the magnitude of lines or angles, but merely relates 
\o ih^ position of lines as drawn to certain points, or touching 
certain curves, or to the position of points, &c., then this property 
will be true for any curve into which the given curve can be pro- 
jected. Thus, for instance, " if through any point in the plane 
of a circle a chord be drawn, the tangents at its extremities will 
meet on a fiyed line," Now since we shall presently prove that 
every cui've of the second degree can be projected into a circle, 
the method of projection shows at once that the properties of 
poles and polars are true not only for the circle, but also for all 
curves of the second degi*ee. Again, FascaPs and Brianchon^a 
theorems are properties of the same class, which it is sufficient 
to prove in the case of the circle, in order to know that they are 
true for all conic sections. 

351. Properties which, if true for any figure, are true for its 
projection, are called projective properties. Besides the classes of 
theorems mentioned in the last Article, there are many projective 
theorems which do involve the magnitude of lines. For instance, 
the anharmonic ratio of four points In a right line {ABCD]^ 
being measured by the ratio of the pencil [O.ABCD] drawn to 
the vertex, must be the same as that of the four points {abcd]^ 
where this pencil is cut by any transversal. Again, if there be 
an equation between the mutual distances of any number of 
points in a right line, such as 

AB. CD.EF+k.AC.BE.DF-\- 1. AD. CF.BF-h&c^O, 

where in each term of the equation the same points are men« 
tioned, although in different orders, this property will be pro« 
jective. For (see Art. 311) if for -45 we substitute 

OA.OB.smAOS « 
OF ^^^^'^ 

each term of the equation will contain OA. OB. OG. OD. OF. OF 
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in the numerator, and OF^ in the denominator. Dividing, then, 
by these, there will remain merely a relation between the sines 
of angles subtended at 0. It is evident that the points -4,5, C, 
Dj Ej F^ need not be on the same right line ; or, in other words, 
that the perpendicular OP need not be the same for all, provided 
the points be so taken that, after the substitution, each term of 
the equation may contain in the denominator the same product, 
OP, OP". 0F\ &c. Thus, for example, " If lines meeting in a 
point and drawn through the vertices of a triangle ABG meet the 
opposite sides in the points a, &, c, then Ab.Bc, Ca = Ac,Ba,Cby 
This is a relation of the class just mentioned, and which it is 
sufficient to prove for any projection of the triangle ABC. Let 
us suppose the point C projected to an infinite distance, then 
AC^ BCj Cc are parallel, and the relation becomes 

Ab.Bc = Ac.Baj 
the truth of which is at once perceived on making the figure. 

352. It appears, from what has been said, that if we wish to 
demonstrate any projective property of any figure, it is sufficient 
to demonstrate it for the simplest figure into which the given 
figure can be projected ; e,g. for one in which any line of the 
given figure is at an infinite distance. 

Thus, if it were required to investigate the harmonic pro- 
perties of a complete quadrilateral ABCD^ whose opposite sides 
intersect in E^ Fy and the intersection of whose diagonals is G^ 
we may join all the points of this figure to any point in space (?, 
and cut the joining lines by any plane parallel to OEF^ then 
^F is projected to infinity, and we have a new quadrilateral, 
whose sides a&, cd intersect in e at infinity, that is, are parallel ; 
while adj be intersect in a point/ at infinity, or are also parallel. 
We thus see that any quadrilateral may be projected into a 
parallelogram. Now since the diagonals of a parallelogram 
bisect each other, the diagonal oo is cut harmonically in the 
points a, ^, c, and the point where it meets the line at in- 
finity ef. Hence AB is cut harmonically in the points A^ O^ C^ 
and where it meets EF. 

Ex. If two triangles ABCy A'B'C, be such that the points of intersection of 
4B, A'B'i BCf EC\ CA, CA'; Ue in a right line, then the lines AA\ BB', CC 
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Project to infinity the line in which AB, A'R, Ac. intersect ; then the theorem 
becomes : " If two triangles abcy a'b'c' ha Ye the sides of the one respectively parallel 
to the sides of the other, then the lines aa\ bb', c</ meet in a point." Bnt the truth 
of this latter theorem is evident, since aa't W both cnt oc' in the same ratio. 

863, 111 order not to interrupt the account of the applications 
of the method of projection, we place in a separate section 
the formal proof that every curve of the second degree 
may be projected so as to become a circle. It will also be 
proved that by choosing properly the vertex and plane of pro- 
jection, we can, as in Art. 352, cause any given line EF on the 
figure to be projected to infinity, at the same time that the 
projected curve becomes a circle. This being for the present 
taken for granted, these consequences follow : 

Given any conic section and a point in its plane^ toe can project 
it into a circle^ of which the projection of that point is the centre^ 
for we have only to project it so that the projection of the polar 
of the given point may pass to infinity (Art. 154), 

Any tioo conic sections may be projected sa as both to become 
circles^ for we have only to project one of them into a circle, 
and so that any of its chords of intersection with the other shall 
pass to infinity, and then, by Art. 257, the projection of the 
second conic passing through the same points at infinity as the 
circle must be a circle also. 

Any two conies which have double contact with each other may- 
be projected into concentric circles. For we have only to project 
one of them into a circle, so that its chord of contact with the 
other may pass to infinity (Art. 257), 

354. We shall now give some examples of the method of 
deriving properties of conies from those of the circle, or from 
other more particular properties of conies. 

Ex 1. ** A line through anj point is oat harmonically bj the cnnre and the polai- 
of that point." This property and its reciprocal are projective properties (Art. d51)„ 
and both being true for the circle, are true for every conic. Hence aU the propertiea. 
of the cirdo depending on the theory of poles and polars are true for all the coni<% 
sections. 

Ex. 2. The anharmonic properties of the points and tangents of a conic are prcH 
jective properties, which, when proved for the circle, as in Art. 812, are proved for 
all conies. Hence, every property of the circle which results from either of ita 
anharmonic properties is true also for all the conic sections. 

^. 8. Camot's theorem (Art. 813), that if a conic meet the sides of a triangle^ 

Ab . Ab\ Be . Be, Ca . Ca' = Ac . Ac', Ba . Ba\ Cb . Cb\ 
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U a projectiye propertj which need only be proTed in the case of the dicle, in which 
case it is eridently true, since Ah, Ah' = Ac.A&, Ac 

The theorem can evidently be proved in like manner for any polygon. 

Ex. 4. From Camot's theorem, thus proved, could be deduced the properties of 
Art. 148, by suppoeing the point C at an infinite distance ; we then have 
Ab.Ah ' _ Ba.Ba' 
Ac. Ac'^ Be. Bo'* 
where the line Ah is parallel to Ba. 

Ex. 5. Given two concentric circles, Given two conies having donble oon- 
any chord of one which touches the tact with each other, any chord of one 
other is bisected at the point of con- which touches the other is cut harmo- 
tact. nically at the point of contact, and where 

it meets the chord of contact of the 
conies. (Ex. 8, Art. 345). 

For the line at infinity in the first case is projected into the chord of contact of 
two conies having donble contact with each other. Ex. 4, Art. 236, is only a particular 
case of this theorem. 

Ex. 6. Given three concentric circles. Given three conies all touching each 
any tangent to one is cut by the other other in the same two points, any tan- 
two in four points whose anharmonio gent to one is cut by the other two in 
ratio is constant. four points whose anharmonic ratio is 

constant. 

The first theorem is obviously tme, since the four lengths are constant. The 
second may be considered as an extension of the anharmonic property of the tangents 
of a conic. In like manner the theorem (in Art. 276) with regard to anharmonic 
ratios in conies having double contact is immediately proved by projecting the conies 
into concentric circles. 

Ex. 7. We mentioned already, that it was sufficient to prove Pascal's theorem 
for the case of a circle, but, by the help of Art 353, we may still further simplify 
our figure, for we may suppose the line joining the intersection of AB, DE, to that 
of BCy EF, to pass off to infinity ; and it is only necessary to prove that, if a hexagon 
be inscribed in a circle having the side AB parallel to DEf and BC to EF, then 
CD will be parallel to AFi but the truth of this can be shown from elementary 
oonsideiations. 

Ex. 8. A triangle is inscribed in any oonic, two of whose sides pass through fixed 
points, to find the envelope of the third (Ex. 3, Art. 272). Let the line joining the fixed 
points be projected to infinity, and at the same time the conic into a circle, and this pro- 
blem becomes, — "A triangle is inscribed in a circle, two of whose sides are parallel 
to fixed lines, to find the envelope of the third." But this envelope is a concentric 
circle, since the vertical angle of the triangle is given ; hence, in the general case, 
the envelope is a conic touching the given oonic in two points on the line joining 
the two given points. 

Ex. 9. To investigate the projective properties of a quadrilateral inscribed in a 
conic Let the conic be projected into a circle, and the quadrilateral into a parallelo- 
gram (Art. 852). Now the intersection of the diagonals of a parallelogram inscribed 
in a circle is the centre of the circle; hence the intersection of the diagonals of a 
quadrilateral inscribed in a conic is the pole of the line joining the intersections of 
the opposite sides. Again, if tangents to the circle be drawn at the vertices of this 
parallelogram, the diagonals of the quadrilateral so formed will also pass through 
the centre, bisecting the angles between the first diagonals ; hence, " the diagonals 
of the inscribed and corresponding circumscribing quadrilateral pass through a potnt, 
and form a harmonic pencil, ' 
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Ex. 10. Given fotur points on a oonic, 
the locQS of its centre is a conic through 
the middle points of the sides of the given 
quadrilateral. (Ex. 15, Att. 328). 

Ex. 11. The locus of the point where 
parallel chords of a circle are cut in a 
given ratio is an ellipse having double 
contact with the dide. (Art. 163). 



Given four points on a C6tic, the locus 
of the pole of any fixed line is a conic 
passing through the fourth harmonic to 
the point in which this line meets each 
side of the given quadrilateral. 

If through a fixed point a line he 
drawn meeting the conic in A^ By and on 
it a point P be taken, sutih that [OABP] 
may be constant, the locus of P is a 
conic having double contact with the 
given ooniCf 

355. We may project several properties relating to foci by 
the help of the definition of a focus, given p. 239, viz. that 
if ^ be a focus, and A^ B the two imaginary points in which 
any circle is met by the line at infinity; then FA^ FB are 
tangents to the conic. 

Ex. 1. The locus of the centre of a If a conic be described through two 
circle touching two given circles is a hy- fixed points A^ B, and touching two given 
perbola, having the centres of the given conies which also pass through those 
circles for fod. points, the locus of the pole of AB is a 

conic teaching the font lines CA, CB, 

CAj CBf where C, C, are the poles of 

AB with I'egard to the two given conies. 

In this example we substitute for the word 'circle/ *' conic through two fixed 

points Af B," (Art. 257), and for the woi-d * centre,' " pole of the line AB."* (Art. 154). 

Ex. 2. Given the focus and two points- Given two tangents, and two points 

of a conic section, the intersection of tan- on a conic, the locus of the intersection 



gents at those points will lie on a fixed 
line. (Art. 191). 

Ex. 3. Given a focus and two tan- 
gents to a conic, the locus of the other 
focus iB a right line. (This follows from 
Art. 189). 



of tangents at those points is a right line. 

Given two fixed points A^ B ; two tan- 
gents FAy FB passing one through each 
point, and two other tangents to a conic; 
the locus of the intenection of the other 
tangents from A, Bj is a right line. 

If two triangles circumscribe a conic, 
their six vertices lie on the same conic* 



Ex.4. If a triangle circumscribe a 
parabola, the circle circumscribing the 
triangle passes through the focus, Cor. 4| 
Art. 223. 

For if the focus be F, and the two circular points at infinity A, P, the triangle 
FAB is a second triangle whose three sides touch the parabola. 

Ex. 6. The locus of the centre of a Given one tangent, and three points 
circle passing through a fixed point, and on a conic, the locus of the intersection 



touching a fixed line, is a parabola of 
which the fixed point is the focus. 



of tangents at any two of these points is 
a conic inscribed in the triangle formed 
by those points. 



* This is easily proved directly. Take a side of each triangle and, by the anhar- 
monic property of the tangents of a conic, these lines are cut homographically by the 
other four sides ; whence it may easily be seen that the pencils joining the opposite 
vertices of each triangle to the other four are homographic: 
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Sz. 6. Given four tangents to a conic, Giren foar tangents to ft conio, thd 
the locos of the centre is the line joining locns of the pole of any line is the line 
the middle points of the diagonals of the joining the fourth harmoniOB of the pointe 
qnadrilateial. where the given line meets the diagonak 

of the qnadrilateral. 

It follows from oitr definition of a fbcns, that if two conies have the same foCdSi 
this point will be an intersection of common tangents to them, aiid Will possess the 
properties mentioned at the end of Art. 264. Also, that if two oonics have the same 
focus and directrix, they may be considered as two conios hating doable oontact with 
each other, and may be projected into ooncentiie circles. 

356. Since angles which are constant in any Agute will in 
general not be constant in the projection of that figure, we pro* 
ceed to show what property of a projected figure may be inferred 
when any property relating to the magnitude of angles is given } 
and we commence with the case of the right angle. 

Let the equations of two lines at right angles to each other 
hex = 0^y = 0^ then the equation which determines the direction 
of the points at infinity on any circle is «• + ^ = 0, or 

Hence (Art. 57) these four lines form a harmonic peticiL 
Bence, given four points A^ B^ G^ D^ of a line cut harmonically^ 
where A^ B may be real or imaginary^ if these points be trans- 
ferred by a real or imaginary projection^ so that Ay B may 
become the two imaginary points at infinity on any circle^ then 
any lines through C^ D will be projected into lines at right 
angles to each other. Conversely, any tioo lines at right angles 
to each other vnU be projected into lines which cut harmonically 
the line joining the two fixed points which are the projections of 
the imaginary points at infinity on a circle* 

Ex. 1. The tangent to a circle is at Any chord of a conic is ctit hai1non(« 
tight angles to the radioe. eally by any tangent^ and by the lin6 

Joining the point of contact of that tan« 

gent to the pole of the giten chord« 

(Art. 140). 

Tot the ehofd of the eonte le snppoeed to be the projection of the line at infinity 

in the plane of the ciide ; the points where the dhord meets the conic will be the 

projections of the imaginary points at infinity on the circle; and the pole of the 

chord will be the projection ai the centre of the ciide* 

Ex. 2. Any right line drawn throngh Any right line throng a point, the 
the focus of a conic is at right angles line joining its pole to that point, and 
to the line joining its pole to the focest the two tangents from the point, form 
(Art. 192). a harmonic pencil. (Art. 1*46). 

It is evident that the first of these properties is only a particular case of the 

TT. 
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second, if We ieooHeci i\iB,l tbe tangents from the Iocbb are tbe lineB jdntng the 
fbcos to the two imagmaly points on any drdle. 

Ex. 8. Let us apply Ex. 6 o7 the last Article to determine the locns of the pole 
of a given line with regard to a system of confocal oonics. Being given the two 
lod, we are given a qmidrilatetal circoinscribing the conic (Art. 258a) ; one of the 
diagonals of this quadrilateral is the line joining the fod, therefore (Ex. €) otte point 
on the locos is the fourth harmonic to the point where the given line cuts the dis- 
tance between the foci. Again, another diagonal is the Kne at infinity, and sinoe 
the extremities of this diagonal are the points at infinity on a drde, therefore by the 
j^resent Article the locus is perpendicular to the given line. The locus is, therefor^ 
completely determuied. 

Ex. 4. Two confocal oonics cut eadi tf two conks be mseribed in the same 
other at right anglea. quadrilateral, the two tangents at any of 

their points of intersection cut any dia- 
gonal of the drcumsczibing quadrilateral 
luurmoBicaily. 

The last theorem Is a case of the reciprocal of Ex. 1, Art. 846. 

Ex. 6. The locus of the intersection The locAs of the intersection of tan- 
ot two tangents to a central conic, which gents to a conic, whidh divide harmoni- 
eut at light toki^ea, is a circle, cally a given finite right line AB, is a 

conic through A, B, 

The last theorem may, by Art. 146, be stated otherwise thus : *' The locus of a 
point Of such that the line joining O to the pole of AO may pass through ^, is a 
conic through A, B f and the truth of it is evident directly, by taking four ixxitiona 
of the line, when we see, by Ex. 2, Art. 297, that the anhannonic zatae ef four lines 
AO is equal to that of four corresponding lines BO. 

Ex. 6. The locus of the intersection If in the last example AB touch the 
0I tangents to a parabola, which cut at given conic, the locns x>f wiU be the 
light angles, is the directziz. line joining the points of Contact of tan- 

gents from Af B, 

Ex. 7. The ctrde dreumscribing a tri- If two triangles are both self -con- 
angle self-conjugate with regard to an jugate with regard to a oonio^ their six 
equilateral hyperbola passes threagh the vertices lie on a oonie. 
centre of the curve. (Ex. 6, Art. 228). 

The fact that the asymptotes of an equilateral hjrperbola are at right angles may 
be stated, by this Article, that the line at infinity outs the curve in two points which 
are harmonically conjugate with respect to A^ B, the imaginary dicular points at 
infinity. And since the centre C is the pole of AB, Che triangle CABia self -conjugate 
with regard to the equilateral hyperbola. It follows, by reciprocation, that the six 
sides of two self -conjugate triangles touch the same conic. 

Ex. 8. If from any point on a oonic If a harmonic pencil be drawn through 
two lines at right angles to each other be any point on a conic, two legs of which 
drawn, the chord joining their extremities are fixed, the chord joining the extremities 



through a fixed point. (Ex. 2, of the other legs will pass through a fixed 
Art. 181). point. 

In other words, given two points a, e on a conic, and {abed\ a haxmonic ratio, hd 
will pass through a fixed point, namely, the intersection of tangents at a, e. But the 
truth of this may be seen directly: for let the line ae meet bd ia K, then, since 
{a.abcd\ is a harmonic pencil, the tangent at a cuts bd in the fourth harmonic to JT: 
but so likewise must the tangent at c, therefore these tangents meet 6<f in the same 
|)oiat. As s particular case of this theorem we have the following : " Through a fixed 
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point on a eonic two Hues are drawn, maldiig equal aBgles with a fixed line^ the chord 
joining their extremities will pass through a fixed point." 

357. A system of pairs of right linea drawn through a pointy 
90 that th^ lines^ of each pair make equal angles with a fixed linej 
cuts the line at infinitjf in a system of points in involution^ of 
which the two points at infinity on any circle form one pair of con- 
jugate points. For they evidently cut any right Hne in a systeni 
of points in involution, the fptci of which are the points where the 
Une is met by the given internal and exten^al bisector of every 
pair of right lines. The twa points at infinity just mentioned 
belong to the system^i since they also are cut harmonically by 
these bisectors. 

The tangents from any point to a The tangents from any point to a 
system of oonfocal conies make equal system of conies inacrihed in the same 
angles with two fixed lines. (Art. 189). quadrilateral ont any diagwfl^ of that 

quadnlatend in a system of points m, 
involution of which the. two extremities 
of that diagonal are a pair of conjn^te 
ipoints. (Art. 344). 

S58, Two lines which contain a constant angle cut the line 
Joining the two points at infinity on a circle^ so thfllt thfi anhar-f 
tnonic ratio of the four points is constant. 

For the equation of two lines containing an angle being 
^ = 0, y = 0, the direction of the points at infinity on any circle 
is determined by the equation 

9*-\'y*'i-2xy co8^=0t 
and, separating this equation into factors, we see, by Art. 57, that 
the anharmonic ratio of the four lines is constant if be constant* 

Ex. 1. " The an^e contained in the same segment of a circle is constant.*' We 
cee, by the present Article, that this is the form assumed hy the anharmopic property 
of four points on a circle when two of them are at an infinite distance. 

Ex. 2. The envelope of a chord of a If tangents through any point meet 
conic which subtends a constant angle the conic in T, T\ and there be taken 
at the focus is another conic hayiivg the on the conic two points A^^ B^ such that 
same focus and the fiW^e directrix. [O.ATBT'} is constant, the envelope of 

AB is ^ conic touching the given conic 
in the points T, T\ 

Ex. 8. The loens of the intersection If a finite line AB, touching a conio 
fyf tangents to a parabola which cut at be cut by two tangents in a given an- 
|h given angle is a hyperbola having the harmonic ratio, the locus of their inter- 
§^rt \ff foQUfl iM^d the same directrix. section is a conic touching the given conio 

at the points of contact of tangents froq^ 
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Ex. 4, If fron) tlie fopoa of a oonlo i^ If a yaiiable tangent to a oonic meek 
line be drawn making a given angle with two fixed tangents vn 7\ T\ and a fixed 
any tangent, the locus of the point where line in M, and there be taken on it a 
it meets it is a dic^e, point P, such that {PTMT*} may be con- 

Btaxit) the locos of P is a conic passing 

throngh the points where the fixed tan** 

gents meet the fixed line. 

A particular case of this theorem is : <' The locus of the point where the intercept 

of a variable tangent between two fixed tangt^ta is cut imi giv^ r«^tio is a hyper ' 

Ma whose asyn^ptotes are parallel to the fi^^ed cangenta." 

Bx. 6. If from a fixed point 0, OP be Given the anharmonic ratio of apencU 
drawn to a given circle, and TF be drawn three of whose legs pass through fixed 
making the angle TPO constant, the points, and whose vertex inoves along a 
envelope gf 7!P ^ (^ ijomQ having for its given oonic, passing through two of the 
fo^qif points, the envelope of the fourth leg ia 

a conic touching the lines joining these 
two to the third fixed point. 

A particular oase of this is: <'If two fixed poiqts il, if on a conic be joined to 
a variable point P, and the intercept made by the joining obords on a fixed line be 
cut in a giv^n ratio ^t ^, the envelope of J^Af ip f^ qoivLo t^^ching p^raUe^ through 
4 and B to the fixed line. 

I|x. 6. If from a fixed poii^t 0^ OP be Oiven the anharmonic ratio of a pencil, 
^ii^wn to B, givei^ right line, and the angle three of whose legs pass through fixe<| 
TPO be constant, the envelope of TP is points, a^d whose vertex moves along a 
f^ parabola hi^ving Q for i^ focuQt fixed line, the envelope ojt the fourth leg 

is a conic touching the throe sides of th^ 
triangle formed by the giYon po^t^ 

359. We have now explained the geometric method by 
which, from the properties of one figure, n^aj be derived those 
of another figure which corresponds to it (not as in Chap. XY.| 
m that the points of one figure answer to the tangents of the 
other, but) so that the points of oqe answer to the points of the 
other, and the tangents of one to the tangents of the other. 
All this n^ight be placed on a purely analytical basis. If any 
curve be represented by an equation in trilinear coordinates, 
referred to a triangle whose sides are a, &, c, and if we interpret 
this equation with regard to a different triangle of reference 
whose sides are a\ b\ o\ we get a new curve of the same degree 
as the first f* and the same equations which establish any pro« 
perty of the firat curve will, when differently interpreted, establish 

* It is easy to see that the equatioi) of the new our?e referred to the old triangle 
Is got by substituting ii^ th^ given equation for a, /9, y ; la +mj9 + ny, Va+m'^-\- n'y, 
fa + wi"/3 + n"y, where /o + m^ + ny represents the Une which is to correspond to 
0, Ac. For fuller information on this method of transfozmaUon see Migher Plam 
Cur&a, Chap, viii. 
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a corresponding property of the second. In this manner a 
right line in one system always corresponds to a right line in 
the other, except in the case of the equation aa + &)8 + cy = 0, 
which in the one system represents an infinitely distant linsi 
in the other a finite line. And, in like manner, d% + 6'^ + o'y, 
which represents an infinitely distant line in the second system 
represents a finite line in the first system* In working with 
trilinear coordinates, the reader can hardly have failed to take 
notice how the method itself teaches him to generalize all 
theorems in which the line at infinity is concerned. Thus 
(see Art. 278) if it be required to find the locus of the centre 
of a conic, when four points or four tangents are given, thia 
is done by finding the locus of the pole of the line at infinity 
aa + J;8 + 07, and the very same process gives the locus under 
the same conditions of the pole of any line Xa + /*/5+ ^7* 

We saw (Art. 59) that the anharmonic ratio of a pencil 
P^hP\ P—IP\ &c. depends only on the constants fc, Z, and ia 
not changed if P and P' are supposed to represent different right 
lines. We can infer then, that in the method of transformation 
which we are describing, to a pencil of four lines in the one 
system answers in the other system a pencil having the same 
anharmonic ratio ; and that to four points on a line correspond 
four points whose anharmonic ratio is the same. 

An equation, 8=0^ which represents a circle in the one 
pystem will, in general, not represent a circle in the other. 
But since any other circle in the first system is represented 
by an equation of the form 

all curves of the second system answering to circles in the 
first will have common the two points common to S and 
pa + ijS + cjf 

360. In this way we are \d, on purely analytical grounds, to 
the most important principles, on the discovery and application 
of which the merit of Poncelet's great work consists. The 
principle of continuity (in virtue of which properties of a figure, 
in which certain points and lines are real, are assorted to be 
true even when some of these points and lines are imaginary) 
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Is more easily established on analytical than on purely geo- 
metrical grounds. In fact, the processes of analysis take no 
account of the distinction between real and imaginary, so ira^ 
portant in pure geometry. The processes, for example, by which, 
in Chap. XIY., we obtained the properties of systems of conica 
represented by equations of forms S= kafi or /S= Aa" are un-i 
affected, whether we suppose a and ff to meet 8. in real or 
imaginary points. And though from any given property of a 
system of circles we can obtain, by a real prcjection, only a 
property of a system of conies having two imaginary points 
common, yet it is plainly impossible to prove such a property by 
general equations without proving it, at the same time, for conies 
having two real points common. The analytical method of 
transformation, described in the last article, is equally applicable 
if we wish real points in one figure to correspond to imaginary 
pomts on the other. Thus, for example, a' H- iS" = ^ deqotes a 
curve met by 7 in imaginary points ; but if we substitute fop 
a, /8; P± Q V(- 1)? and for 7, -R, where P, Q^ S denote right 
lines, we get a curve met in real points hy B the line corre« 
sponding to 7. 

The chief difference in the application of the method of 
projections, considered geometrically and considered algebrai<i 
cally, is that the geometric method would lead us to prove a 
theorem, first for the circle or some other simple state of the 
figure, and then infer a general theorem by projection. Th^ 
algebraic method finds it as easy to prove the general theorem 
as the simpler one, and would lead us to prove the general 
theorem first, and afterwards infer the other as a partic^lal^ 
case. 

THEORY OF THE SECTIONS OF A CONE, 

361. The sections of a cone by parallel planes are similar^ 
Let the line joining the vertex to any fixed point A in one 
plane meet the other in the point a ; and let radii vectores be 
drawn from -4, a to any other two corresponding points 5, ft. 
Then, from the similar triangles OAB^ Oab^ AB is to ai in the 
constant ratio OA : Oa ; and since every radius vector of the one 
curve is parallel and in a constant ratio to the corresponding 
radius vector of the o*her, the two curves are similar (Art, 2331), 
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Cob. If a cone standing on a circular base be cut by any 
plane parallel to the base, the section will be a circle. This 
is evident as before ; we may, if we please^ suppose the points 
Aj a the centres of the curves. 

362. A section of a cone^ standing on a circular lase^ may 
ie either an ellipse^ hyperbola^ or parabola. 

A cone of the second degree is said to be right if the line 
joining the vertex to the centre of the circle which is taken for 
base be perpendicular to the plane of that circle ; in which case 
this line is called the axis of the cone. If this line be not per« 
pendicular to the plane of the base, the cone is said to be oblique. 
The investigation of the sections of an oblique cone is exactly the 
same as that of the sections of a right cone, but we shall treat 
them separately, because the figure in the latter case being more 
simple will be more easily understood by the learner, who may at 
first find some difficulty in the conception of figures in space. 

Let a plane {OAB) be drawn through the axis of the cone 
OC perpendicular to the plane of the 
section, so that both the section MSslf 
and the base A SB are supposed to 
be perpendicular to the plane of the 
paper; the line BS^ in which the 
section meets the base, is, thereforoi 
also supposed perpendicular to the 
plane of the paper. Let us first 
suppose the line MN^ in which the 
section cuts the plane OAB to meet 
both the sides OA^ OB^ as in the figure, on the same side of 
the vertex. 

Now let a plane parallel to the base be drawn at any other 
point s of the section. Then we have (Euc. ill. 35) the square 
of jSiS, the ordinate of the circle, == AB.BB^ and in like manner 
rs* = ar.rb. But from a comparison of the similar triangles 
ABM^ arM] BBN, brN^ it can at once be proved that 

AB.BBx MB.BNi: ar.rb : Mr.rN. 

Therefore B8* : rs* :: MB.BN: Mr.rN. 

Hence the section MSsN is such that the square of any ordinate 
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T8 is to the rectangle under the parts \n which it cuts the line 

MN in the constant ratio R8* : MB.BK 

Hence it can immediately be infeired 

(Art. 149) that the section is an ellipse^ 

of which MN is the axis major, while 

the square of the axis minor is to MN* 

in the given ratio 

BS* : MB.BN. 
Secondly. Let MN meet one of the 
sides OA produced. The proof proceeds 
exactly as before, only that now we prove 
the square of the ordinate ra in a constant 
ratio to the rectangle Mr.rN under the 
parts into which it cuts the line MNprO' 
duced. The learner will have no difficulty 
in proving that the locus will in this 
case be a hyperbola^ consisting evidently of the two opposite 
branches NsS^ Ma'S^ 

Thirdly. Let the line MN be parallel 
to one of the sides. In this case, since 
AB = ar^ and BB : rJ : : BN : riV, we have 
the square of the ordinate r8{^ar.rh) to 
the abscissa rN in the constant ratio 

BS'[^AB.BB)xBN. 

The section is therefore 9k parabola!^ 

363. It is evident that the projections of the tangents at the 
points -4, B of the circle are the tangents at the points if, N of 
^ ■ ■ - ■ ■ - 

* Those wbo first treated of conic sections only considered the caae when a right 
oone is oat by a plane perpendicular to a side of the cone ; that is to say, when MH 
ia perpendicular to OB, Conic sectiona were then divided into sections of a right- 
angled, acnte, or obtnse^angled cone; and according to Eatochius, the commentator 
on Apollonins, were called parabola, ellipse, or hyperbola, according as the angle of 
the core was equal to, less than, or exceeded a right angle. (See the passage cited 
in full, WaUm't Examples, p. 428). It was ApoUonius who first showed that all 
three sections could be made from one cone; and who, according to Pappus, gave 
them the names parabola, ellipse, and hyperbola, for the reason stated. Art. 194. The 
authority of Eutochius, who was more than a century later than Pappus, may not 
be veiy great, but the name parabola was used by Archimedes, who was prior to 
ApoUoniuB. 
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the conic section (Art. 848) ; now in tLe case of the parabola the 
point M and the tangent at it go off to infinity ; we are therefore 
again led to the conclusion that every parabola has one tangent 
altogether at an infinite distance. 

864. Let the cone now be supposed oblique. The plane of 
the paper is a plane drawn through the line 00, perpendicular to 
the plane of the circle AQ8B. Now let 
the section meet the base in any line Q8^ 
draw a diameter LK bisecting Q8^ and /i 

let the section meet the plane OLK in the / // 

line MN^ then the proof proceeds exactly ^ //H 

as before ; we have the square of the ordi- ^/\^m\' 

nate BS equal to the rectangle LR.RK\ / • ly /s 

if we conceive a plane, as before, drawn / m/---' / 

parallel to the base (which, however, is left A — "h -— . 

out of the figure in order to avoid render* C . / 

ing it too complicated), we have the square *^" ^"^ 

of any other ordinate re equal to the corresponding rectangle 
lr,rk\ and we then prove by the similar triangles KBM^ 1crM\ 
LBNy IrN^ in the plane OLKj exactly as in the case of the right 
cone, that BS* : ra*^ as the rectangle under the parts into which 
each ordinate divides UNy and that therefore the section is a 
conic of which MN is the diameter bisecting Q8^ and which is an 
ellipse when MN meets both the lines OZ, OK on the same side 
of the vertex, a hyperbola when it meets them on different sides 
of the vertex, and a parabola when it is parallel to either. 

In the proof just given Q8 is supposed to intersect the circle 
in real points ; if it did not, we have only to take, instead of the 
circle AB^ any other parallel circle abj which does meet the sec* 
tion in real points, and the proof will proceed as before. 

365. We give formal proofs of the two following theoremSj 
though they are evident by the principle of continuity : 

I. If a circular section be cut by any plane in a line Q8^ 
ike diameters conjugate to Q8 in that plane^ and in the plane of 
the circle^ meet Q8 in the same point. When qs meets the circle 
in real points, the diameter conjugate to it in every plane must 
evidently pass through its middle point r. We have therefore 

uu. 
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only to examine tlie case where QS does Dot meet in real 
points. It was proved (Art. 361) that the diameter df which 
bisects chords, parallel to qs^ of any circular section, will be pro- 
jected into a diameter DF bisecting 
the parallel chords of any parallel 
section. The locus therefore of the 
iniddle points of all chords of the 
cone parallel to qa is the plane Odf. 
The diameter therefore, conjugate 
to Q8 in any section, is the inter- 
section of the plane Odf with the 
plane of that section, and must 
pass through the point R in which 
Q8 meets the plane ODf. 

II. In the same case^ if the diameters conjugate to Q8 in the 
circle^ and in the other section^ be cut into segments RD^ RF; Rg^ 
Rk; the rectangle DR.RFis to gR.Rk as the square of the dia- 
meter of the section parallel to Q8 is to the square qf the conjugate 
diameter. This is evident when qs meets the circle in real 
points; g\nce rs^ — dr.rf In general, we have just proved that 
the lines gJe^ df DF^ lie in one plane passing through the vertex. 
The points Z>, d are therefore projections of g ; that is to say, 
they lie in one right line passing through the vertex. We have 
therefore, by similar triangles, as in Art. 364, 

dr.rfiDR.RFiigr.rkigR.Rk; 

and since dr,rf is to gr.rk as the squares of the parallel semi- 
diameters, DR.RFis to gR.Rk in the same ratio. 

If the section gskq and the line Q8 be given, this theorem 
enables us to find DR.RF^ that is to say, the square of the 
tangent from R to the circular section whose plane passes 
through Q8. 



366. Given any conic gskq and a line TL in its plane not 
tutting it^ we can project it so that the conic may become a circle^ 
and the line may be projected to infinity. 

To do this, it is evidently necessary to find the vertex of 
a cone standing on the given conic, and such that its sections 
parallel to the plane OTL shall be circles. For then any of 



Digitized by VjOOQIC 



THE METHOD OP PROJECTION* 33t 

these parallel sections woald be a projection fulfilling the con- 
ditions of the problem. Now, if TL meet the conjugate dia- 
meter in the point 2i, it follows from the theorem last proved 
that the distance OL is given; for, since the plane OTL is. 
to meet the cone in an infinitely small circle, OU is to gL. Lk 
in the ratio of the squares of two known diameters of the section. 
OL must also lie in the plane perpendicular to TX, since it is 
parallel to the diameter of a circle perpendicular to TL. And 
there is nothing else to limit the positioi\ of th^ point 0, which 
may lie anywhere iu a ]i;nowa circle iu the plane perpendicular 
to TL. 

367. If a sphere he inscribed in a right cone touching th$ 
plane of any section^ the point of contact will be a focus of that 
eectionj and the corresponding directrix loill be the injtersection of 
the plane of the section with the plane of co^tofit of the cone with 
the sphere. 

Let spheres be both inscribed and exscribed between th^ 
cone and the plane of the section. Now, if 
any point P of the section be joined to tho 
vertex, and the joining line meet the planes 
of contact in Dd^ then we have PD = PF^ 
since they are tangents to. the same sphere, and,, 
•iraitariy, Pd^PF\ therefore PF-^PF'^DJ^ 
which is constant. The point (B), whwe FF^ 
meets AB produced, is a point on the direc-r 
trix, for by the property of the circle NFMR 
is cut harmonically, therefore £ is a point on the polar of F. 

It is not difficult to prove that the parameter of the section 
MPN is constant) if the distance of the plane from the vertex 
be constant. 

C\)R. The locus of the vertices of alt right cones, out of 
which a given ellipse can be cut, ia a hyperbola passing through 
the foci of the ellipse. For the diflFerence of MO and NO is 
constant, being equal to the difference between MF' and iV^F'* , 

* By the help of this principle, Mr. Mulcahy showed how to derive properties of 
angles subtended at the focus of a conic from properties of small circles of a sphere. 
For example, it is known that if through any point P, on the surface of a sphere, a 
great circle be drawn, cutting a small circle in the points A^ B, then tan ^AP tan ^BP 
^constant, l^ow, let us take a cone whose base is the sn)all circle, and whose vert^ 




Digitized by VjOOQIC 



832 THE METHOD OP PROJECTION, 



OETHOGONAL PROJECTION. 

368. If from all the points of any figure perpendiculars be 
let fall on any plane, their feet will trace out a figure which is 
called the orthogonal prqjeotion of the given figure. The ortho* 
gonal projection of any figure is, therefore, a right section of a 
cylinder passing through the given figure. 

All parallel lines are in a constant ratio to their orthogonal 
projections on any plane* 

For (see fig. p. 3) MM^ represents the orthogonal projection 
of the line PQ^ and it is evidently = PQ multiplied by the cosine 
of the angle which PQ makes with MM\ 

All lines parallel to the intersection of the plane of the figure 
with the plane on which it is projected are equal to their orthogonal 
projections. 

For since the intersection of the planes is itself not altered 
by projection, neither can any line parallel to it. 

The area of any figure in a given plane is in a constant ratio 
to its orthogonal projection on another given plane^ 

For, if we suppose ordinates of the figure and of its pro* 
jection to be drawn perpendicular to the intersection of the 
planes, every ordinate of the projection is to the correspond- 
ing ordinate of the original figure in the constant ratio of 
the cosine of the angle between the planes to unity ; and it 
will be proved, in Chap. XIZ., that if two figures be such that 
the ordinate of one is in a constant ratio to the corresponding 
ordinate of the other, the areas of the figures are in the 
same ratio. 

Any ellipse can he orthogonally projected into a circle^ 

For, if we take the intersection of the plane of projection with 
the plane of the given ellipse parallel to the assis minor of that 
ellipse, and if we take the cosine of the angle between the planes 



la tbe oentre of the Bphere, and let us cat this cone by any plane, and we learn that 
** if through a point />, in the plane of any conic, a line be drawn cutting the oonio 
in the points a, 6, then the product of th^ tangents of the halves of the angles which 
apf bp subtend at the vertex of the oone will be constant." This property will be 
true of the vertex of any right cone, out of which the section can be cut, and, 
therefore, since the focus is a point in the locus of such yerticesy it must be true 
that tan ^n/p tan lYP ^ constant (see p. 210). 
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B - , then every line parallel to the axis minor will be unaltered 

by projection, but every line parallel to the axis major will 
be shortened in the ratio b : a; the projection will, therefore 
(Art. 163), be a circle, whose radius is b. 



). We shall apply the principles laid down in the last 
Article to investigate the expression for the radius of a circle 
circumscribing a triangle inscribed in a conic, given Ex. 7| 
p. 220 * 

Let the sides of the triangle be a, /9, 7, and its area A^ then, 
by elementary geometry, 

Now let the ellipse be projected into a circle whose radius is 5, 
then, since this is the circle circumscribing the projected trianglci 
we have 

But, since parallel lines are in a constant ratio to their projec- 
tions^ we have 

a' : a :: J : b\ 

ffipMbxV\ 

7': 7 ::*:*"'; 
and since (Art. 368) A' is to A as the area of the circle (» *nV) 
to the area of the ellipse (=3 irab) (see chap, xi^.), we have 

A' \ A lib \ a* 
Hence ^:^:: aJ« : J'6"y", 

and therefore B < 



44' • U. 

VW" 



oib 



* This pioof of llr. MMOnllagh'a theorem is dae to Dr. QnTe& 
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CHAPTER XVIII. 

INVARIANTS AND OOVARIANTS OF STSTBMS OF OONIOS. 

370. It was proved (Art. 250) that if 8 and 8' represent 
two conies, there are three values of A^ for which k&-^ 8' re« 
presents a pair of right lines. Let 

8= ax* + jy + c»" + 2^« + 2gzx + 2hxy^ 
8' = a'x* + iy + cV + 2fyz + ^gax + 2Kxy^ 
We also write 

A = a Jo + %fgh -^ aj* - hf - ch\ 

A' = a'i V + 2fg'h' ^ a'/« -. 6^^ ^ cTV 

Then the values of k in question are got by substituting Jta + a% 

kb + b\ &c. for a, &, &c. in A ~ 0. We shall write the resulting 

The value of 0, found bj actual calculation, ia 

or, using the notation of Art. 151, 
or, again, 

as is also evident from Taylor's theorem. The value of 0' la 
got from by interchanging acoeuted and unaccented letters,, 
and may be written 

0' = A a + Bb + (7'c -h 2 F7+ 2 O'g + 2H'h. 
If we eliminate A between kS \- 8' =^ 0, and the cubic wKiQ^ 
determines i, the result 

AS" - 05'"^+ 0'S'S* - A'S? = 0, 
(an equation evidently of the sixth degree), denotes the threa 
pairs of lines which join the four points of intersection of th^ 
two conies (Art. 238), 
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Ex. To find the locus of the intersection of nonnals to a conic, at the extremities 

of a choid which passes through a given point a/3. Let the cmre hei8f=-, + ^— 1: 

then the points whose normals pass through a given point xy are determined (Art. 18]| 
Ex, 1) as the intersections of B with the hyperbola fi' = 2 (e*ary + 6Va;— aVy). We can 
then, by this article, form the equation of the six chords which join the feet of 
normals through cbV, and expressing that this equation is satisfied for the point a/9, 
we have the locus required. 

WehaveA=-JL, 8 = 0, G' = - (aV» + ft^** - c«), A' = - 2a*6Wa;y. 

The equation of the locos is then 

^j,(«*/3«-6»ay-c«ap)» + 2(aV + Jy-c«)(a»/3x-5*ay-c«a^(~ + ^-l)' 

+ 2a«6»cVyg + ^-l)*=0, 

which represents a curve of the third degree. If the given point be on either axis, 
the locus reduces to a conic, as may be seen by making a = in the preceding equa- 
tion. It is also geometrically evident, that in this case the axis is part of the locus. 
The locus also reduces to a conic if the point be infinitely distant ; that is to say, 
when the problem is to find the locus of the intersection of normals at the extremities 
of a chord parallel to a given line, 

371. If on transforming to any new set of coordinates, 
Cartesian or trilinear, 8 and S become S and S^ It is manifest 
that kS-^- S becomes kS->t S^ and that the coeflScient h is not 
affected. It follows that the values of A, for which ifi^H- S^ 
represents right lines, must be the same, no matter in what 
system of coordinates S and 8 are expressed. Hence, then, 
the ratio between any two coefficients in the cubic for i, found 
in the last Article, remains unaltered when we transform from 
any ont set of coordinates to another.* The quantities A, 0, 
0', A' are on this account called invartanta of the system of 
conies. If then, in the case of any two given conies, having 
by transformation brought S and 8 to their simplest form, and 
having calculated A, 0, 0', A', we find any homogeneous rela- 
tion existing between them, we can predict that the same relation 
will exist between these quantities, no matter to what axes the 
equations are referred. It will be found possible to express in 

• It may be proved by actual transformation that if in S and S' we substitute 
for a-jy, « ; Ix + my + m, Vx + m'y + »'«, V'x + m"y + n"zy the quanULies ^, H, H' A' 
for the transformed pystem, are equal to those for the old, respectively multiplied by 
the Bquare of the determinant 

2^ m, n 

r, m', n' 

r, m", n" 
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terms of tbe same four quantities the condition that the conies 
should be connected by any relation, independent of tbe position 
of the axes, as is illustrated in the next Article. 

Tbe following exercises in calculating the invariants A, 0, 
&^ A% include some of the cases of most frequent occurrence. 

Ex. 1. Calculate the iBTaiiants when the oonicB are lefened to their oommon 
self-oonJQgate tziangle. We may take 

iSf = aaJ» + 5y« + ««, 5' = a'«« + 6'y« + cV j 
and we may farther simplify the equations by writing x, y, Zy instead of x i{a')^ 
y i^% < ^(<0» 80 a£ to bring S' to the form as* + y< + e'. We have then 
^-abc, G = 6c + ca + aJ, e' = a + 6 + c, A' = l, 
And 8 + hff will represent right lines, if 

*» + A* (a + ft + c) + * (6c + CO + a*) + oftc = 0. 
And it is otherwise evident that the three yalnes for which 8 + k8^ represents right 
lines are — a, — 6, — c. 

Ex. 2. Let 5', as before, be (c* + y* + 2*, and let 8 represent the general equation. 
Ana, e = (6c -/«) + (ca - ^») + (a6 - A«) = -4 + B + Cj 6' = o + 6 + c 

Ex. 8. Let 8 and 8' represent two circles j:« + y« - r*, (« - o)« + (y - /8)« - r**. 
Am, A=-r«, 6 = a« + /32 - 2r2 - r^ 0' = a« + /32 - r« - 2r'», A'rr-r**. So 
that if /> be the distance between the centres of the dicles, 8-\-k8' will represent 
right lines if 

r« + (2r« + r** - 2>«) ]fe + (»^ + 2r^ - i)*) i« + r**** = 0. 
Now since we know that 8—8* represents two right lines (one finite, the other 
infinitely distant), it is evident that — 1 most be a root of this equation. And it is 
in fact divisible by k+lfthe quotient being 

r» + (r» + r** - i?') * + r**** = 0. 

Ex. 4, Let iSf represent ^ -i- ?- - 1, while 5* is the dicle (« - o)« + (y - /S)« - r". 

Ex. 6. Let 8 represent the parabola y' — 4mx, and 8' the circle as before. 

Ans, A=:-"4j»«, G = -4«i(a + TO), 6' = /3« - 4i»o - r«, A'=:-r«. 

872. To find the condition that two conies 8 and 8^ should 
touch each other. When two points, Ay B^ of the four inter- 
sections of two conies coincide, it is plain that the pair of lines 
ACy BD is identical with the pair AD^ BO. In this case, theui 
the cubic 

inust have two equal roots. But it can readily be proved that 
the condition that this should be the case is 

(00' - 9 A A7 = 4 (0" - 3A0') (0" - 8 A'0), 
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or 0*0'* + 18A A'00' - 27 A"A" - 4A0'' - 4 A'0' = 0, 

which is the required condition that the conies should touch* 

It is proved^ in works on the theory of equations, that thd 

left-hand member of the equation last written is proportional 

to the product of the squares of the differences of the roots of 

the equation in k] and that when it is positive the roots of 

the equation in k are all real, but that when it is negative two oi 

these roots are imaginary. In the latter case (see Art* 282), 

S and ff intersect in two real and two imaginary points : in 

the former case^ they intersect either in four real or fout* 

imaginary points. These last two cases have not been distin** 

guished by any simple criterion. 

If three points A, Bj G coincide the conies osculate aiid iil 

this case the three pairs of right lines are all identical so thai 

the cubic must be a perfect cube ; the condition for this are 

3A © 0' 

7:7 = 7;r^ = r-rjf . The Conditions for double contact are of & 

3A 

different kind and will be got further od< 

fix. 1. To find by this tietluxi the condition that two ciicleB Bhali toiich. Fonning 
the condition that the reduced equation (Ex. 8, Art. 871), r* + (r*+r'*-D*)*+r^>fc*=0, 
■honld have equal roots, wegetr*4-r'*~i>* = nt 2it' j Z) = r ± ^' aa is geometzicallT' 
evident. 

Ex. 2. The conditioni for contact between two conies can be shortly found iit 
the oases of trinomial equations by identifying the equations of tangtots at an;^ 
point given Arts. 127, 180, and are for 

/!/9 + ffzx + hKg=zQi J(Zaj) + ^/(my) + J(iw) = 0, (/?)* + 0»l)* + (A«)* = 0,- 
for 4{lx) + J{my) + 4{m) = 0, a«»+y + fl»« = 0, (?)* + ^^^ + (1*)* - d, 

kft ti3i^ + b^ + ez* = 0i /ifz-hgzx + hxy=iOi (q/*«)i + (ij^'*)* + (cA«)* = Cl; 

Ex. 8. Find the locus of the centre of a circle of constant radius touching a given 
tonic. We hare only to write fcnr A, A', 6, 6' in the equation of this article, the 
values Ex. 4 and 5, Art. 871 ; and to obnslder a, /3 as the running coordinates. The 
locus is in general a curve of the eighth degree, but reduces to the sixth m the case of 
the parabola. This curve is the same which we should find by measuring from the 
curve on each normal, a constant lengthy equal to r. It is sometimes called the curve 
pmralM to the given conic. Its evolute is the same as that of the conic. 

The following are the equations of the parallel curves given at full length, which 
may also be regarded as equations giving the length of the normal distances from 
any point to the curve. The parallel to the parabola is 

f* - (8yt + 8,8 + Smx - 8»i») >•* + {8y* + y« (2a;* - 2ma + 20»n«) 

+ 8ma:» + 8f»V - 82»»»» + 16f»«} r» - (y« - imx)* {/ + («- m)<} =ft d. 
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The parallel to tbe ellipee is 

c*r» - 2cV« {c« (a« + ft«) + (a« - 25«) a;* + (2a« - 5«) y«} 

+ r< {c* (a« + 4a«6« + J*) - 2c« (a« - a'ft* + 36*) x* + 2c« (3a« - a«ft* + 5^) y* 

+ {a* - 6a»J« + 6M) »« + (6a« - 6a»6« + ft*) y* + (6a< - lOa^ft* + 66*) «V} 

+ r« {- 2a26«c< (a« + 6«) + 2cV6« (3a* - a«6« + 6*) - 2c«y«a« (a* - o«6« + 86«) 

- W»* (6a* - I0a«6« + 66*) - a'y* (6a* ~ 10a«6« + 66«) + arV (4a« - 6a*6« - 6a«6* + 46^ 

+ 26« (a« - 26«) a:« - 2 (a* - a«6« + 36*) a!*y^ - 2 (3a* - a«6«+ 6*) scy+ 2a« (6* - 2a«) y*} 

+ (6*a!« + ay - a«6«)« {(« - c)» + y«} {(x + c)« + y«} = 0. 

ThoB the locuB of a point is a conic, if the snm of squares of its normal distances to 
the curve be g^ven. If we form the condition that the equation in r* should have 
equal roots, we get the squares of the axes multiplied by the cube of the evolute. If 
we maJke r = 0, we find the foci appearing as points whose normal distance to the 
curve vanishes. This is to be accounted for by remembering that the distance from 
the origin vanishes of any point on either of the lines a;^ + y' = 0. 

Ex. 4. To find the equation of the evolute of an elUpse. Since two of the normals 
coincide which can be drawn through every point on the evolute, we have only to 
express the condition that in Ex. Art, 370 the curves S and 5' touch. Now when the 
term k* is absent from an equation, the condition that Alfl + 0*k 4- A' should have 
equal roots reduces to 27 A A** + 49'' = 0. The equation of the evolute is therefore 
(aV + 6V - c*)* + 27a«6V««y« = 0. (See Art. 248). 

fijL, 5. To find the equation of the evolute of a parabola. We have here 
/S = y« - 4war, 5' = 2ay + 2 (2to - aO y - ^wiy', 
A=-4ot^ 6 = 0, 0' = -4m(2m-ar), A' = 4my, 
And the equation of the evolute is 27»iy» = 4 (« - 2m)*. It is to be observed, that the 
intersections of 3 and S' include not only the feet of the three normals which can be 
drawn through any point, but also the point at infinity on y. And the six chords of 
intersection of 3 and 3' consist of three chords joining the feet of the normals, and 
three parallels to the axis through these feet. Consequently the method used (Ex., 
Art. 870) is not the simplest for solving the oorresponding problem in the case of the 
parabola. We get thus the equation found (Ex. 12, Art. 227), but multiplied by the 
factor 4»» (2my + /« - 2i»y') -y'\ • . ^ 

373. If 8' break up Into two right lines we have A' = 0, 
and we proceed to examine the meaning in this case of and O'. 
Let us suppose the two right lines to be x and y ; and, by the 
principles already laid down, any property of the invariants, 
true when the lines of reference are so chosen, will be true iu 
general. The discriminant o^ 8+ 2kxy is got by writing h^k 
for h in A, and is A + 2A (^ - ch) - c&". Now the coefficient 
of t* vanishes when c = ; that is, when the point xy lies on 
the curve 8. The coefficient of k vanishes when^ = cA; that 
b (see Ex. 3, Art. 228), when the lines x and y are conjugate with 
respect to 8. Thus, then, when 8' represents two right linesy A' 
punishes ; 0' = O represents the condition that the intersection of 
the two lines should lie on 8; and Q^O is the condition that the 
tm Uim should be conjugate with reject to 8. 
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The condition that A + 0A; + 0'A;* should be a perfect square 
is 0* = 4 A0', which, according to the last Article, is the condition 
that either of the two lines represented by ff should touch 8. 
This is easily verified in the example chosen, where 0" - 4A0' 
is found to be equal to {be -/*) [ca - g*). 

Ex. 1. Given five conies 3^, S^, Ac, it is of course possible in an infinity of ways 
to detennine the constants /|, Ig, Ac, so that 

may be either a perfect sqnare !#*, or the product of two lines MN: prove that the 
lines L ail touch a fixed conic F, and that the lines 3/, N are oonjugate with regard 
to V, We can determine V so that the invariant shall vanish for V and eaoh 
of the five oonics, since we have five equations of the form 

Aoi + Bb^ + Cc^ + 2F/\ + 2Gff^ + 2/7A| = 0, 
which are sufficient to determine the mutual ratios of A, By Ac, the coefficients in 
the tangential equation of V. Now if we have separately Aoi + Ac. = 0, Aa^ + Ac, = 0, 
Aa^ + Ac = 0, Ac, we have plainly also 

A (/jai + i^o, + Vh + ^«4 + W + Ac. = J 
that is to say, 6 Yanishes for V and every conic of the system 

/i5i + l^St + /,-S', + (,^4 + liS„ 
whence by this article the theorem stated immediately followi. If the line M be 
given, N passes through a fixed point ; namely, the pole of M with respect to V, 

Ex. 2. If six lines x, y, e, u, v, to all touch the same conic, the squares are con* 
nected by a Unear relation 

This is a particular case of the last example, but may be also proved as fbllows > 
Write down the oonditione, Art. 151, that the six lines should touch a conic, and 
eliminate the unknown quantities Aj By Ac, and the condition that the lines should 
touch the same oonic is found to be the vanishing of the determinant 

^I't "A ''l'* /»l«'l» "'l^H ^iMi 

V» t^i "'a*! t^tt "a^» ^«^ 
V» /*•*! "«'» /*»»'» "i^fi ^a/*» 

Wi A*4'> V^y M«>'4» »'4^4J ^4 
Vl Mft*» »'6*» A**"** ViKi ^4^4 
Vl /««'» W.*! /'•"•I "•^•l ^•f** 

But this is also the condition that the squares should be cozmected by a linear rehttioiL 

Ex. 8. If we are only given four conies S^^ 8^ S^ 5^, and seek to determine F, aa 
in Ex. 1, so that 6 shall vanish, then, since we have only four conditions, one of the 
tangential coefficients A^ Ac. remains indeterminate, but we can determine all the 
rest in terms of that ; so that the tangential equation of F is of the form £ -^ kZ' = 0, 
or F touches four fixed lines. We shall afterwards show directly that in four ways 
we can determine the constants so that 1^8^ + liS^ + /,5, + /4'S^4 may be a perfect 
square. 

It is easy to see (by taking for M the line at infinity) that if i(f be a given line 
it is a definite problem admitting of but one solution to determine the constants, so 
that /|5, + Ac. shall be of the form ^N, And Ex. 1 shows that N is the locus of 
the pole of M with regard to F, Compare Ex. 8, Art. 228. 
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874. To find tJie equation of the pair of tangents at the points 
tohere 8 ia cut by any line \x-{^fiy + v9. The equation of any 
conic having double contact with 5, at the points where it meeta 
this line, being k8+ (Xa: + /a^ + i'«)* = 0, it is required to deter- 
mine k so that this shall represent two right lines. Now it will 
]be easily verified that in this case not only di! vanishes but 
ftlso. And if we denote by 2 the quantity 

the equation to determine k has two roots = 0, the third root 
being givea bj the equation A;A + 2 = 0. The equation of the 
pair of tangents is therefore 2/9^ ^ [\x -{■ fiy+ vz)*. It is plain 
that when Xx -^^ fiy '\- vz touches 8^ the pair of tangents coincides 
with Xx^-Xy + vz itself; and the condition that this should bo 
the case ia plainly I& = 0; as is otherwise proved (Art, 151). 

Under the problem of this Article is included that of finding 
the equation of the asymptotea of a conic given by the general 
frilinear ec|uation, 

375. We now examine the geometrical meaning, in general, 
of the equation = 0. Let us choose for triangle of reference 
uny self-conjugate triangle with respect to 5, which must then 
rfBdttce to the form aa;*4 iy* + ca'(Art. 258). We have there? 
fore /= 0,5^ = 0, A = 0. The value then of (Art. 37Q) reduces 
to hca^ + eab^ + alc\ and will evidently vanish if we have also 
fj( = 0, V — 0, c* s 0, that is to say, if ff^ referred to the same 
triangle, be of the form fyz+g'zx-^ h'xy. Hence voniahea 
tohenever any triangle inscribed in 8' is selfrconjugate with regard 
to 8. If we choose for triangle of reference any triangle aelfr 
conjugate with regard to ff^ we have/' = 0, ^^' = 0, A' = 0, and 

@ becomes 

(Jc -/«) a' + ((ja - <7*) y + (aJ - A') c' ; 

und will vanish if we have be =/", ca =^', oj = h\ Now bo =/" 
is the condition that the line x should touch 8] hence also 
vanishes if any triangle circumscribing 8 is selfrconjugate with 
regard to S* In the same manner it is proved that 0' = w the 
condition either that it should be possible to inscribe in 8 a tri^ 
angle self-conjugate with regard to 8^^ or to circumscribe about 8 
a triangle self-conjugate with regard to 8. When one of these 
things is possible, the other is so too. 
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A pair of conies connected by the relation » possesBOB 
another property. Let the point in which meet the lines joining 
the corresponding vertices of any triangle and of its polar tri- 
angle with respect to a conic be called the pole of either 
triangle with respect to that conic ; and let the line joining the 
intersections of corresponding sides be called their axis« Then 
if = 0, the pole with respect to S of any triangle inscribed in 
ff will lie on ff; and the axis with respect to ff of any tri- 
angle circnmscrlbing 8 will touch 8. For eliminating x^ y^ n 
in turn between each pair of the equations 

ax-\-hy-\-gz = 0^ Ax + by+/z = Oj ffx+f^'\'Cz^% 
we get {gh-af)x^[hf^hg)y^[fg'-ch)z^ 

for the equations of the lines joining the vertices of the triangle 
xyz to the corresponding vertices of its polar triangle with 
respect to 8. These equations may be written Fx^Oy^ Hzy 

and the coordinates of the pole of the triangle ftre -t,, ^, jj^ 

Substituting these values in S^ in which it is supposed that the 
coefficients a', J', c' vanish, we got 2^' + 2ff/-f 2fl*' = 0, or 
= 0. The second part of the theorem is proved in like 
manner. 

Ejc. 1. If two triangles be self-oonjtigate with regatd to any oonlc ff^ a conic can 
be deecribed passing through their six vertices ; and another can be described tonch-* 
ing their six sides (see Ex. 7, Ajt. 856), Let a conic be described through the thre^ 
▼ertioes of one triangle and through two of the other, which we take for x, y^ g. 
Then, because it circumscribes the first triangle, B' = 0, or a -f 6 4* = (Ex. % 
Art. 871), and, beoause it goes through two yertices of xyz^ we have a = 0, 6 = 0, 
therefore c = 0, or the conic goes through the remaining yertex. The second part 
of the theorem is proved In like manner. 

Ex. 2. The square of the tangent drawn from the centre of a conic to the circle 
circumscribing any self -con jugate triangle is constant, and = a* + 6' [M. Faure] 
This is merely the geometrical interpretation of the condition 6 = 0, found (Ex. 4, 
Art. 871), or o* + j8« — r* = a« + 6*. The theorem may be otherwise stated thus: 
"Every circle which circumscribes a self -con jugate triangle cuts orthogonally the 
circle which is the locus of the intersection of tangents mutually at right angles.'' 
flor the square of the radius of the latter drcle is a' 4* 6*. 

Ex. 8. The centre of the circle inscribed in every self -con jugate triangle with 
respect to an equilateral hyperbola lies on the curve. This appears by making 
6« =; - a* in the condition O' = (Ex. 4, Art. 371). 

Ex. 4. If the rectangle under the segments of one of the perpendiculars of the 
triangle formed by three tangents to a conic be constant and equal to M, the loco^ 
pf the Intersection of perpendiculars is the circle «* -f- y' = a< + 6' -f- i/. For 6 = 
(Ex. 4, Art. 871) is the condition that a triangle self -con jugate with regard to the 
pircle can be circamscribed about 8, But when a triangle is self-coDJugate with 
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regard to a circle, the intersection of perpendiculais is tlie centre of the circle and 
M is the square of the radius (Ex. 3, Art. 278). The locus of the intersection of rect- 
angular tangents is got from this example by making M — 0. 

Ex. 5. If the rectangle under the segments of one of the perpendiculars of a 
triangle inscribed in 5 be ooustant, and = M, the locus of intersection of perpen- 
diculars is the conic concentric and similar with S^ jS^ = if f -^ + r^j [Br. Hart]. 

This follows in the same way from O' = 0. 

Ex. 6. Find the locus of the intersection of i)erpendiculaT8 of a triangle inscribed 
in one conic and circumscribed about another [Mr. Bumside]. Take for origin the 
centre of the latter conic, and equate the values of M found from Ex. 4 and 5 ; then 
if a', V be the axes of the conic S in which the triangle is inscribed, the equation of 

the locus is x* + y« — a« — 6* = -nZy^ ^* ^® \ocn% is therefore a conic, whose axes 
are parallel to those of 5, and which is a circle when 5 is a circle. 

Ex. 7. The centre of the circle circumscribing every triangle, self -con jugate with 
regard to a parabola, lies on the directrix. This and the next example follow from 
e = 0(Ex.6, Art. 371). 

Ex. 8. The intersection of perpendiculars of any triangle ciicumscribing a para- 
bola lies on the directrix. 

Ex. 9. Given the radius of the circle inscribed in a self -con jugate triangle, the 
locus of centre is a parabola of equal parameter with the given one. 

376. If two conies be taken arbitrarily it is in general not 
possible to inscribe a triangle in one which shall be circum- 
scribed aboat the other; but an infinity of such triangles can 
be drawn if the coefficients of the conies be connected by a 
certain relation, which we proceed to determine. Let us suppose 
that such a triangle can be described, and let us take it for 
triangle of reference; then the equations of the two conies 
must be reducible to the form 

iS = a;* -f ^" + «" - 2y« - 'Izx - 2a^y = 0, 
S*=^2fyz + 2gzx + 2hxy = 0. 
Forming then the invariants we have 

values which are evidently connected by the relation 0' = 4 A0'.* 

♦ This condition was first given by Prof. Cayley {Philosophical Magazine^ vol. vr, 
p. 99) who derived it from the theory of elliptic functions. He also proved, in the 
same way, that if the square root of Ar*A -f- k-Q + kO' + 4', when expanded in powers 
of A:, be il + Bk + Ck^ + (be, then the conditions that it should be possible to have 
a polygon of n sides inscribed in U and circumscribing F, are for n = 8, 5, 7, J^Q. 
respectively 



C=0, \C, n\ 

i?, £ I = 0. 



C, A E 
E,F, G 



= 0, k^ 
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This is an equation of the kind (Art. 371) which is unaffected 
by any change of axes ; therefore, no matter what the form in 
which the equations of the conies have been originally given, 
this relation between their coefficients must exist, if they are 
capable of being transformed to the forms here given. Con- 
versely, it is easy to show, as in Ex. 1, Art. 375, that when the 
relation holds 0' = 4A0', then if we take any triangle circum- 
scribing 8y and two of whose vertices rest on ff^ the third must 
do so likewise. 

Ex. 1. Find the condition that two drclee may be such that a triangle can be 
inscribed in one and circumscribed aboat the other. Let 2)* — r' — r'' = (7, then the 
condition is (see Ex. 3, Art. 871) 

(6?_r»)« + 4r«(fl'-r^ = 0, or (C + r«)« = 4rV» ; 

whence 2>* = r^ ± 2rr', Ealer's well known expression for the distance between the 
centre of the drcumBcribing circle and that of one of the circles which touch the 
three sides. 

Ex. 2. Find the locns of the centre of a circle of g^yen radius, circumscribing a 
trixmgle circumscribing a conic, or inscribed in an inscribed triangle. The loci are 
curres of the fourth degree, except that of the centre of the circumscribing circle 
in the case of the parabola, which is a dicle whose centre is the focus, as is other- 
wise evident. 

Ex. 3. Find the condition that a triangle may be Inscribed in 5' whose Eides 
touch respectively S + 18% S + mS% S + nS'. Let 

5 = a:» + y« + «« - 2 (I + (/O ys - 2 (I + w^r) «r - 2 (1 + nA) xy, 
8' = 2/tfz + 2gzx + 2Axy ; 
then it is evident that S+lS'ls touched by x, Ac. We have then 
A = -(2 + l/+mff + nhy - 2lmnfgh, 
6 = 2 {f+g + h) (2 + lf+mg + nk) + 2fgh {mn + nl + lm\ 
e'=-(/+y + A)«-2(Z + fii + n)/yA, A' = 2^A. 
Whence, obviously, 

{e - A' (m» + nl+ lm)Y = 4 (A + Imn^') {G' + A' (Z + to + n)}, 
which is the required condition. 

377. To find the condition that the line \x •{- fiy ■\- vz should 
pass through one of the four points common to 8 and 8\ This 
is, in other words, to find the tangential equation of these four 
points. Now we get the tangential equation of any conic of 



And for o = 4, 6, 8, &c. are 
J)=zO 



JD,E\ 



D, E, F 
E,F, G 
F, G,H 



' 0, dkc. 
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the system S-^-JcS by writing a-tka^ &c for a, && in the 
tangential equation of 8^ or 

S = (Jc-/«)X«+(ca-^l*»+(ai-A')i^ 

4 2 {gh^af)iiv^^[hf--bg) kX+ 2 C^-cA)X|i«0. 
We get thus 2 + A* + A»2' = 0, where 

+ (oft' + a'i - 2AA V -I- 2 (<7A' +^'A - a/' - a/) |*y 

The tangential equation of the envelope of this ^stem is there* 
fore (Art. 298)4>':=:422'. But since S^-kS^^ and the corre- 
sponding tangential equation, belong to a system of conies 
passing through four fixed points, the enyelope of the system is 
nothing but these four points, and the equation <l»* = 422' is the 
required condition that the line \x •\- iiy -\- vz should pass through 
one of the four points. The matter may be also stated thus : 
Through four points there can in general be described two 
conies to touch a given line (Art. 345, Ex. 4) ; but if the g^ven 
line pass through one of the four points, both conies coincide 
in one whose point of contact is that point. Now <l»* =» 422' is 
the condition that the two conies of the system S-^-kS'^ which 
can be drawn to touch Xx -f ^y -f vz^ shall coincide. 

It will be observed that 4> = is the condition obtained 
(Art. 335), that the line kx + fiy-i-vz shall be cut harmonically 
by the two conies. 

878. To find the equation oft efour common tangents to tux> 
eonica. This is the reciprocal of the problem of the last Article, 
and is treated in the same way. Let 2 and 2' be the tangential 
equations of two conies, then (Art 298) 2 -f A2' represents tan- 
gentially a conic touched by the four tangents common to the 
two given conies. Forming then, by Art. 285, the trilinear 
equation corresponding to 2 + A2' = 0, we get 

A5+4r + A'A'/Sr = 0, 
where 

P=n(^a'+F(7-2i?y)a;'+(G4'+ (7^-2(7 (7^ 

+ (^S' + ^'5-2ffl5r')«- 

+ 2 ( GH'-^ O'H^ AF- A'F) yz^2 (Er+ H'F- Bff- B G) zx 

+ 2{FG' + FG'' Cir^ GH)xy^ 
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ttie letters A^ B^ &c. having the same meaning as in Art. 151* 
But A/Sf + if + A'a'S* denotes a system of conies whose en* 
velope is F*^4AA')S'/S'; and the envelope of the system evi- 
dently is the four common tangents. 

The equation F" = 4AA'/S5', by its form denotes a locus 
touching 8 and ^^ the Curve F passing through the points of 
tsontact. Hence, the eight points of contact of two conies mth 
their common tangents^ lie on another conic F. Beciprocally, the 
eight tangents at the points of intersection of ttvo conies envelope 
another conic ^. 

It will be observed that F s is the equation found, Aft. 334| 
of the locus of points^ whence tangents to the two conies form 
a harmonic pencil.* 

If 8' reduces to a pair of right lines, F represents the pair 
of tangents to 8 from their intersection, 

Ex. Find the equation of the common tangents to the pair of conioi 

fiere A = hef ^^ta, C = abj whence 

F = aa' («c' + 4'c) *« + W (ca' + c'a) y« + oc' (o^ + a'*) ^i 
and the required equation is 
{aa'{b'e + b'e)afl + bb*{ca* + e^a)s/^-^C(/(ab' + a%z^* 

= 4aaoaTc' (a«« + V + cO («'ai< + i'y* + c'*«), 
whidh id easilj reBolved into the foot facton 

X 4[aa' (ftO) ± y W ica)} ± « 4{(^ («*')) ^ 0. 

378a. If 8 and 8' touch, F touches each at their point of 
contact. This follows immediately from the fact that F passes 
through the points of contact of common tangents to 3 and 8\ 
Similarly if 8 and 8^ tduch in two distinct points^ F also has 
double contact with them in these points^ T^his may be verified 
by forming the F of cw" + 2Aa?y, (fa* + 2h'xg Which is found to 
be of the same form, viz. 2co'AAV + 2hh' [cU + c'A) xy* 

From what has been just observed, that when 8 and 8^ 
have double contact, F ia of the form 18 -h mS'^ we can obtain 
a system of conditions that two conies may have double contact* 
For write the general value of F^ given Art. 334, 
aaj' + by* + c«" + 2iyz + 2gzx + 2hajy, 



* I beUeve I was the first to direct attention to the impoctanoe of this oonio ia 
the theory of two conies. 
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then evidently if they have doable contact eveiy detenninant 
TaniBhes of the system 

. »! b, c, f , g, h =0. 

That when 8 and 5' have doable contact, 8^ F and 8' are 
connected by a linear relation, may be otherwise seen, as 
follows : When 8 and 8' have doable contact there is a value 
of h for which k8-\- 8' represents two coincident right lines. 
Now the reciprocal of a conic representing two coincident right 
lines vanishes identically. Hence we have 

identically. Bat the valae of Tc^ for which this is the case, is 
the doable root of the eqaation 

Jfe'A + 4*0 + Jt0'+ A'= 0. 
Eliminating Ic between the former eqaation and the two dif- 
ferentials of the latter we have 2, 2', <l» satisfying the identical 
relation 

S, <^, 2' 
3A, 20, 0' 
0, 20^, 3 A' =0. 

When two conies have doable contact their reciprocals have 
doable contact also ; and it may be seen withont difficalty that 
the relation jast written between 2, 2', 4> implies the following 
between 8^ 8\ F 

a, Y , s 

3A, 2^0", 

0', 2A'0, 3A' =0. 

379. The former part of this Chapter has snfficiently shown 
what is meant by invariants, and the last Article will serve 
to illastrate the meaning of the word covariant Invariants 
and covariants agree in this, that the geotnetric meaning of 
both is independent of the axes to which the qaestions are 
referred; but Invariants are functions of the coefficients on!y, 
while covariants contain the variables as well. If we are given 
a carve, or system of carves, and have learned to derive from 
their general equations the eqaation of some locus, 27= 0, 
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whoae relation to the given cnrves is independent of the axes 
to which the equations are referred, U is said to be a covariant 
of the given system. Now if we desire to have the equation 
of this locus referred to any new axes, we shall evidently arrive 
^t the same result, whether we transform to the new axes the 
equation i7= 0, or whether we transform to the new axes the 
equations of the given curves themselves, and from the trans- 
formed equations derive the equation of the locus by the samQ 
rule that U was originally formed. Thus, if we transform the 
equations of two conies tQ a new triangle of reference, by 
writing instead of ar, y, 0, 

& + iwy + nzy Vx + 77i*y 4 w'«, fx + m**y 4 n*^z ; 
end if we make the same substitution in the equation F*=4AA'/S5'*, 
we can foresee that the result of this last substitution can only 
differ by a constant multiplier from the equation F*:5s4AA'S^fi^'» 
formed with the new coefficients of S and S\ For either form 
represents the four common tangents. On this property ia 
founded the analytical definition of covariants. ^' A derived 
function farmed by any rule from one or more given functions 
is said to be a covariant, if when the variables in all are trans- 
formed by the same linear substitutions, the result obtained by 
transforming the derived differs only by a constant multiplier 
from that obtained by transforming the original equations an4 
then forming the corresponding derived,'* 

380. There is another case In which it is possible to predict 
the result of a transformation by linear substitution. If we have 
learned how to form the condition that the line Tijx •\- fiy + vz 
should touch a curve, or more generally that it should hold ta 
a curve, or system of curves, any relation independent of the 
axes to which the equations are referred, then it is evident tha>t 
when the equations are transformed to any new coordinates, 
the corresponding condition can be formed by the same rule 
from the transformed equations. But it might also have been 
obtained by direct transformation from the condition first ob- 
tained. Suppose that by transformation \x ■{■ fiy ■\- vz becomes 

\ [Ix + my + nz) + fM [Px 4 m'y 4 nz) 4 v {I'x 4 m"y 4 w"«), 
and that we write this \'x 4 /^ y 4 v'«, we have 

V = ?\ 4 ?AA 4 f V, yJ = m\ 4 w'/lc 4 m'V, v' = n\ 4 w> 4 n'n 
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Solving these equations, we get equations of the form 

x=zv+zy+i'v, |i=if\'+2f>'+ji/v, F=-yx'4i^/4i\rv, 

If then we put these values into the condition as first obtained 
in terms of X, /li, f, we get the condition in terms of V, m'» f^\ 
which can pnl^ differ bj a constant multiplier from the conditioq 
as obtained hj the other method. Functions of the class here 
considered are called contravarianta, Gontravariants are like 
CQvariaqta in this: that any contra variant equation, as for 
^i^ample, the taugeqtial equation of a conic {be -/*) \* + &c. = 
can be transformed by linear substitution into the equation of 
like form (b'c' -rf*) V' + &Qt = 0, formed with the coefficients 
of the transformed trillnear equation of the conic. But they 
differ in that \ fjk^ v are uot transformed by the same rule as 
gijjf^z] that is, by writing for X, ZX + «w/t + nK, &c., but by the 
different rule explained above. 

The copdition ^ = found, Art. 3TT, 19 evidently It contra- 
variant of the sjrsten^ of gouics ^, S\ 

881. It will be found that the equation of any conic oo« 
variant with 8 and S* can be expressed ip terras of 5, 8' and Pj 
while its tangential equation can be expressed ip terms of 2, 2*, 4>. 

Ex. 1. To ezprera in terms of 5, ^^ F the equation of the polar conic of 8 with 
):e8pect to 8^, From the nature of ooyariants and inTariants, any relation found con- 
liecting these quantities, when the equations fire referred tq fuay axes, piust remain 
true when the equations are transformed. We may therefore refer S and S* to their 
common self -con jugate triangle mid write 8 ^ <u? + hy^ -k- cz^^ 8' = ^ + !/^ + z*. 1% 
will be found then that ^ = {b + c) a^ + b{c + a) i/^ + c {a + b) z*. Now since the 
condition that a line should touch 8 is bc\^ + ea^^ + abifl = 0, the locus of the poles 
with respect to 8' of the tangents to j9 is bcai^ 4* cay* + ghz* = 0. But this may l^e 
written (to -f ca + oA) (jB* + y' 4- e*) = F. The locus is therefore (Ex. 1, A^t. 3?!) 
^y = F. In like nmnner the polar poniq of 8^ with regard to ^9 is O'^S^ = F. 

9^ 2. To express in tenns of 8, 8*, F the conic enveloped by i^ lii^e put ha^ 
inouiodl^ b^ 8 and ff. The tangential equation of this conic 4» = If 

(* + c) \« + (0 -f a) /*» + («» + *) ¥* = 0, 
peqce itP trilinear equation is 

(<? + ff)(o + ft){B? + (a + 6)(ft + c)y«+(<j + a)(ft + c)s« = 0, 
fW {5c + ca + ai)Gp« + ^ + «*) + (a + 6 + c)(aa«if«y» + Ci?«)-F = 0, 

or e5* + e'5-F = o. 

Ex. 8. To find the condition that F should break up into two right lines. It is 
o6c (6 ■*■ c) (p + a) (a + 6) = 0, or o4o {(a -f 6 -I' c) (*o + ca + o^) - abc] = 0, 
or M'(0e'-AA') = O. 

which is the zeqnired formula. 6B' = AA' is also the condition that 4 should break 
pp into factors. This condition will be found to be satisfied in the case of two drdes 
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which cot at right angles, in which case any line thiongh either centre is ent hart 
nonically hy the circles, and the locus of points whence tangents fonn a harmonio 
pencil also zednoes to two right lines. The locos and enyelope will reduce similarly 
if i)« = 2(r» + r'«). 

^. 4t Tp i^uoe the equations of two conies to the fonns 
IB* + y» + «' = 0, flx* + 4y* + c«« = 0. 
The constants a, ft, c are determined at once (Ex, 1, Art. 871) as the roots of 

Aifc» - e*« ^ e'k - A' = 0, 
And if we then aoWe the equations 
«* + y* + «' = 5, ax' + by* + cz^ = S*, a (6 + c) «• + * (c + a) y« + o (a -f 5) «« = P, 
we find a", y», «» in terms of the known functions 5, S'f F. Strictly speaking, we 
ought to commence by dividing the two given equations by the cube root of A, since 
we want to reduce them to a form in which the discriminant of S shall be 1. But it 
will be seen that it will come to the same thing if leaving S and S' unchanged, we 
calculate F from the given coefficients and divide the result by A. 

ISx. 5. Reduce to the above form 

Sx" - ftry + 9y« - 2?; + 4y = 0, 5aP - Uxy + 8^« - 6aj - 2 = 0. 

It is convenient to begin by forming the coefficients of the tangential equations^ 

A, B, Ac. Theae ar^ -4, -J, ISj -«, 8, -2; -16, -19, -9; 21, 24, - li^ 

We have then 

A=:-9, e = -64, e' = -99, A' = -64, 

whence a, ft, e ar^ !» 2, 3. We next calculate F which is 

-9 (23x2-60a:y + 44y«-18«+12y-4). 
Writing then 

jr«+ r«+ Z«= Sa^^ 6ay-f 9y»- 2x+ 4y, 

J:» + 2F« + 8Z«= 6x«-14xy+ 8y«- 6»- 2, 
6:^« + 8r« + 9Z« = 23x« - 60a^ + 44y« - 18a; + 12y - 4, 
Wegetfrom 6S+ 5'- F, Jr«= (8y+l)«, 

from F- 85-25'. r«= (2a:-y)», 

^m 25 + 85'- F, Z« = -(a: + y+l)«, 

^. 6. To find the equation of the fpur tangents to 5 at its intersections with 5". 

Ans, (e5-A5')*=4A5(e'5-F). 

fix, 7. A triangle is circumscribed to a given conic ; two of its vertices move on 
lixed right lines \x + fiy + »», X'x + fi'y + p'z; to find the locus of the third. It waa 
proved (Ex. 2, Art. 272) that when the conic is 2* -> xy, and the lines ax — y, bx — y, 
the locus is (a + ft)" (a» — xy) = (a -^ ft)* ^*. JTow the right-hand side is the square ot 
t^ polar with regard to 5 of the intersection of the lines, which in general would be 

^=:(a* + *y+^«)(Mi/-M'«') + (** + *y-<'/«)(*^'-»r'^) + (^«+/y + «)(V-^V) = 0, 
and a + 6 = is the condition that the lines should be conjugate with respect to 8^ 
which in general (Art. 873) is s 0, where 

e = AXX.' -f BfJLfi' +Cin/-hFi^ + /»'y) + G (vX' + n'X) + IT (X^' + X» = 0. 
The particular equation, found Art. 272, must therefore be replaced in general by 

e«f7+AP« = 0. 

Ex. 8. To find the envelope of the base of a triangle inscribed in 5 and two of 
whose sides touch 5'. 

Take the sides of the triangle in any position for lines of reference, and le^ 
5 = 2 (Jyz + gzx + hxy), 
5'=ai« + y* + «*-2ys-2ew-2«y- 2*fay, 
l^iere « and y are the lines touched b^ 5', Then it |s obnous that kS + S' will be 
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tonched by the third side z^ and we ehall show by the hivaxtuits that thia ia tkjixed 
conic. We haye 

A = 2/^*, ^ = -{f+g + hY^yghk, G'=2(/+«7 + A)(2 + Aife), A'=-(2 + A*)«, 
'vhenoe 6** -* 48 A' ^ 4AA'^^ and the eqoation k3+ S' = Q may be written in the fonqt 

(e*« - 46 A*) iSf + 4AA'5' = 0, 
^hich therefbie denotes a fixed conic touched by the third side of the triangle. It 
Is obvious that when G'* = 4eA' the thii-d side will always touch 6'. 

Ex. 9. To find the locus of the yertex of a triangle whose three sides touch a 
conic U and two of whose vertices move on another conic V. We have slightly 
altered the notation, for the convenience of bemg able to denote by Z/'-and V the 
xesults of substituting in U and V the coordinates of the vertex x'y's^. The method, 
we pursue is to form the equation of the pair of tangents to. U through afy'z' ; then 
to form the equation of the lines joining the points where this pair of lines meets Vi 
and, lastly, to form the condition that one of these lines (which must be the basa 
of the triangle in question) touches V, Now if P be the polar of x'^z\ the pair of 
tangents is UV- — P*, In order to find the chords of intersection with V of the pair 
of tangents, we form the condition that UU* - P^ + W may represent a pair of lines,. 
This discriminant will be found to give us the following quadratic for determining \ 
\*A* + XF^ + A U'V' = 0, In order to find the condition that one of these chords shoul<i 
touch Uf we must, by Art. 872, form the discriminant of fiU+ {UU' — P* + XT), and, 
then form the condition that this considered as a function of /a should have equal 
zootB. The discriminant is 

/ii«A + M (2i7'A + Xe) + {W^^ + X (00-' + AV") + X«e'}^ 
and the condition for equal roots gives 

X (4Ae' - e«) + 4A«F' = 0. 
Substituting this value for X in X^A''+XF' + A^'F', we get the equation of Hi^ 
required locus 

16A»A' r - 4A (4 AG' -Q^ F+U{AAQ'- G^)' = 0^ 

which, as it ought to do, reduces to V when 4^0' = G'.* 

Ex. 10. Find the locus of the vertex of a triangle, two of whose sides touch U^ 
and the third side aU ■{■bV^ while the two base angles move on V, It is found by 
the same method as the last, that the locus is one or other of the conicS| touching 
the four common tangents of U and F, 

AA'X2F+ XmP + fj?U= 0, 
where X : /« is given by the quadratic 

a{,ab- /3a) X« + a (4Aa + 26*) \fi - *V = \ 
where a = 4AA', /3 = G>-4A6'. 

Ex. 11. To find the locus of the free vertex of a polygon, all whose sides touch tT^ 
and all whose vertices but one move on V. This is i-educed to the last ; for the lin& 
joining two vertices of the polygon adjacent to that whose locus is sought, toucbea 
a conic of the form aU+bV, It will be found if X', /n'; X", /n"; X'", fi'" be tha 
values for polygons of n — 1, », and n 4- 1 sides respectively, that X'" = ti'ii'\ 
It!" = A'X'X" (a^" - A'/3X"). In the case of the triangle we have X' = a, / = A'/?^ 
in the case of the quadrilateral X'' = p^, ft" = a (4 Aa + ^/36), and from these we caUi 

• The reader will find {QuaHerly Journal of Mathematics, vol. I. p. 344) a dis^ 
pussion by Prof. Cayley of the problem to find the locus of vertex of a triangle circum- 
scribing a conic S, and whose base angles move on given curves. When the curvea 
fure both conies, the locus is of the eighth degree, and touches S at the points wher^. 
1^ Is met b^ the polars with regard to /S^ of the intersections of the two conies. 
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•find, step by step, tlie values for every other polygon. (See PhiloeophiecU Magazine^ 
vol. XIII. p. 337). 

Ex. 12. The triangle formed by the polors of middle points of sides of a given 
triangle with regard to any inscribed conic has a constant area [M. Fame]. 

Ex. 13. Find the condition that if the points in which a conic meets the sides of 
the triangle of reference be joined to the opposite vertices, the joining lines shall form 
^wo seta of three each meeting in a point. Am, abc — 2fgh - €\P — h^^ch^^O, 

382. The theory of covariants and invariants enables us 
readily to recognize the equivalents in trilinear coordinates of 
certain well-known formulae in Cartesian. Since the general 
expression for a line passing through one of the imaginary 
circular points at infinity \s x±y V(— 1) + c, the condition that 
^ + A*.y + ^ should pass through one of these points is \' + /i"= 0. 
In other words, this is the tangential equation of these points. 
If then 2 = be the tangential equation of a conic, we may 
form the discriminant of 2 + i (\" + /**). Now it follows from 
Arts. 285, 286, that the discriminant in general of 2 + A;2' is 

A' + AAO' + A^A'e-f A'A'*. 
But the discriminant of 2 + i (\" + ytt*) is easily found to be 

A» + iA(a + J) + A»(aJ-A»). 
If, then, in any system of coordinates we form the invariants 
of any conic and the pair of circular points, 0' = is the con- 
dition that the curve should be an equilateral hyperbola, and 
= that it should be a parabola. The condition 

(a + 6)«=t4(a&-A''J, or (a- J)» + 4A«=0, 
must be satisfied if the conic pass through either circular point ; 
and it cannot be satisfied by real values except the conic pass 
through hoth^ when a = 5, A = 0. 

Now the condition \' + /tt" = 0* implies (Art. 34) that the 
length of the perpendicular let fall from any point on any line 
passing through one of the circular points is always infinite. 
The equivalent condition in trilinear coordinates is therefore 
got by equating to nothing the denominator in the expression 

* This condition also implies (Art. 25) that every line drawn through one of these 
two points is perpendicular to itself. This accounts for some apparently irrelevaiit 
factors which appear in the equations of certain loci. Thus, if we look for the equa- 
tion of the foot of the perpendicular on any tangent from a focus o/?, (a: - a)» -f (y - j3)' 
will appear as a factor in the locus. For the perpendicular from the focus on either 
tangent through it coincides with the tangent itself. This tangent therefore is part 
of the locus. 
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for the length of a perpendicular (Art. 61). The general taii« 
gential equation of the circular points is therefore 

X" + /Li" + / - 2fiy cos A - 2v\ cosB- 2\/li cobOs 0. 

Forming then the and 0' of the system found by combiuing 
this with any oonic, we find that the condition for an equilateral 
hyperbola 0' = 0, is 

a + 5 + c-2/ 008-4-2^ cosjB-2A cos(7:«0; 

while the condition for a parabola = O, is 

-4 sin"^+-B sin"-B+(7 sin'a+ 2i?'sm JB sina 

+ 2(?sinCsin^ + 2^sinulsin^»0. 

The condition that the carve should pass through either circular 
point is 0'*=:40, which can in various ways be resolved into a 
sum of squares. 

383. If we are given a conic and a pair of points, the 
covariant F of the system denotes the locus of a point such 
that the pair of tangents through it to the conic are harmoni- 
cally conjugate with the lines to the given pair of points. 
When the pair of points is the pair of circular points at in- 
finity, F denotes the locus of the intersection of tangents at 
right angles. Now, referring to the value of F, given Art. 378, 
it is easy to see that when the second conic reduces to X* -f m'' ; 
that is, when A' = B' = lj and all the other coefficients of the 
tangential of the second conic vanish, F is 

which is, therefore, the general Cartesian equation of the locus 
of intersection of rectangular tangents. (See Art. 294, Ex.). 

When the curve is a parabola (7=0, and the equation of the 
directrix is therefore 2 ( (?a: + -Py ) = A + B. 

The corresponding trilinear equation found in the same way is 

{B-\-C-\-2FcosA)x*'{'[0+A+2acosB)y'+{A-^B+2EcosC)z^ 
+ 2 (^ cos-4 -F-O cos(7- JSr cosS) yz 
+ 2 (J5 cosB-a "HcobA - F cos(7) zx 
+ 2 ((7 cos (7 - JT- FcobB- G cob A) ajy » 0, 
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It may be shown, as in Art. 128, that this represents a circle, 
hj throwing it into the form 

{xBinA+yBmB+ZBmG)[^ ^^ a: + ^^ y 

A+B+2HcobG \ /•>!.• t?. • /^\ 

-f. ,_- z)^ 1 — . . T, . ^ {yzBmA-^zxamB-{xyBmC). 

sinO / 8in-4Bm58inC7^ ^ ' 

where =» is the condition (Art. 382) that the curve should 
be a parabola. When = 0, this equation gives the equation of 
the directrix. 

384. In general, S + AS' denotes a conic touching the four 
tangents common to 2 and 2'; and when k is determined so 
that 2 + A;2' represents a pair of points, those points are two 
opposite vertices of the quadrilateral formed by the common 
tangents. In the case where 1' denotes the circular points at 
infinity, when 2 + kl^ represents a pair of points, these points 
are the foci (Art. 258a)* If, then, it be required to find the foci 
of a conic, given by a numerical equation in Cartesian coordi- 
nates, we first determine k from the quadratic 

(aJ-A*)A«+A(a + J)A;+ A* = 0* 
Then, substituting either value of i in 2 + 4 (\' + /**), it breaks 
up into factors (Xa;' + /iy' + vaj') (Xoj" + /iy" + v«"j 5 ^^^ ^^ ^<>ci 

x' V* x" v" 
are — , , ^ ; -77 , S? . One value of k gives the two real foci, 
z z z z 

and the other two imaginary foci. The same process is appli- 
cable to trilinear coordinates. 

In general, 2 -f 4 (X* + /*■) represents tangentially a conic 
confocal with the given one. Forming, by Art. 285, the corre- 
sponding Cartesian equation, we find that the general equation 
of a conic confocal with the given one is 

^8^'k[C[a?^y')^2ax'-2Fy^-A'\^B]^\-1^^0. 

From this we can deduce that the equation of common 
tangents is 

{C(a;" + y«)-2(yaj-2i?ir + ^ + 5}*=.4A5. 
By resolving this into a pair of factors 

{(«-«)•+ fy-/3)'} {(x-a')«+ Cy-/9'n, 

we can also get a, ^ ; a', ^' the coordinates of the foci. 

zz. 
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Ex. 1. Find the foci of 2z^ - 2xy + 2y« - 2« - 8y + II. The qtiAdrafcic here fa 
Bk* + 4^A + ^* 3 0) Whose roots are£ = -^ ib = - ^Z^. !Biit A = -^ 9. tTsing tha 
Talae ^ = 3, 

showing that the fod are 1, 2; 8, 4, The value 9 gives the imaginary foci 

2±>|("l),8q:j(-l). 

Ex. 2. Find the coordinates of tlie ¥oc^ of 6 panibola given lay a OaacteBum 
ciquatioiu The quadratic here reduces to a simple equation, and we find that 

(a + h) {A\* + Bfi^ + 2Ffiu + 2G^A + 2-ff V) - A (X« + /a^ 

is resolvable into factors. But these evidently must "be 

Tlie first factor gives the infinitely distant focus, and shows that the a^ of the curve 
is parallel to Fa; — Gy, The second factor shows that the coordinates of the focus 
are the coefficients of X and ft in that factor. 

Ez. 8, Find the coordinates of the focus of a parabola given by the trilinear 
equation. The equation which represents the pair of foci is 

e'S = A (X« + M* + «^ - 2/nF cos^ - 2v\ 008« - 2\fi oos C). 
But the coordinates of the infinitely distant focus are known, from Art. 293| since it 
is the pole of the line at infinity. Hence those of the finite focus are 

^A _A ?!^I1^ 

A&mA + B^B-h GbIhC* J£ anA + B aiiB'+ FemC* 

B'C-A 

G»hiA + FeAnB+CBijiC^ 

385. The condition (Art 61) that two lines should be 
mntaallj perpendicular, 

XX' + /a/+ f/ - (jm/ + H''v) cos a - (v\'+ /\) cos B 

^ [Xflf + \» cos C7= 0, 

is easily seen to be the sanae as the condition (Art. 293) that 
the lines should be conjugate with respect to 

X* + /A* + K* — 2fMv cos A - 2v\ cos -B— 2\/a cos C= 0. 
The relation, then, between two mutually perpendicular lines is 
a particular case of the relation between two lines conjugate 
with regard to a fixed conic. Thus, the theorem that the three 
perpendiculars of a triangle meet in a point is a particular 
case of the theorem that the lines meet in a point which join 
the corresponding vertices of two triangles conjugate with re- 
spect to a fixed conic, &c. It is proved [Oeometry of Three 
Dimensions^ Chap, ix.) that, in spherical geometry, the two 
imaginary circular points at infinity are replaced by a fixed 
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imagtnarj conic ; that all circles on a sphere are to be considered 
lis conies haying doable contact with a fixed conic, the centre 
of the circle being the pole of the chord of contact ; that twa 
lines are perpendicular if each pass through the pole of the 
other with respect to that conic, &c. The theorems then, which, 
in the Chapter on Projection, were extended bj substituting^ 
for the two imagina^ points at ipfi^ity, two points situated 
anywhere, may be still further extended by substituting for 
these two points a conic section. Only these extensions are 
theorems suggested, qot proyed. Thus the theorem that the 
intersection of perpendiculars of a triangle inscribed in aQ 
equilateral hyperbola is on the curve, suggested the property 
of conies connected by the relatioi;i @ = 0, proved at the en4 
of Art. 375. 

It has been proved (Art.306) that to several theoremaQoncem« 
ing systems of circles, correspond theorems concerning syfltema. 
of conies having double contact with a fixed conic. We give 
now some analytical investigations concerning the latter class, 
of systems^ 

386. To form the condition that the line Xa? + /Lty + vz may. 
touch 8+ {\'x 4 fiy + /«)*. We are to substitute in 2, a + X'*^ 
b + /a'*, &c. for a, J, &c. The result may be written 

? + {a(/i/-/*V)* + &c.} = 0, 

where the quantity within the brackets is intended to denote 
the result of substituting in 8 /i/ — fi\ yXf - v'X, Xfju - X'/li for 
QBj y, «. This result may be otherwise written,. For it waa, 
proved (Art. 294) that 

(oaj* + &c.) (aa/" + &c.) -r {aoKxf + &c.)" » A {y^ -r y'g)" + &c.. 

And it follows, by parity of reasoning, and can be proved in^ 
like manner, that 

(^X* + &c.) (^X'* + &c.) ^ (^XX'+ &c.)* == A {a (/*v'- /a'v)"+ &c.},^ 

where -4XX'4-&c. is the condition that the lines Xa; -f /^y + v«,, 
Va? 4 ^'y 4 /« may be conjugate ; or 

4XX'4 -B/i/4 Cvv' 4 i^(/A/4 A) + G (vX'4 /X) 4 fi^(X/4 XV).^ 

If then we denote 4X'*4&c. by S', and -4XX'4&c by IJ 
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end If we substitute for a {fiy' — /a'v)" + &c. the value just found, 
the condition previously obtained may be written 
(A + S')S-n« = 0. 
If we recollect (Art 821) that \, ft, v may be considered as 
the coordinates of a point on the reciprocal conic, the latter 
form may be regarded as an analytical proof of the theorem 
that the reciprocal of two conies which have double contact is a 
pair of conies also having double contact. This coi^dition may 
also be put into a form more convenient for some applications, if 
instead of defining the lines Xo? + /fV 4 v«, &c. by the coefficients 
X, /x, V, &c,, we do so by the coordinates of their poles with re- 
spect to 8y and if we form the condition that the line P^ may touch 
S+ P''*, where P' is the polar of a'yV, or axaf + &c. Now the 
polar of xY^ will evidently touch iS when x^z' is on the curve; 
Bnd in fact if in 2 we substitute for \, /a, v ; 8^J 5„ 5, the coeffi- 
cients of x^ y, B in the equation of the polar, we get ^ff. And 
again two lines will be conjugate with respect to S, when their 
poles are conjugate ; and in fact if we substitute as before for 
X, fijvinU we get ^Bj where B denotes the result of substituting 
the coordinates of either of the points rcy/, Qi'y"z"i in the 
equation of the polar of the other. The conditlou that i^ should 
touch B-^P'^ then becomes (1 -\-S')8^ R. 

387. To find the condition that the two conies 

should touch each other. They will evidently touch if one of 
the common chords (X'oj + f/y + /a) ± {\''x + fjt^^y + v'^z) touch 
either conic Substituting, then, in the condition of the last 
Article X' ± X'' for X, &c., we get 

(A+s')(s'±2n+r)-{2'±n)«, 

which reduced may be written in the more symmetrical form 

(A + sO(^ + 2'0 = (A±n)'. 

The condition that i8+P^ and 5+ -P'' may touch is found 
from this as in the last Article, and is 

(i + fi^)(i + flro = (i±i?)». 

Ex. 1. To draw a oonic having double contact with S and touching three given 
eonica 8-hP^,8 + P"», 8 + /*"*«, also having double contact with 8. lAtxyzhe the 
coordinates of the pole of the chord of contact with 8 of the sought conic 8+P', 
then we have 
(1 + ^ (1 + 50 = (l + PO»J (1 + ^(1 + 5")= (l + P")»i(l + ^a + ^") = (l + ^V 
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where the reader will obeerve that 8', <S"| S"' are known conBtants, but 3, P", Ao, 
inyolye the coordinates of the sought point xjfs. If then we write 1 + S = i^, &o,f 
we get 

*** = 1 + P', **"= 1 + P", **"'= 1 + P^', 

It is to be observed that P*, P", P'" might each have beeu written with a donble 
sign, and in taJdng the square roots a double sign may, of course, be given to 
hf^ V\ V\ It will be found that these varieties of sign indicate that the problem 
admits of thirtj-two solutions. The equations last written give 

whence eliminating h^ we get 

P'(*"-A'") + -P"(*'"-*0 + -P"'(*'-*")= 0, ' 

the equation of a line on which must lie the pole with regard to 8 of the choid, 
of contact of the sought conic. This equation is evidently satisfied by the point 
P'-P" = P"\ But this point is evidently one of the radical centres (see Art. 806) 
of the conies 5 + P", /Sf + P"», S-^P"'*. 

pt ptf pnt 

The equation is also satisfied by the point p ^ TT/ = pM • ^ order to see thQ 

geometric interpretation of this we remark that it may be deduced from Art. 88(i 
that the tangential equations oi 8-^ P*^, 8 + P"* are respectively 

(1 + iSf) 21 = A [\af+ ,1^ + vzO*, (1 + iS") X = A (Xa;" + ^y" + !«")•• 

Hence W + ,if^ + ms' ^ \x" ^ ^y^' -k- miT 

represent points of intersection of common tangents to S-^-P**, 8 + P"*, that is to 

say, the coordinates of these points are p ± p> , Ac, and the polars of these point% 

p> p*' pt pti ptf* 

with respectto iSf, are t? ± p- . It follows that P" = p?" = p« denote the pole, with 

respect to i9, of an axis of similitude (Art. 806) of the three given conies. And the 
theorem we have obtained is, — the pole of the touffht chord of contact lies on one 
of the lines joining one of the four radical centres to the pole, with regard to 8y0f 
one of the four axes of sUailituds, This is the extension of the theorem at the end 
of Art. 118. 

To complete the solution, we seek for the ooordiimtes of the point of contact of 
8 + P^ with 8 + P^. l^ow the coordinates of the point of contact, which is a centre 

of similitude of the two conies, being t — t, » Ac, we must substitute » + p s* for 

fl^ &c in the equations itA' c 1 + P', Ac, and we get 

;t*' = l + P' + p5'j *r=l + P" + |>22; M'"=l + P'" + pi2', 

where J2, 22' are the results of substituting a;'y V, aif"^"sf" respectively in the polai 
of txfffsf. We have then 

Jt(A'-.*")=P'-P" + p(5'--B)5*(*'-Ar'") = i^-i*'" + p(^-i20i 
whence eliminating h, we have 

^{*"-f-(*"-F)} + ^'{*"'-F-(*'-F')} + ^'{*'-F-(*"-f)}. 

the equation of a line on which the sought point of contact must lie; and which 
•vidently joins a radical centre to the point where P", P", P*" are respectively prof 
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porttonal to *'-pi *"-f , A"*-^, orto 1, J^l^- R,k'}c^" -K^. 



But if wd 



form the eqnatlona of the polaOi iv^th respect to j9 + P^» of the three centres of 
fimilitude aa »boye, we get 

ihowfaig that the line we want to constnict is got by joining one of the ftmr radical 
centres to the pole, with respect to i9 + P^, of one of the four axes of sunilitude. 
This may also be deriyed ^eometricaUy aa in Art. 121, frojn the theorems provedi^ 
Alt. 806. The sixteen lines which can be so drawn meet 8 + P^ m the thirty-twa. 
points of contact of the different oonics ^fhich can be drawn to fulfil the conditiona 
gf the problem^* 



* The solution here given is the same in substance (though somewhat simplifiec^ 
\JBL the details) as that given by Prof. Cayley, Oe/2e, YoL xxxiz. 

Prof. Casey {Proceedings of the Boyal Irish, Academy^ 1866) has arrived at anothet^ 
(olntion from considerations of spherical geometry. He shows by the method used^ 
Art. 121 (a), that the same relation which connects the common tangents of four drclea 
touched by the same fifth connects also the sines of the halves of the common tanr 
gents of four such circles on a sphere; and hence, as in Art. 121 (6), that if tha 
equations of three circles on a sphere (see Geometry of Three Dimensions, chap. IX.). 
be<8f-Z/« = 0, <8f-i(« = ()^i8f-iV»5;0» that o| a group of circles touching all thre^ 
will be of the form 

4{X(5*,ZJ} + J{M(5*-lf)} + X^-JV)} = 0,. 

This evidently gives a solution of the problem in the text, which I have anived: 
Ikt directly by the following process. Let the conic 8 be a^ + f^ + z\ and let 
X = 2k + my + n«, M=l'x + m'y + n'z ; then the condition that 8 — L*, 8 — M^ 
should touch is (Art. 887) (1 -8'){\- 8") = (1 - -K)«, where S'=:P + m* + n\ 
<S"=r«-H»'H»'«, /J=//'+mf»'+n»'. I write now (12) to denote J(l-5')(l-5")-(l--R).' 
Let us now, according to the rule of multiplication of determinants, form a detei^-r 
minant from the two matrices containing five columns and six rows each. 



1, 0, 0, 0, a 

1, I, m, n. ^(1-^0 

1, r, !»', n', J(l-5") 

1, r, m", n« 4{l'Sn 

I, r, m- n% J(l-50 

h hi «»«, »4I 4(1 -^») 



0, 0, 0, 0, 1, 

- 1, /, », n, 4(1 - 8^^ 
-1, /', m', n'i J(l-5'\ 
-1, r, m", n'\4il-S"\ 
^1, r, m'", n% J(l-50,. 

- 1, ^4, w« f»4, 4(1 - 8^). 



The resulting determinant which must vanish, since there are more tp^ ti^L^ 
columns, is 

0. 1, 1, 1, 1, % 

J(l - n 0, (12), (18), (14), (15). 

4{i - 5"), (12), 0, (28), (24), (25) 

J(l - 5'"), (13), (23), 0, (34), (35i 

J(l - S,\ (14), (24), (34), 0, (45) 

4(}-8,), (15), (26), (36), (45), =0, 

fm identical relation connecting the invariants of five conies all having double contact 
^th the same conic 5. Suppose now that the conic (6) touches the other foivr^ 
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Ex. 2. The four oonics haTing donble contact with a given one 3, which can be 
drawn thiongh three fixed points, are all touched bj four other conies also haying double 
contact with S,^ Let 

<8f = «• + y« + «• — 2y2! cos ^ — 2«aj 008 B - 2ary cos (7, 
(hen the four conies axe S={pe±y± z)\ which are all touched by 

5= {« oo8(B- C) +y cosCC- ^) + 2 co8(il - B)}«, 
and by the three others got by changing the sign of A, B, or C, in this equation. 

Ex. 8. The four conies which touch x, y, e, and have double contact with S are 
all touched by four other conies having double contact with 8t Let M= ^{A + B+C), 
then the four conies are 

flf = {x sin(Jf- A) + y sin (If- B)+Ban (If- C)]\ 

together with those obtained by changing the aign of A, B,oi C m the above ; and 
one of the touching conies is 

^ _ /g sin ^ B sin |C ysin^Csin^^ etanlA sin^g ^* 
t BinlA ■*" BinfB "*" sinj^ J ' 

the others being got by changing the sign of x, and at the same time increasing B 
andCby 180®, Ac. 

Ex. 4. Find the condition that three oonics Uj F, TT shall all have double contact 
with the same conic. The condition, as may be easily seen, is got by eliminating 
X, tt, V between 

AX» - exv + ev* - A V = o, 

and the two corresponding equations which express thatftT— vW, vW—XUhttak 
up into right lines. 

then (15), Ac. vanish ; and we learn that the invariants of four conies aU having 
double contact with 3 and touched by the same fifth are connected by the relation 
0, (12), (13), (14) 

(12), 0, (23), (24) 

(13), (23), 0, (34) 

(14), (24), (34), =0, 

or J{(12) (84)} ± ^{(13) (24)} ± J{(14) (23)} = 0. 

We may deduce from this equation as follows the equation of the conic touching 
three others. If the discriminant of a conic vanish, jSf = 1, and then the condition of 
contact with any other reduces to i2 = 1. If, then, a, /3, y be the coordinates of any 
ix>int satisfying the relation iS^— £.» = 0, or x* + y* + a* — (/x + my + ik)« = 0, then 



^ U«*+^ + r«); 



evidently denotes a conic whose discriminant vanishes and which touches 8—1^, 
If, then, we are given three conies 3— L\ S^ Jf *, 8 — iV*, take any point a, /3, y 
on the conic which touches all three and take for a fourth conic that whose equa- 
tion has just been written, then the functions (14), (24), (34) are respectively 

-A. -»-.&.——-"—— '— 

all three satisfies the relation 

J[(23) UiS) - LU ± J[(31) U(S) -Anil J[(12) UiS) - JV^}] = 0. 
* This is an extension of Feuerbach's theorem (p. 127), and itself admits of 
inrther extension. See Quarterly Journal of MaihemtUictf vol. vi. p. 67. 
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388. The theory of invariantB and coyariants of a system 
of three conies cannot be fully explained without assuming some 
knowledge of the theory of curves of th^ third degree. 

Oiven three conies ?7, F, Wj the locus of a point whose polara 
toith respect to the three meet in a point is a curve of the third 
degree^ which we call the Jacohian of the three conies. For we 
have to eliminate x^ y^ z between the equations of the three 
polars 

U^xi- Z7^+ CTz-O, F,aj+ F^+ F,« = 0, TF,aj+ TF^+ TF,2=0, 

and we obtain the determinant 

It Is evident that when the polars of any point with respect to 
Uy Vj W meet in a point, the polar with respect to all conies of 
the system Z 17 + «iF+nTF will pass through the same point. 
If the polars with respect to all these conies of a point A on 
the Jacobian pass through a point B^ then the line AB is cut 
harmonically by all the conies; and therefore the polar of B 
will also pass through A. The point B is, therefore, also on 
the Jacobian, and is said to correspond to A. The line AB 
is evidently cut by all the conies in an involution whose foci 
are the points A^ B, Since the foci are the points in which two 
corresponding points of the involution coincide, it follows that 
if any conic of the system touch the line AB^ it can only be 
in one of the points A^ B\ or that if any break up into two 
right lines intersecting on AB^ the points of intersection must 
be either A or B^ unless indeed the line AB be itself one of 
the two lines. It can be proved directly, that if lU-\- m F+ n W 
represent two lines, their intersection lies on the Jacobian. 
For (Art. 292) it satisfies the three equations 

Zt?; + mF, + nlFj = Oj ZD;+ w2F,+ nTF,==0, ZCr,+ wiF.+ wlF.^O; 

whence, eliminating Z, 9n, n, we get the same locus as before. 
The line AB joining two corresponding points on the Jacobian 
meets that curve in a third point ; and it follows from what 
has been said that AB is itself one of the pair of lines passing 
through that point, and included in the system lU-{^ mF+ nW» 
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The general equation of the Jacobian is 
(ag'K') x» + {IhT) }t + (^//') «• 

t^here {ag'h'^) &c. are abbreviations for determinants. 

Ex. 1. Through four pointB to draw a conic to toach a given conic TT. Let thtf 
fonr points be the intersection of two conies CT, F; and it is evident that the problem 
admits of six solutions. For if we substitute a + ka'^ Ac. for a in the condition 
(Art. 872) that U and W should touch each other, Ar, as is easily seen, enters into 
the result in the sixth degree. The Jacobian of U^ V, W intersects W in the six 
points of contact sought. For the polar of the point of contact with regard to W 
being also its polar with regard to a conic of the form \U+fi.V passes through thft 
intersection of the polars with regard to {Zand V, 

Ex. 2. If three conies have a common self -conjugate triangle, their Jacobian 
is three right lines. For it is verified at once that the Jacobian of aa:?-\rhy^ + CM*f 
a'a? + by + c'a«, o"«« + 6'y + c"a« is aya = 0. 

Ex. 8. If three conies have two points common, their Jacobian consists of a lin« 
and a conic through the two points. It is evident geometrically that any point on 
the line joining the two points fulfils the conditions of the problem, and the theorem 
can easily be veiified analytically. In particular the Jacobian cf a system of threo 
circles is the circle cutting the three at right angles, 

Ex. 4. The Jacobian also breaks up into a line and conic if one of the quantities 
5 be a perfect square 1^, For then Ir is a factor in the locus. Hence we can describe 
four conies touching a given conic S at two given points (5, Z) and also touching S^'i 
the intersection of the locus with 8" determining the points of contact. 

When the three conies are a conic, a circle, and the square of the line at infinity, 
the Jacobian passes through the feet of the normals wbidi can be drawn to the oonio 
through the centre of the circle. 

388 (a). We return now to the theory of two conies which 
it was not possible to complete until we had explained the 
nature of Jacobians. We have seen that a system of two conies 
8^ 8' has four invariants A, 0, 0^, ^\ and a covariant conic F| 
but there is besides a cubic covariant. In fact, the covariant 
conic F has a common self-conjugate triangle with 8^ 8^ 
(Art, 381, Ex. 1), therefore (Art, 388, Ex. 2) if we form J the 
Jacobian of 5, 8\ F we obtain a cubic covariant, which, in fact, 
represents the sides of the common self'-conjugate triangle of 8 
«nd 8\ It appears from (Art. 378a) that J vanishes identi- 
cally if 8 and 8' have double contact. We have given (Art. 381, 
Ex. 4) another method of obtaining the equation of the sides 

AAA. 
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of the common self-conjugate triangle, and if we compare the 
results of the two methods, we get the identical equation 

^ = F' - F' (05' + &S) + P (A'05' + A&S"^ 

+ T88' {e& - 3 A A') - A'^AS* - Awls'" 

+ A' (2 A0' - 0") 8'S' + A (2 A'0 ^ 0") SS'*' 

Thus we see that a system of two conies has, besides the foup 
invariants, four covariant forms /S, S', F, e/, these being con- 
nected by the relation just written. In like manner, there are 
four contravariant forms 2, 2', *, T, where the last expresses 
tangentially the three vertices of the self-conjugate triangle, its 
square being connected by a relation, corresponding to that just 
written, between 2, 2', ^ and the invariants. 

Ex. 1. Write down the 12 forms for the conies »» + y* + «*, oo^+Iq/*^ cz*. 
Ant, A = 1, G = o + 6 + c, G' = 5c + ca + ad, A' = aftc, 

^S = a? + y^-k-z\ /S'=fl«« + i|y«+ca«, F=«(6+c)««+ft(c+a)^+<:(a+6)ti» 

J'= {b — c) (c — a) (o - b) xyz, 

Z = X« + /Di« + i;a, Z' = icX« + ca/i'+«**^, * = (6+<?)X»+(c+a)fi«+(a+6)vS 

r = (6-c)(c-.a)(a-&)X/«r. 

Ex. 2. Find an expression for the area of the common <x)njugate triangle of two 
conies. The ec^uare of the area is found to be 

, G'O'' + 18A A'GQ' - 27A«A'« - iAG** - 4A'G« 



M^ an^A sin«£ sin^C - 



p/2 



where M is the area of the triangle of reference, and T' the result of substitnting in F, 
Bin ^, sin B, sin C, the coordinates of the line at infinity. That the expression must 
contain in the numerator the condition of contact, and in the denominator l'^, is 
evident from the consideration that this area must vanish if the conies touch, and 
becomes infinite if any vertex of the triangle be at infinity. 

388(6). We have already explained what is meant by 
covariants which express relations satisfied by Xj y, «, the 
coordinates of a point lying on a locus having some permanent 
relation with the original curve or curves, and by contravartants 
which express relations satisfied by X, /a, v the tangential 
coordinates of a line, whose section by the original curve or. 
curves has some property unaffected by transformation of 
coordinates. There are besides forms called mixed concomitants 
which contain both ar, y, z and also X, ^, f, and these we proceed 
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to enumerate for the system of two codics S^ B*. These 
mixed concomitants of a system of two curves may also be 
regarded as covariants of the system of three^ consistiug of 
8, S' and the right line Xa? + /xy + vz. For instance, we may 
form the Jacobian of that system, or the locus of the point 
whose polars, with respect to 8 and 8\ intersect on Xo: + /iy + v«, 



S, , /S, , 8^ 



thus obtaining the mixed concomitant ^ or 
which for the canonical form is 

X ( J - c) yz + /* (c — a) ^05 + V (a — J) ay. 

There is evidently a corresponding reciprocal form N' obtained 
in the same way from 2, 2", which for the canonical form ia 

aihv (J — c) a?+ hvK [c-CL)y-\ c\fi (a - h) z. 

This expresses the equation of the line joining the poles of 
"Kx-^ fAy-\-vz with respect to 8 and 8^. Again, for any line 
\x + fiy-\-yZy we may take its pole with regard to 8 and 
again the polar of that point with regard to 8' and so 
obtain a companion line K. This for the canonical form ia 
oKx + bfiy + cvz. We obtain a dlflFerent companion line K^ by 
taking the pole with regard to 8' and then the polar with 
regard to 8, thus finding hcXx + cafjLf/ + abvz, Gordan has 
shewn (Clebsch, Geometrie^ p. 291) that there are in all eight 
mixed concomitants of a system of two conies in terms of which, 
and of the forms previously enumerated, all other concomitanta 
can be expressed. In addition to the four already mentioned we 
may take the Jacobian of K^ 8 and Xo; + /^y + vz^ or for the 
canonical form 

IAv[b--6)x-\' vK [o-^a) y + \fi[a-h)z\ 
and, in like manner, the Jacobian of K\ 8\ and Xo; + /xy -f v0, ov 

/xva* {b — c)x + v\h* {c — a)y-\- Xfic* (a — b) z. 
These with the two reciprocal forms 

Xay2f (J — o) + /ifeaj (c - a) + vc;ry (a — J), 
and Xbc (J — o) ya? + fica (c - a) «a; + vab [a - b) xy 

make up the entire system. 

We return now to the theory of three conies. 

888(c). To find the condition that a line \x '\- fiy •{■ vz should 
Be cut in involution by three conies^ It appears from Art. 335 
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and from the Note, Art. 842^ that the required condition b the 
vanishing of the determinant 

cX" -2^v\ +av*, c/A* - 2JvfA + lv\ eXft -/v\ --ffVfA +Av* 
cV -2/v\ +aV, cV ^ 2/f;* + J' v', cV -/v\ -/i^m +AV 
c'V-2/'v\+aV, cV- 2/V + »"»'•, o"Xm ^/VX-/V +AV 

When this is expanded it becomes divisible by v', and may be 

written 

V (Jc/O + A*' (cay) 4 v' (oJ'r) + XV {2 (cAr ) - (*</')} 
+ XV {2 (i//0 - (JcT')} + m'>^ {2 (c^TO ^ (car)} 
+ A {2 «/0 - (ca'r)} + v'X {2 (J/r) - (air)} 
+ v'^ {2 (aAr ) - (aJyOl + Vv {(aiVj - 4 (//r)} = 0, 
This may also be written in the determinant form 
a , 6 , c , 2/ , 2j7 , 2A 
a', y, c', 2/, 2.^', 2A' 
a", i", c", 2/', 2/, 2r 



/*f 



X 



From the form of this condition, it is immediately inferred that 
any line cut in involution by three conies Z7, F, W is cut in 
involution by any three conies of the system Zf7+ wiF+wTT. 
The locus of a point whence tangents to three conies form a 
system in involution is got by writing x^ y, z for X, /t, v in the 
preceding, and the reciprocal coefficients A^ B^ &c. instead of 
a, hy &c. 



889. If we form the discriminant of ?Z7+ m F-f n IF, we may 
write the result PA + VmO^^ + Pn^,,, + ^^^^im + &c«j ^°d the co- 
efficients of the several powers of /, m, n will be invariants of 
the system of conies. All these belong to tlie class of invariants 
already considered, except the coefficient of Imn^ in which each 
term abc of the discriminant of U is replaced by 

aS V + oJ V + a'V'c + a' bo'' + a''bc' + a'^Vc, &c. 

Another remarkable invariant of the system of conies, first 
obtained by a different method by Prof. Sylvester, is found by 
the help of the principle {Higher Algebra^ Art. 139], that when we 
have a covariant and a contravariant of the same degree, we 
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can get an invariant by snbstitating differential symbols in 
either, and operating on the other. By the help of the Jacobian 
and the contravariant of the last article we get the invariant T^ 

r= (aiV7 + 4 (oiy") {acT) + 4 {bcY) {bay') + 4 (caTO (cJ'*") 
+ 8 (a//') (&//0 + 8 («/A") {c/n + 8 (cyTO (6/r) 
^ 8 ( VA'O (Jc/O - 8 (Mr) {caY) - 8 (c//') (aJ'A'O • 
+ 4(a6V0(//r)-8(//A7. 

S89a. Some of the properties of a system of three conies 
can be studied with advantage by expressing each in terms of 
four lines x^ jfje^wi thus 

I7'«a»* + J/ + c«' + iM7", V^a'x^+by + c'z* + (fw\ 

w= a'v + by + cV + d:'w\ 

It is always possible, in an infinity of ways, to choose Xj y^ Zj tv^ 
80 that the equations can be brought to the above form ; for 
each of the equations just written contains explicitly three in« 
dependent constants ; and each of the lines or, y, «, w contains 
implicitly two independent constants. The form^ therefore, just 
written puts seventeen constants at our disposal, while U^ F, W^ 
contain only three times five, or fifteen, independent constants. 
The equations of four lines are always connected by a relation 
of the form w*s\x+ fiy + vz^ and we may suppose that the 
constants X, &c. have been included in a;, &c., so that this rela- 
tion may be written in the symmetrical form x-hy + Z'{'W = 0. 

Let it be required now to find the condition that Z7, FJ W 
may have a common point. Solving for a?*, y", «*, w* between 
the equations J7=0, Fa=0, Tr=0, and denoting by -4, 5, C, Z> 
the four determinants (Jc'(f')> (dbV), [dab"), {ba'c'')y we get 
x\ y", «", to* proportional to -4, jB, 0, /); and substituting in 
» + y + « + «^ == 0, we obtain the required condition 

VC4)+V(5) + V(C?) + V(2>) = o, 

or (il« + 5»+0"+2>»^2^5-25a-2C^-.2^2)-252)-2(72))« 

= UABCD. 

The left-hand side of this equation is the square of the 

invariant T already found ; the right-hand side ABCD is an 

invariant which we shall call M, whose vanishing expresses the 

condition that it may be possible to determine 2, m, n, so that 
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ZZ7+wF+nTF shall be a perfect square. This invariant may 
be directly found from the principle that when the equation 
of a conic is a perfect square its reciprocal vanishes identically.. 
The reciprocal of Z5+ m8'-¥ n8" is evidently (Art. 377) 



P2 + m*2' + 72*2" + mn^^ + w?4>.. + Im^^ 



199 



and if we equate separately eaA coefficient to zero and then 
linearly eliminate the six quantities T, m', &c.^ we get the result 

A ^ B y ^ F ^ G , H 
A\ R, C\ F\ a\ H' 
A'\ E\ C'\ F\ &\ H" 

^M> ^M» ^885 ^VH ^281 ^88 



Al> All C'jj, i^,^, O^^ H^^ 

Ail ^m ^vty Kil ^ia> ^H 



= (>, 



where -4,^, &c. 



denote the coefficients in ^,j, &c., Art, 377^, 



This determinant is of the fourth degree in the coefficients of each 
conic, those of the first conic, for example, entering in the second 
degree into the first row, and in the first into the fifth and 
sixth, and so for the others. It follows that four conies of the^ 
system S + lU-\- mV-t nW can be determined so as to be per-^ 
feet squares (see Ex. 3,' Art. 373), for if we equate to nothing 
the invariant Jf found for 8+lU^ F, PT, we have an equation 
of the fourth degree for determining L 



389J. Considering two conies, if we form the discriminant 
of the reciprocal system ZS + «iS' we get no new invariant^, 
the discriminant in fact being 

Pa* + PmA0 + Zw"A'0' + m'A^ 

But if we form the discriminant of ZS + wS'+ nS" the coefficieni 
of Imn^ answering to ©,,3 of Art. 389, or 

A^{B^C,-^B^C,-2F^F;j + &c. 

is an invariant of the second degree in the coefficients of each 
conic, not expressible in term of the invariants A, 0„„ &a 
Mr. Burnside has shewn that the invariant T of Art. 389^ 
^hich is of the same order in the coefficients, is expressible in ^ 
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terms of this new Invariant and of those of Art. 389. In fact, 
let two of the conies have the canonical form, and write them 

a? + y + «" = 0, lx*-¥mf + nz* = 0^ 
a3i?^by*-\ cz^ + 2fyz + 2gzx + 2Axy = 0. 
If then we form the resultant of the three, that is, the condition 
that they shall have a common point, the first two equations 
are satisfied bj 

aj* = w — n = a, y" = n-Z=)9, «* = Z-7?i = 7. 
Substituting these values in the third and clearing of radicals, 
we have 

{aV+y/3'+c"7"-2Jci97- 2ca7a- 2aiaiS + 4 (^^87 + 57a + CayS)}" 

= 64a/37 [FghoL + Ghfd + Hfgi). 

The left-hand side of the equation is what we have before 
called T*. Writing then for a, /8, 7 their values «i — n, n— ?, 
Z- ?w, we can reduce T to 

{? ( J + c) + «i (c + a) + w (a + J) }" - 4 (a + J + c) [amn + JnZ + elm) 

+ 8 {^Z(to + «) + Urn (n + + C^^ (' + ««)} 
all the separate groups in which expression will be found to be 
fundamental invariants of the system, except -4P + Bm* + Cw*, 
which is ^411^883""® where is the invariant of this Article. 
Thus we get 

^= ^,„- 4(^,«^.„+ ^„.<?«.+ <?„.0 + 120. 
If we consider the discriminant of IS+mS'-^-nS" as a 
ternary cubic in Z, ?w, «, and by the theory of cubic curves form 
its S and T invariants, Mr. Burnside has calculated the 8 to 
be 2"-48if, and the T to be ST{12M- T*). Thus we have 
r'-48lf, and r(72if- T*) expressed in terms of the ten 
fundamental invariants which occur in the discriminant of 
l8-\-mS' + n8". And though if, T, are not linearly ex- 
pressible in terms of these ten, yet we have just shown how 
to form two equations implicitly connecting M and T with these 
ten ; and of course we could, if we please, eliminate either M or 
T from these equations, and thus get an equation connecting 
either, singly with the fundamental invariants. 
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389c. Any three conies may in general be considered as 
the polar conies of three points with regard to the same cubic ; 
or, in other words, their equations may all be reduced to the 

form 

a (»"- 2ya) +/3 (y"-2«a;) + 7 («"-2a:y) « 0. 

If we use for the equations of the conies the forms given in 
Art. 389a, the equation of the cubic whence they are derived 
will be 

—.-1-^ 4---+ --.=0» 

and it appears that if the invariant M vanish (in which case 
either Ay Bj C or D vanishes), an exception occurs, and the 
conies cannot all be derived from the same cubic. In the 
general case, the equation of the cubic may be obtained by 
forming the Hessian of the Jacobian of the three conies, and 
subtracting the Jacobian itself multiplied by twice T. 

If we operate with the conies on the cubic contravariant, 
or with their reciprocals on the Jacobian, we obtain linear 
contravariants and covariants which geometrically represent the 
points of which the given conies are polar conies, and the polar 
lines of these points with respect to the cubic 
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CHAPTER XIX. 

THE METHOD OF INFINITESIMALS. 

390. Referring the reader to otber works where it is 
shown how the differential calculus enables us readily to draw 
tangents to curves, and to determine the magnitude of their 
areas and arcs, we wish here to give him some idea of the 
manner in which these problems were investigated by geometers 
before the invention of that method. The geometric methods 
are not merely interesting in a historical point of view ; they 
afford solutions of some questions more concise and simple than 
those furnished by analysis, and they have even recently led to 
a beautiful theorem (Art. 399) which had not been anticipated 
by those who have applied the integral calculus to the recti- 
fication of conic sections. 

If a polygon be inscribed in any curve, it is evident that the 
more the number of the sides of the polygon is increased, the 
more nearly will the area and perimeter of the polygon approach 
to equality with the area and perimeter of the curve, and the more 
nearly will any side of the polygon approach to coincidence with 
the tangent at the point where it meets the curve. Now, if the 
sides of the polygon be multiplied ad infinitum^ the polygon will 
coincide with the curve, and the tangent at any point will coincide 
with the line joining two indefinitely near points on the curve. 
In like manner, we see that the more the number of the sides of 
a circumscriling polygon is increased, the more nearly will its 
area and perimeter approach to equality with the area and peri- 
meter of the curve, and the more nearly will the intersection of 
two of its adjacent sides approach to the point of contact of either. 
Hence, in investigating the area or perimeter of any cui've, we 
may substitute for the curve an inscribed or circumscribing 
polygon of an indefinite number of sides ; we may consider any 
tangent of the curve as the line joining two indefinitely near 
points on the curve, and any point on the curve as the inter- 
section of two indefinitely Q^^^* tangents. 

BBB. 
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391. Ex. !• To find the direction of the tangent at any point 
of a circle. 

In any isosceles triangle A OB, either base atigle OBA is less 
than a right angle by half the vertical angle ; but as the points 
A and B approach to coincidence, the 
vertical angle may be supposed less 
than any assignable angle, therefore 
the angle OBA which the tangent 
makes with the radius is ultimately 
equal to a right angle. We shall 
frequently have occasion to use the 
principle here proved, vie. that two 
indefinitely near lines of equal length 
are at right angles to the line joining their extremities. 

Ex. 2. The circumferences of tioo circles are to each other as 
their radii. 

If polygons of the same number of sides be inscribed in the 
circles, it is evident, by similar triapgles, that the bases ah, AB^ 
are to each other as the radii of the circles, and, therefore, that 
the whole perimeters of the polygons are to each other in the 
same ratio; and since this will be true, no matter how the 
number of sides of the polygon be increased, the circumferences 
are to each other in the same ratio. 

Ex. 3. The area of any circle is equal to the radius multiplied 
by the semi-circumference. 

For the area of any triangle OAB is equal to half its base 
multiplied by the perpendicular on it from the centre ; hence the 
area of any inscribed regular polygon is equal to half the sum of 
its sides multiplied by the perpendicular on any side from the 
centre ; but the more the number of sides is increased, the more 
nearly will the perimeter of the polygon approach to equality 
with that of the circle, and the more nearly will the perpen- 
dicular on any side approach-^ equality with the radius, and the 
difference between them can be made less than any assignable 
quantity ; hence ultimately the area of the circle is equal to the 
radius multiplied by the semi-circumference ; or = Trr". 

392. Ex. 1. To determine the direction of the tangent at any 
point on an ellipse. 



Digitized by VjOOQIC 



THE METHOD OP INFINITESIMALS. 



371 




Let P and P' be two iDdefinitely near points on the curve, 
then FP+ PF' = FP' + FF' 5 or, 
taking FR^FP, FR^FF, we 
have FR^PR:, but in the tri^ 
wigles PRF, PRF, we have also 
the base PF common, and (by 
Ex. 1, Art. 391) the angles PRF 

fRF right; hence the angle 

PFR^FPR. Now TPF is ultimately equal to PFF, since 
their difference PFF may be supposed less than any given 
angle ; hence TPF^ TPF\ or the focal radii make equal angles 
with the tangent, 

Ex. 2. To determine the dir^tion of the tangent at any patni 
0n a hyperhola^ 
We have 

FF-^FP^^FF^FP^ 
or, as before, 

FR^FR, 
llence the angle 

PFB^PFR, 
or, the tangent is the internal bisector of the angle FPF. 

Ex. 3. To determine the direction of the tangent at any voini 
i>f a parabola^ 

We have FP^PN, and FF=^FN'] hence FS^FS, or 
the angle N'FP=^ FFP The tangent, there. ^\ 
fore, bisects the angle FPM. i^ " 

393. Ex. 1. To find the area of the para^ 
lolic sector FVP. 

Since PS^PR, and PN^FP, we have the 
triangle FPR half the parallelogram PSNN\ 
Now if we take a number of points FF\ &c 
between F and P, it Is evident that the closer 
we take them, the more nearly will the sum of 
all the parallelograms PSN'N, &c, approach 
to equality with the area 2>FP2V; and the sum of all the tri^ 
angles PFR, &c. to the sector VFP; hence ultimately the sector 
PFV is half the area 2?KPiV, and therefore one-third of tUft 
quadrilateral DFPN. 
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Ex. 2. To find the area qf the eegment of a parabola cut off 
hy any right line. 

Draw the diameter bisecting it, then the parallelogram PB^ 
is equal to PM\ since they are the com- 
plements of parallelograms about the dia- 
gonal; but since TM is bisected at V\ 
the parallelogram PN' is half PR ; if, 
therefore, we take a number of points 
P, P', F\ &c., it follows that the sum of 
all the parallelograms PM' is double the 
sum of all the parallelograms PN\ and 
therefore ultimately that the space V'PM 
is double V'PN\ hence the area of the 
parabolic segment F'PJf is to that of the parallelogram V'NPM 
in the ratio 2 : 3. 




394. Ex. 1. Tlie area of an ellipse is equal to the area of a 
circle whose radius is a geometric mean between the semi-axes of 
the ellipse. 

For if the ellipse and the circle on the transverse axis be 
divided by any number of lines 
parallel to the axis minor, then 
since mb : md :: m'b^ : m'd' :: i : a, 
the quadrilateral mbb'm' is to 
mdd'm' in the same ratio, and the 
sum of all the one set of quad- 
rilaterals, that is, the polygon 
BbVV'A inscribed in the ellipse 
is to the corresponding polygon 
Dddd^'A inscribed in the circle, 
in the same ratio. Now this will 
be true whatever be the number of the sides of the polygon ; if 
we suppose them, therefore, increased indefinitely, we learn that 
the area of the ellipse is to the area of the circle as 6 to a ; but 
the area of the circle being ^ ira?^ the area of the ellipse => irab. 

Cor. It can be proved, in like manner, that if any two figures 
be such that the ordinate of one is in a constant ratio to the 
corresponding ordinate of the other, the areas of tho figures arc 
in the same ratio. 
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Ex. 2. Every diameter of a conic bisects the area enclosed by 
the curve. 

For if we suppose a number of ordinates drawn to this dia« 
meter, since the diameter bisects them all, it also bisects the 
trapezium formed by joining the extremities of any two adjacent 
ordinates, and by supposing the number of these trapezia in- 
creased without limit, we see that the diameter bisects the area. 

395. Ex. 1. The area of the sector of a hyperbola made by 
joining any two points of it to the centre^ is equal to the area of the 
segment made by draioing parallels from them to the asymptotes. 

For since the triangle PKG^QLG, the area PQG^PQKL. 
Ex. 2. Any two segments PQLKj BSNM^ are equal^ if 

PK: QL::RM:SN. 
For 

PK: QL:: CLi CK^ 
but (Art. 197) 

CL^MT, CK^NTi 

we have, therefore, J^i^^ -^^^^r^-^^ 

BM : 8N :: MT" : NT, C K L " M V 

ani therefore QB is parallel to PS, We can now easily prove 
that the sectors PCQ, BCS Sive equal, since the diameter bisect- 
ing P8j QB will bisect both the hyperbolic area PQBSj and 
also the triangles PCS, QCB. 

If we suppose the points Q, B to coincide, we see that we 
can bisect any area PKNS by drawing an ordinate QL, a geo- 
metric mean between the ordinates at its extremities. 

Again, if a number of ordinates be taken, foiming a continued 
geometric progression, the area between any two is constant. 

396. The tangent to the interior of two similar, similarly 
placed, and concentric conies cuts off a constant area from the 
exterior conic. 

For we proved (Art. 236, Ex. 4) that this tangent is always 
bisected at the point of contact ; now if we draw any two tangents, 
the angle ^Q^' will be equal to BQR 
and the nearer we suppose the point Q 
to P, the more nearly will the sides 
AQ,A'Q approach to equality with the 
sides BQ, EQ] if, therefore, the two 
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tangents be taken indefinitely near, the triangle A QA' will be 
equal to 'BQR^ and the space AVB will be equal to A'VB'i 
since, therefore, this space remains constant as we pass from any 
tangent to the consecutive tangent, it will be constant whatever 
tangent we draw. 

Cor. It can be proved, in like manner, that if a tangent 
to one curve always cuts off a constant area from another, it will 
be bisected at the point of contact ; and, conversely, that if it 
be always bisected it cuts off a constant area. 

Hence we can draw through a given point a line to cut off 
from a given conic the minimum area. If it were required ta 
cut off a given area, it would be only necessary to draw a tangent 
through the point to some similar and concentric conic, and the. 
greater the given area, the greater will be the distance between, 
the two conies. The area will, therefore, evidently be least when, 
this last conic passes through the given point ; and since the tan- 
gent at the point must be bisected, the line through a given, 
point which cuts off the minimum area is bisected at that point. 

In like manner, the chord drawn through a given point 
which cuts off the minimum or maximum area from any curv& 
is bisected at that point. In like manner can be proved 4h& 
following two theorems, due to the late Professor MacCuUagh. 

Ex. 1. If a tangent AB to one curve cutoff a constant arc front 
another^ it is divided at the point of contact^ so that AP : PB in^, 
versely as the tangents to the outer curve at A and B. 

Ex. 2. If the tangent AB he of a constant lengthy and if the 
perpendicular let fall on AB from the intersection of the tangentSi 
at A and B meet AB in M, then AP will =^ MB. 

397. To find the radius of curvature at any point on an ellipse^ 
The centre of the circle circumscribing any triangle is the 
intersection of perpendiculars erected at the middle points of the 
sides of that triangle ; it follows, therefore, that the centre of the 
circle passing through three consecutive points on the curve ilk 
the intersection of two consecutive normals to the curve. 

Now, given any two triangles FPF"^ FP'F\ and PN, P'N^ 
the two bisectors of their vertical angles, it is easily proved by 
elementary geometry, that twice the angle PNF^ PFF-\- PFP^ 
(See figure, Art. 392, Ex. 1). 
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Now, since the arc of any circle is proportional to the angle 

it subtends at the centre (Euc. Yi. 33), and also to the radius 

(-Art. 391), if we consider PP' as the arc of a circle, whose centre 

PF 
is N^ the angle PNI^ is measured by -pj^ . In like manner, 

•pj> 
taking FR^FP^ PFF Is measured by -^^p, and we have 

2PP; _ PR FR^ 
PN " FP'^FF' 
but PR = FR = PF sin PFF\ 

therefore, denoting this angle by ^, PN by 5, FP^ FP^ by p, p', 
we have 



2 _l . 1 

= - + -? « 

9 P 



Rimd 



Hence it may be inferred, that the focal chord of curvature is dotibh 
the harmonic mean between the focal radii, Substituting r, for 
sin^, 2a for p -f /?', and IP for pp\ we obtain the known value 

ab 
The radius of curvature of the hyperbola or parabola can be 
investigated by an exactly similar process. In the case of the 
parabola we have p' intinite, and the formula becomes 

2_ _1 

R sin ^ /} ' 

I owe to Mr. Townsend the following investigation, by a 
different method, of the length of the focal chord of curvature : 

Draw any parallel QR to the tangent at P, and describe a 
circle through PQR meeting the focal 
chord PL of the conic at C. Then, by 
the circle PS.SC=Q8.8Rj and by q 
the conic (Ex. 2, Art. 193) 

PS.SL:Q8.8R::PL:MNi 
therefore, whatever be the circle, 

BC: 8L::3fN:PL] 
but for the circle of curvature the 
points 8 and P coincide therefore PC : PL 




MNiPL] OTjthe 
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focal chord of curvature is equal to the focal chord of the conic 
dravon parallel to the tangent at the point (p. 219, Ex. 4). 

398. The radius of curvature of a central conic may other- 
wise be found thus ; 

Let Q be an indefinitely near point on the curve, QR a 
parallel to the tangent, meeting the 
normal in 8] now, if a circle be de- 
scribed passing through P, Q, and 
touching PT at P, since QS is a per- 
pendicular let fall from Q on the 
diameter of this circle, we have 
P^=P5 multiplied by the diameter; 

PQ* 
or the radius of curvature =o-po» Now, since QR\a always 

drawn parallel to the tangent, and since PQ must ultimately 

coincide with the tangent, we have PQ ultimately equal to 

QR ; but, by the property of the ellipse (if we denote CP and 

its conjugate by a\ J'), 

ir : a'* :: QM : PR . PP' (= 2a'. PR), 

21/*, PR 
therefore QR?^ — ^> — . 

a 

V* PR 
Hence the radius of curvature = -7 . -j^ . Now, no matter how 

a Irb 

small PR. P8 are taken, we have, by similar triangles, their 

. PR CP a' ^ A' ^ . * 

ratio fTa = Vvii = ~ • iience radius of curvature = — • 
xro Lip p 

It is not difficult to prove that at the intersection of two con^ 

focal conies the centre of curvature of either is the pole with respect 

to the other of the tangent to the former at the intersection. 

398 (a). If we consider the circle circumscribing the triangle 
formed by two tangents to a curve and their chord, it is evident 
geometrically, that its diameter is the line joining the inter- 
section of tangents to the intersection of the coiTCsponding 
normals. Hence, in the limit, the diameter of the circle 
circumscribing the triangle formed by two consecutive tangents 
and their chord is the radius of curvature ; that is to say, the 
radius of the circle here considered is half the radius of curvature 
i[Compare Art. 262, £x. 4). 
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399. If two tangents he drawn to an ellipse from any point oj 
a confocal ellipse^ the excess of the sum of these two tangents over 
the arc intercepted between them is constant* 

For, take an indefinitely near point Ty and let fall the per- 
pendiculars T£j T8^ then (see fig.) 

(for P'R may be considered as the continuation of the line PP') 
in like manner ^ ■ J El^^ 

Again, since, by Art. 189, the angle 
TTR^ T'T8^ we have TS^ T'R; 
and therefore 

PT+T(/^PT'-\-T'(/. 
Hence {PT+ TQ)-^{P'r-\- TQD^PP'^Qq^PQ-^FQf. 

Cor. The same theorem will be true of any two curves which 
possess the property that two tangents 7!P, TQ to the inner one 
always make equal angles with the tangent TT^ to the outer. 

400. If two tangents he drawn to an ellipse from any point 
of a confocal hyperbola^ the difference of the arcs PKy QK is equal 
to the difference of the tangents TP^ TQ.'\ 

For it appears, precisely as 
before, that the excess of 
T'P'-P'^over TP^PK^TR^ 
and that the excess of T'Qf^QfK 
over TQ-QK is T'S, which is 

equalto rii, since (Art.189) rr _ /" \ / ^V 

bisects the angle 5 r 5. The dif- 
ference, therefore, between the 
excess of TP over Pff , and that 
of TQ over QK is constant ; but 
in the particular case where T 

« This beaatif ol theorem was diflcovered by Bishop GraYes. S«e his TrantiUuion of 
C7t€ulet*$ Memoirs on Cone* and Spherical Conies^ p. 77. 

f This extension of the preceding theorem was discoYered by Mr. Mac Cnllagh^ 
Dublin Exam. FaperSf 1841, p 41 ; 1842, pp. 68, 83. M. Chasles afterwards inde* 
pendently noticed the same extension of Bishop Graves's theorem. Comptes RenduSf 
October, 1843, torn. xvii. p. 838. 

ccc. 
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coincides with K^ both these excesses and consequently their dif- 
ference vanish; in every case, therefore, TP—PK^ TQ- QK. 

Cor. FagnanVs theorem^ " That an elliptic quadrant can be 
80 divided, that the difference of its parts may be equal to the 
difference of the semi-axes/' follows immediately from this 
Article, since we have only to draw tangents at the extremities 
of the axes, and through their intersection to draw a hyperbola 
confocal with the given ellipse. The coordinates of the points 
where it meets the ellipse are found to be 

401. If a polygon circumscribe a conicj and ifatt the vertices 
hut one move on confocal conies^ the locus of the remaining vertex 
will be a confocal conic* 

In the first place, we assert that if the vertex T of an angle 
PTQ circumscribing a conic, move on a confocal conic (see fig., 
Art. 399) ; and if we denote by a, 6, the diameters parallel to 
2!P, TQ) and by a, /S, the angles TPT', TQfT\ made by each of 
the sides of the angle with its consecutive position, then aoL = b8. 
For (Art. 399) TROTS', but TR^TP.a-.TS^TQf.^.m^ 
(Art. 149) TP and TQ are proportional to the diameters to 
which they are parallel. 

Conversely, if aa = J^S, T moves on a confocal conic. For 
by reversing the steps of the proof we prove that TR = T'8\ 
hence that TT' makes equal angles with TP, TQ^ and therefore 
coincides with, the tangent to the confocal conic through T\ and 
therefore that T' lies on that conic* 

If, then, the diameters parallel to the sides of the polygon be 
o, 5, c, &c., that parallel to the last side being d^ we have aa, = b^^ 
because the first vertex moves on a confocal conic; in like 
manner 5y9 = cy, and so on until we find aoL^di^ which shows 
that the last vertex moves on a confocal conic* 



* This proof is taken from a paper by Dr. Hart; Cambridgt and Dublin Maih^ 
maUccU Journal, toL iy. 193. 
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PasoalIs Theoebm, Alt. 267. 

If. SnEiNEit was tlie first who (in Gergonn^s Annahs) directed the attention of 
geometers to the complete figure obtained by joining in every possible way six points 
en a conic. M. Steiner's theorems were oorrected and extended by M. Pliicker 
{Crelle?s Journal^ vol. v. p. 274), and the subject has been more recently investigated 
by Messrs. Cayley aad Kirkman, the latter of whom, in paitic^lar, has added several 
new theorems to those already known (see Cambridge and Dnblin Mathematical 
Journal, vol. v. p. 185). We shall in this note give a slight sketch of the mors 
important of these, and of the methods of obtaining them. The greater part are 
derived by joining the amplest principles of the theory of combinations with the 
following elementary theorems and their reciprocals : " If two triangles be such that 
the lines joining corresponding vertices meet in a point {the centre of homology of the 
two triangles), the intersections of corresponding sides will lie in one right line (their 
Qxis)." "If the intersections of opposite sides of three triangles be for each pair the 
$ame three points in a right line, the centres of homology of the first and second » 
second and third, third and first, will lie in a right line." 

Now let the six points on a conic be a, b, <?, d, e, /, which we shall call the 
points F. These may be connected by Jijleen right lines, ab^ ac, Ac, which we sliall 
call the lines (7. Each of the lines C (for example) ab is intersected by the fourtccQ 
others ; by four of them in the point a, by four in the point ^, and oonseq^oentfy by 
six in points distinct from the points P (for example the points [ah, erf), &c.). These 
we shall call the points p. There are forty-five such points ; for as there are six on 
each of the lines (7, to find the number of points p, we must multiply the 
number of Knes Cby 6, and divide by 2, ance two lines C pass through every point p. 

If we take the sides of the hexagon in the order abcdef, Pascal's theorem is, that 
the three p points, {ab, de), {ed, fa), {be, «/), lie in one right line, which we may call 

(ab.cd .ef^ 
either the Pascal abcdef or else we may denote as the Pascal -j , fa bc\* ^ fomx 

which we sometimes prefer, as showing more readily the three points through which 
the Pa'Kcal passes. Through each point p four Pascals can be drawn. Thus through 
{ab, de) can be drawn abedef, abfdee, abcedf abftde. We then find the total number 
of Pascals by multiplying the number of points p by 4, and dividing by 3, since 
there are three points p on each Pascal. We thus obtain the number of Pascal's 
lines = 60. We might have derived the same directly by considering the number of 
Afferent ways of arranging the letters abedef, 
Ck>nsider now the three triangles whose sides are 

ab, cd, ef, (1) 

de, fa, be, (2) 

</; ^ «^ (8) 
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The Interaectfons of oorresponding eddes of 1 and 2 lie on the eame Pascal, theiefora 
the lines joining corresponding vertices meet in a pointy but these are the thre« 

PascaXB. 

(ab.de. cf} fed .fa . he} (ef. be Md\ 

Xcd.fa.bej* [ef.bc.adj* [ab.de.ejr 

This is Steiner's theoiem (Art. 268) ; we shall call this the g point, 



(ab.de. (f) 

]cd.fa.be\. 

^ef.hcad^ 



The notation shoTrs plainly that on each Pascal's line there is only <me g point ; for 
given the Pascal { - *^ ill *^® ^ V^int on it is found by writing under each term 
the two letters not already found in that vertical line. Since then three Pascals 
intersect in every point g, the number of points g = 20. If we take the triangles 
% 8 ; and 1, 8 ; the lines joining oorresponding vertices are the same in all cases 
therefore, by the zedprocal of the second preliminary theorem, the three aaxt of the 



(ab.cd.ef) 

]de.fa,bc\, 

^cf.be.ad) 



three triangles meet in a point. This is also a g point j tie ./a . 6o K and Steiner 

lias stated that the two g points just written are harmonic conjugates with regard 
to the conic, so that the 20 g points may be distributed into ten pairs.* The Pascals 
which pass through these two g points correspond to hexagons taken in the order 
respectively, abc/ed, a/cdeb, adcbtf\ ahcdef qfcbed, adcfeb\ thi'ee alternate vertices 
liolding in all the same position. 
Let us now consider the triangles, 

ah cd ef (I) 

ab,ce.df\ cd.hf.ae^ ef.hd ac\ 
de.bf.aci* af.ce.bdj* bc.ae.df)' ^^ 
ab.ce.df\ ed.bf.ae] ef.bd.€u:\ „. 

ef.bd.aer be.ac.dfj* ad.ce.bj]' ^^^' 
The Intersections of corresponding sides of 1 and 4 are three points which lie on 
the same Pascal ; therefore the lines joining oorresponding vertices meet in a point. 
But these are the three Pascals, 
' ah.ce.df^ cd.bf.ae} ef.ac.bd] 



ab.ce.df^ cd.bf.ae} ef.ac.bd] 
cd,bf,ae}* ef.ac.bdP ab.df.ce)' 



ab.ce. df\ 
We may denote the point of meeting as the h point, cd.bf.aeV, 

ef. ac . bdJ 
The notation differs from that of the g points in that only one of the vertical 
columns contains the six letters without omission or repetition. On every Pascal 
there are three h points, viz. there are on 

. , - ^.cd.ef) ab.cd.ef) ab.cd.7f\ 

tit}' '^/fM' *-ftJ' t"^":}' 

^ if.bd.ae) ac.be.dff bf.ce.ad) 

where the bar denotes the complete vertical column. We obtain then Mr. Eirkman's 
extension of Steiner's theorem ^The Pascals intersect three by three^ not only in 
Bteiner's twenty points g, but also in sixty other points h. The demonstration of 
Art. 268 applies alike to Mr. Kirkman's and to Steiner's theorem. 

In like manner if we consider the triangles 1 and 5, the lines joining corresponding 
vertices are the same as for 1 and 4 ; therefore the oorresponding sides intersect on 

• For a proof of this see Staudt {Crelle^ LXii. 142). 
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a right line, as they manifegtly do on a Pascal In the same manner the ooire- 
aponding sidea of 4 and 6 must intenect on a right line^ bnt theee intenectioDfl an 
the thiee h points, 

^,ce.^\ 06.13, bf\ ac,hd^ef\ 

qf,ae.bd) ac,be,(^) ee.bf.ad) 

MoreoTeTi the axis of 4 and 6 must pass through the intersection of the axes ol 

ab,cd,e/\ 
1, 4, and 1, 6, namely, through the g point, de.af.bcy^ 



In this notation the g point is found by combining the complete Tertical oolnmns 
of the three h points. Hence we have the theorem, " There are twenty Knes (7, eeieh 
of which pastes through one g and three h points" The existence of these lines 
was observed independently by Prof. Cayley and myself. The proof here given ia 
Prof. Cayley's. 

It can be proved similarly that ** The twenty lines G pass four by four through 
fifteen points t." The four lines G whose g points in the preceding notation havo 
a common vertical column will pass through the same point. 

Again, let us take three Pascals meeting in a point h. For instance^ 



We may, by taking on each of these a point p, form a triangle whose vertioea an 
(4^, ac)f [pf a«), (M, ce) and whose sides are, therefore. 



Again, we may take on each a point h, by writing under each of the above 
Pascals af,cd,bef and so form a triangle whose sides are 

ac.bf.de\ cf.ae.bd\ df.ab,ce\ 
be,ed. 

But the intersections of corresponding sides of these triangles, which must therefore 
be on a right line, are the three g points. 



ttb.ce.df} de.bf,ae\ qf.ae,bd} 

de.bf.acr cf.ae.bdf* ab.df.cer 
jr on each of these a point />, form a trian] 
, ce) and whose sides are, therefore, 

ac.bf.de) bf.ce.ad} bd,ae.ef\ 
df.ae.cb]' ae.bd.qff' ce.df.abf' 

n each a point A, by writing und 

rm a triangle whose sides are 

&•» cf.ae.bd} df.ab,ce} 
an* be.cd.afj' be.cd.afj' 
Tesponding sides of these triangles, 
uree g points, 

be,cd,af\ be,cd,af\ be.ed,qf\ be.cd.qf\ 

ac,bf.de>, (f.ae.bdY, df.ab.ceVf tf.ab.del^ 
t{f,ae.bc> ad.bf.ce' ac.rf.bd) ad.^.bc) 

I have added a fourth g point, which the symmetry of the notation shows must 
lie on the same right line ; these being all the g points into the notation of which 
be.cd. q/'can enter. Now there can be formed, as may readily be seen, fifteen different 
products of the form be.cd. af; we have then Steiner's theorem. The g points li« 
four by four on fifteen right lines I. Hesse has noticed that there is a certain reci- 
procity between the theorems we have obtained.' There are 60 Kirkman points A, 
and 60 Pascal lines H corresponding each to each in a definite order to be explained 
presently. There are 20 Steiner points g^ through each of which passes three Pascals 
H and one line G ; and there are 20 lines (?, on each of which lie three Kirkman 
points h and one Steiner g. And as the twenty lines G pass four by four through 
fifteen points t, so the twenty points g lie four by four on fifteen lines /. The 
following investigation gives a new proof of some of the preceding theorems and 
also shews what h point corresponds to the Pascal got by taking the vertices in 
the order abcdef. Consider the two inscribed triangles ace^ bdf\ their sides touch 
a conic (see Ex. 4, Art. 865) ; therefore we may apply Brianchon's theorem to the 
hexagon whose sides are ce, df^^e^ bf ac, bd. Taking them in this order, the dia- 
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ce,hf.ad\ 
gonalfl of the hexagon are the thxee Pascab inteisecting in the A point, df.ac. be L 

ae^bd.cf) 
And Binoe^ if retaining the alternate sides ee, a«, oc, we pennutate cj^cally the other 
three, then hy the reciprocal of Steiner's theorem, the three resulting Brianchon 
points lie on a right line, it is thus proved that three h points lie in a right line G^ 
From the same drenmscrihing hexagon it can be inferred that the lines joining the 
point a to {Ae, df] and d to {aCy e/} intersect on the Pascal abedef, and that there are 
aix snch intersections on every PaacaL 

More recently Prof. Cayley has dedooed the properties of this figure by oonsideiy 
ing it as the projection of the lines of intersection of six planes. See Quarter^ 
Jawnaij vol. ix. p. 848. 

StiU more recently the whole fignre has been disonssed and several new properties 
obtauied by Veronese {Nwwi Teoremi sulT Htxagrammum Mygtievm in the Memoira 
of the Reale Aocctdemia dei Lincei, 1877). He states with soma extension the 
geometrical principles which we have employed in the investigation, as follows: 
L Consider three lines passing throogh a point, and three points in each tine ; these 
points form 27 triangles which may be divided into 36 seti of three triangles iix 
perspective in pairs, the axes of homology passing three by three throngh 36 points 
which tie four by four on 27 right lines. IL If 4 triangles ai6|C|,*a^^^ Ac are in 
perspective, the first with the second, the second with the third, the third with the 
fourth, and the fourth with the first, the vertices marked with the same lettera 
corresponding to each other, and if the four centres of homology tie in a right tine, the 
four axes wiU pass through a point. III. If we have four quadrangles aJit^Cxdi, &c^ 
related in like manner, the four points of the last theorem answering to the triangles 
bedf cdoy dab, abc lie on a right tine. Considering the case when all four quadrBngle& 
have the same centre of homology, we obtain the corollary : If on four lines passing 
through a point we take 3 homologous quadrangles a^biC^di, a,b^^d„ <'J^^i^t » then we 
have four sets of three homologous triangles, a,d|C„ &c. the axes of homology of eacU 
three passing through a point and the four points lying on a right tine. lY. If we 
have two triangles in perspective a|6|<;|, a^^tt and if we take the intersections ot 
byC^ b^i ; CfQf, Cj^i ; Oib^ cLp^, we form a new triangle in perspective with the other 
two, the three centres of homology lying on a right tine. It would be too long ta 
enumerate aU the theorems which Veronese derives from these principles. Suffice it ta 
say that a leading feature of his investigation is the breaking up of the system of 
Pascals into six groups, each of ten Pascals, the ten corresponding Eirkman points 
lying three by three on these lines which also pass in threes through these points. It 
may be added that Veronese states the correspondence between a Pascal tine and i\ 
Kirkman point as foUows : Take out of the 15 lines C the six sides of any hexagon,^ 
there remain 9 tines C; out of these can be formed three hexagons whose Pascals 
meet in the Kirkman point corresponding to the Pascal of the hexagon with which we 
started. 

After the publication of Veronese's paper Cremona obtained very elegant demons 
strations of his theorems by studying the subject from quite a different point of view. 
From the theory of cubical surfaces we know {Geotnetry of Three Dimensions^ 
Art. 636), that if such a surface have a nodal point, there tie on the surface six right 
lines passing through the node, which also tie on a cone of the seoond order, and 
fifteen other tines, one in the plane of each pair of the foregoing; by projecting this 
figure Cremona obtains the whole theory of the hexagon. 

It may be well to add some formula useful in the analytic discussion of the 
hexagon inscribed in the conic LJf — iZ*. Let the values of the parameter ft, 
(Art. 270) for the six vertices be a, 6, c, (^ «,/, and let us denote by {ab) the 
quantity obL ^ {a -¥ b) R ■{■ M, which, equated to zero^ represents the chord jomin|[ 
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two ▼ertices. Then it is easy to aee that {ah) {cd) — (ad) {Ic) is L3t— iP multiplied 
by the factor (a — c){b — d), and hence that if we compare, as in Art. 268, the foi-ms 
{ab) {ed) — (ad) (be), (of) (de) — (ad) (ef) we get the equadon of the Faecal abode/ in 
the f ozm 

(fl-c) (fi-^ (e/) = (a-6) (/-rf) (ftc). 
The same equation might alao have been obtained in the f ormfl, which can easily be 
Terified as being equivalent, 

(a-e) (*-/) (cd) = (c-e) (4-ci) (a/), 
(c - a) (b -/) (de) = (<?-«) (d -/) (ab). 
The three other Pascals which pass throngh (be) (ef) are 

(a-^) (b-d)(ef) = (a-/) («-d) (5c), 
(a-b) (c--d)(ef) = (a-e) (f-'d)(bc), 
{a'-b)(c-d)(e/) = (a-^/)(e^d)(be), 
these being respectiyely the PsAcals abcdfe, adtdef, acbdfe. 
Consider the three Pascals 

(a-c)(b-d)(ef) = (a-.e)(f-d)(bc)rz(b^f){c^e)(ad)', 
these evidently intersect in a point, viz. a Steiner ^-point ; bnt the three 

(a-c)(b-d) (ef) = («-«) (/- d) (be) = (*-e) (c^f) (ad) 
intersect in a Kirkman A-point. 

Mr. Cathcart has otherwise obtained the equation of the Pascal hne in a deter* 
minant form. It was shewn (Art. 831) that the relation between corresponding points 
of two homogmphic systems is of the form 

Aaa' + Ba+Ca'-\' D = 0. 
Hence, eliminating Aj B^ C, i>, we see that the relation between four points and 
other four of two homographic systems is 

aa'y a, a', 1 

^a', a, ^', i =o,» 

and the double points of the system are got by putting 5' = ^, and solving the quad- 
ratic for h. But we saw Art. 289, Ex. 10, that the Pascal line LMN passes through 
X, K* the double points of the two homographic systems determined by ACE^ DFB 
the alternate vertices of the hexagon. And since, if d be the parameter of the point 
JT, we have My A, L respectively proportional to ^, I, 1, it follows that the equation 
of the Pascal abcdefia 

adf a, d, 1 
be, b, e, I 
cf c, f,l = 0, 



STOTEMS of TANOEITTIAL COORDIITATBB, Art. 811. 

Through this volume we have ordinarily understood by the tangential coordioates 
of a line la + mfi + ny, the constants I, m, n in the equation of the line (Art. 70) j 
and by the tangential equation of a curve the relation necessary between these 
constants in order that the line should touch the curve. We have preferred this 
method because it is the most closely connected with the main subject of this volume, 
and because all other systems of tangential coordinates may be reduced to it. We 

* On this determijjaiit see Cayley, Phil TVaiw., 1858, p. 43G, 
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Irish now to notSoe one or two potnto in this tlieoiy whicb we have omitted to 
mention, and then briefly to explain some other systems of tangential cooidinates. 
We hare given (Ex. 6, Azt. 132) the tangential equation of a dzcle whose centre is 
a'^y and radios r, viz. 

let ns examine what the right-hand side of this equation, if eqnatcd to nothing; 
would represent. It may easily be seen that it satisfies the condition of resoWability 
into factors, and therefore represents two points. And what these points are may 
be seen by recollecting that this quantity was obtained (Art. 61) by writing at full 
length la + mfi + ny, and taking the snm of the squares of the coefficients of s 
andy, /oosa + moosjS + iioosy, /sina + m 8in)3 + nsiny. Now if a* + &* = 0, the 
line (xx+btf+c is parallel to one or other of the lines a: ± y ^( — 1) = 0, the two 
points therefore are the two imaginary points at infinity on any circle. And this 
appears also from the tangential equation of a circle which we hare just given s 
far if we call the two factors w, «', and the centre a, that equation is of the form 
«* = r^ue$', showing that w, «' are the pomts of contact of tangents from a. La 
like manner if we form the tangential equation of a conic whose foci are given, by 
expressing the condition that the product of the perpendicnlaxB from these points 
cm any tangent is constant, we obtain the equation in the form 

(/a' + m/r + ny-) (la" + m/S" + ny") = 6»»«', 
riiowing that the conic is touched by the lines joining the two fod to the points 
«, «' (Art 2o8a). 

It appears from Art. 61 that the result of substituting the tangential coordinates 
of any line in the equation of a point is proportional to the perpendicular from that 
point on the line ; hence the tangential equations a/3 = kyij ay = Jt/3* when inter- 
preted give the theorems proved by reciprocation Ait. 311. If we substitute the 
coordinates of any line in the equation of a circle given above, the result is easily 
seen to be proportional to the square of the chord intercepted on the line by the 
circle. Hence if £, S' represent two circles, we learn by interpreting the equation 
2 = i^Z' that the envelope of a line on which two given circles intercept chorda 
having to each other a constant ratio is a conic touching the tangente common to 
the two circles. 

Lastly, it is to be remarked that a system of two points cannot be adequately 
xepresented by a trilinear, nor a system of two lines by a tangential equation. If 
we are given a tangential equation denoting two points, and form, as in Art. 285, 
the corresponding trilinear equation, it will be found that we get the square of the 
equation of the line joining the points, but aU trace of the points themselves has dis- 
appeared. Similarly if we have the equation of a pair of lines intersecting in a point 
o'/S'y, the corresponding tangential equation will be found to be (/a' + m^ + ny')*zdO. 
In fact, a line analytically fulfib the conditions of a tangent if it meets a curve in 
two coincident points ; and when a conic reduces to a pair of lines, any line through 
their intersection must be regarded as a tangent to the system. 

The method of tangential coordinates may be presented in a form which does 

not presuppose any acquaintance with the trilinear or Cartesian systems. Just as 

in trilinear coordinates the position of a point is determined by the mutual ratios 

of the peipendiculars let fall from it on three fixed lines, so (Art 311) the position 

of a line may be determined by the mutual ratios of the perpendiculars let fall on 

it from three fixed points. If the perpendiculars let fall on a line from two points 

A,Bbe\ffi, then it is proved, as in Art. 7, that the perpendicular on it from the 

IK -|- fnu 
point which cuts the line AB in the ratio of to ; / is -^-- ^- , and consequently that 

if the line pass through that point we have l\ + tn/i 0, which therefore may be 
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reg&ided as the equation of that point. Thns \ + /u = is the equation of the niiddld 
point of ABf X — /u = that of a point at infinity on AB, In like manner (see 
Art. 7, Ex. 6) it is proved that lK + mfi + w = OiB the equation of a point (?, which 
may be constrnoted (see fig. p. 61) either by cutting BCba. the ratio n : m and AD 
in the ratio i» + « : /j or by cutting AC::l:n and BE : : / + n : w, or by cutting 
AB ::m:l and CF'.:l + m:n. Since the ratio of the triangles AOB : AOCvi tho 
same as that of BJ) : BC^ we may write the equation of the point in the form 

BOC.\+ COA.fA-{- AOB . i» = 0. 
Or, again, substituting for each triangle BOCita value p'p" sin (see Art. 811) 

P f> P 

tThus, for example, the coordinates of the line at hifinity sOe X =: /u =: i>, since all 
finite points may be regarded as equidistant fftom it ; the point IK + mfi + nv will 
he at infinity when l + ni + ti = 0; and generally a curve will be touched by the 
line at infinity if the sum of the coefficients in its equation =0. So again thd 
eouations of the intersections of Irisecters of sides, of bisectors of angles, and 
s/L the x>ei'pendieulars, of the triangle of reference are respectively X + fi + v = 0^ 
Xsinil + ftsinjB + vsinC=0, Xtanil+/itanjB + ytanC:=0. It is unnecessary t9 
give further illustrations of the application of theee coordinates because they diffef 
only by constant multipliers from those we nave used already. The length of th4 
perpendicular from any point onla + mp + nyiB (Art. 61) 

la' + mfi -f ny* 

./(/» + TO« + ii^-2»ific08ii-2n/oos-ff-2/i» cos C)' . 

the denominator being the same fot every point. If then p,p', p'* be the perpeii* 
diculars let fall from each vertex of the triangle on the opposite side, the perpen* 
diculars X, ft, v from these yertioes on any line are respectively proportional to 
Ip, mp\ np*' ; and we see at once how to transform such tangential equations as were 
Used in the preceding pages, vis. homogeneous equations in /, m, n, into equations 
expressed in terms of the perpendiculars X, fi, y. It is evident from the actual valued 
that X| /u, V are connected by the relation 

P^ P^ P* PP pp pp' 

tt was shown (Art. 811) how to deduce from the trilinear equation of any curve th6 
tangential equation of its reciprocal. 

Hie system of three point tangential 
CX)ordinates just explained includes under 
it two other methods at first sight veiy 
different. Let one of the points of re« 
ference C be at infinity, then both if 
and p" become infinite, but their ratio 
temains finite and =- sin COE^ where 
DOE is any line drawn through the 
point 0. The equation then of a 
point already given becomes in this 
case 

Bhie X . Bind' 



Sing X tiny ft , . fl>,_^ > 




When is given every thing in this equation is (SonstUnt etoept the two IrariableA 

X a 

Bfai COE * sin COE * ^^* "^°® Eon COE = tan ODA^ these two variables are re* 

■pectiveiy AD, BE, In other woids» if we take as cootdinates ADf BE tiM 

DDD. 
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ittteioqrfB made hf a Tamble Jine on two fixed parallel ]iiies» then a&y eqnatioa 
a\ + bfi + e^O, denotes a point ; and thia equation may be conaidered aa the form. 
assamed by the homogeneona equation ak -h bft, + cm = when the point » = is 
at infinity. The following example illnBtiatea the nae of ooordinatea of thia kind 
We know from the theory of conic aectiona that the general equation of the aeoond 
degree can be lednoed to the form afi = k*, where a, fi are certain linear f nnctiona 
(xf the ooordinatea. This ia an analytical fact wholly independent of the inter- 
pretation we give the equations. It follows then that the general equation of cnrres 
of the second class in this system can be redoced to the same form a/3 = P, but thia 
denotea a cunre on which the points a, /3 lie and which has for tangents at these 
pdnta the parallel lines joining a, /3 to the infinitely distant point k. We have then 
the well known theorem that any Yariable tangent to a conic InteroeptB on two fixed 
parallel tangents portions whose rectangle is constant. 

Again, let two of the points of reference be at infinity, then, as in the last < 
the equation of a line becomes 

^-?^ + Bin0'.rinJB(?2> + an 6". an COjB; 
or, as WMj be eaaly seen. 

When the point is given, the only 
things rariable in this equation are 
ADf AEf and we see that if we take 
aa coordinates the reciprocals of the 
intereepts made by a Tariable line on 
the axes, then any linear equation 
between these coordinates denotes a 
poi^t, and an equation of the n^^ degree denotes a curve ot the n^^ class. 

It is evident that tangential equations of this kind are identical with that form 
erf the tangential equations used in the text where the coordinates are the coeflSdenta 
^ f», in the Cartesian equation 2z + m^ = 1| or the mutual ratios of the coefficients 
n the Gartealan equation ^r + my + n = 0, 

EXPBBBBION OV THB COORDIirATES OF A POIHT ON ▲ GOKIO BT A 8IN0LB 

Parambteb. 

We have seen (Art. 270) that the coordinates of a point on a conic can be 
expressed as quadratic functions of a parameter. We show now, conversely, that 
if the coordinates of a point can be so expressed, the point must lie on a conic Let 
na write down the most general expressions of the kind, viz. 

x=:a\^ + 2h\fi + bfi^, y = a'X* + 2a'\m + *>», z = o"X« + 2&' V + * V- 

Then, solving these equations for X«, 2X/i, /ii«, we have {Higher Algebra, Art. 29) 

AX« = uix + ^'y + ^"«» 2AXM = jff« + ^'y + -^"«f AM' = 'B«+-B'y + ^'*» 
where A is the determinant formed with a, A, 6, Ac, and Ay ff, B, Ac are the nunoai 
of that determinant. The point then, evidently, lies on the locus 

{Hx + H'y + JI"«)« = 4 (^x + A'y + A"z) {Bx + -B'y + R'z). 
U we look for the intersection with this conic of any line ax + fy-^yz, we hsTo 
only to substitute in the equation of this line the parameter expressions for x, y, t^ 
•nd we find that the parameters of the Intersection are determined by the qnadxatio 

(a« + o'/8 + a"y)\» + 2(Aa + *'^ + *"y)\M + (*« + *'^ + *"y)^' = 0. 
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The line wm be a tangent if thia oqnatioii be a perfect eqnare, in wHchcase we 

"™* ^* {am + a'P + dTy) {ha + 8'i3 + Vy) = {ha + h'fi + A"y)', 

which may be regarded as the equation of the reciprocal oonic. If this condition ifl 

satisfied, we may assume 

whence 

Aa=:^P + fi7B. + B»», A/J = il'?-f JJ'fia + JB'w', Ay = il"P + ir''/» + B"fli«; 
that is to say, the reciprocal coordinates may be similarly expressed as quadiatia 
functions of a parameter, the constants being tbe minors of the de t ermi n ant formed 
with tlie original constants. 

The equation «f the «onio might otherwise have been obtained thtis ; The eqnatlom 
of the line Joining two points is (Art. 182a) got by equating to lero the determinant 
formed with a, y, « ; x% y% z' j oj", y*', 2", If the two points are on the curre, we may 
(Substitute for their coordinates their parameter ezpresnons ; and when the two points 
iare consecutive, we see, by making an obvious reduction of the determinant, that tha 
equation of the tangent corresponding to any point X, /« is 
« , jr , « 

hX + bfJi, A'X + i"/*, h"K + b",A =©. 

Ezpa&dlng this and regarding it as the equation of a variable line containing the 
parameter X : ft, its envelope, by the ordinazy method, gives the same equation aa 
before. 

The equation of the tine joining two points will be found, when expanded, to ba 
of the form JTXX* + T (V + XV) + Zfifi = 0, and we can otherwise exhibit it in 
this form, for the coordinates of either point satisfy the equations x = aXH2AX/*+ftM*, &c^ 
and we have also //x^X'- X|* (XV''+X*'/a')+X'XV = i hence, Oiminating X% X/** M't 
wehavie 

/m", -(XV + XV), >^'X" 
«, a , 2h , h 

y, a\ 2h' , y 

zy <r, 2A- , b" =0, 

If the parameten of any number -of points on a conic be given by an algebnuo 
equation, the invariants and oovanants of that binary quantic will admit of geometrio 
interpretation (see Bumside, Higher A^^a, Art. 19Q). A quadratic has no invariant 
but its diacriminant, and when we ooasider two pcnnts there la no special case^ 
except when the points coincide, tn the case of two quadratics their harmonic 
invariant expresses the condition that the two corresponding lines should be conjugata 
and their Jacobian gives the points where the curve is met by the intersection of these 
lines. If we consider thzee points whose parameters are given by a binary cubic, tha 
covariants of that cubic may be interpreted aa follows : Let the three points be a, 6, e, 
and let the triangle formed by the tangents at these points he ABC-y these two 
tiiangles being homologous, then the Hessian ei the binary cubic determines tha 
imrameters of the two points where the axis of homology of theee triangles meets 
the conic; and the cubic covariant determines the parameters of the three points 
where the lines Aa, Bb^ Cc meet the conic In like manner, if there be four pointa 
the sextic covariant of the quartic determining their parameters, gives the parameters 
of the points where the conic is met fa^ the sides of the triangle whose Tertices ai^ 
the points o^, cd^ ac, bd; ad^bc 

On the Pboblem to describe a Conic under Five Conditions. 
We saw (Art. 183) that five conditions determine a conic ; we can, therefore, ia 
general describe a conic being giyen m points and n tangents where m + n = 5. Ws 
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■hall not think it worth while to treat separately the cases where any of these ai« at 
I an infinite distance, for which the oonstnictions for the general case only require t4» 
be suitably n^odifi^. Thus to be given a parallel to an afymptoU is ecyaiTalent to one 
condition, for we are then given a point of the curve, namely, the point at infinity on 
the given parallel. If, for example, we were required to describe a conic, given four 
points and a parallel to an asymptote, the only change to be made in the oonstructioii 
(Art. 269) is to suppose the point E at inanity, and the lines ^^, QE therefore diawA 
parallel to a given line. 

To be given an asymptote is equivalent to two conditions, for we are then givei) 
I a tangent and its point of contact, namely, the point at infinity on the givea 
a*7mptote. To be given that ike curve is a parabola is equivalent to one condition^ 
for we are then given a tangent, namely, the Une at infinity. To be given that ih€ 
, c«ri^ ie a circle is equivalent to two conditions, for we are then given two points of 
the gwT9 at infinity. To be given a focvs is equivalent to two conditions, for we ara 
then giyeii two tangents to the curve (Art. 268a), or we may see otherwise that the focna 
and any three conditions will determine the curve ; fpr by talpng the focus as origin, 
and reciprocating, the problem becomes, to describe a circle, three conditions being 
^ven; and the solution of this, obtained by elementary geometry, may be again 
vedprocated for the conic. The reader is recommended to oonstruot hy this method 
the directrix of one of the four conies which can be described when the focus an4 
three points are g^ven. Again, to be given the pole^ with r^ard to the conic, of ani^ 
f/iveti riffht line, is equivalent to two conditions ; for three more will determine the curve. 
For (see figure. Art. 146) if we know that P is the polar of BfR", and that T is a 
point on the curve, T% the fourth harmonic, must also be a point on the curve ; ob 
ii OThea. tangent, OT* must also be a tangent ; if then, in addition to a line and ita 
|)ole, we are given three points or tan^nts, we can find three more, and thus determine 
the curve. Hence, to be given the centre (the pole of the liae at infinity) is equivalent 
to two conditions. It may be seen likewise that to b« given a point on the polar of a 
^ven point is equivalent to one condition. For example, ^^hen we are given that the 
curve is an equilateral hyperbola, this is the same as saying that the two pointq 
at infinity on any circle lie each on the polar of the other with respect to the curve, 
To be given a self -conjugate triangle is equivalent to three conditions; and when 
a self-conjugate tria;igle with regfurd to a parabola is given three tangents arg 
given. 

Given Jhe points,— We have shown. Art. 269, how by the ruler alone we may detert 
mine as many other points of the curve as we please. We may also find the polar 
of any given point with regard to the curve ; for by the help of the same Article we 
can perform the construction of Ex. 2, Art. 146. Hence too we can ^d the pole 
of any line, and therefore also the centre. 

Five tanpents.-^We may either reciprocate the construction of Art. 269, or reduce 
this question to the last by Ex. 4, Art. 268. 

Four points and a tangent.— Wq have already given one method of solving this 
question, Art. 845. As the problem admits of two solutions, of coarse we cannot 
expect a construction by the ruler only. We may therefore apply Camot's theorem 
(Art. 313), 

Ae,Ae'.Ba,Ba*,Cb.Cb'-=Ab,Ab^.Bc.Bd'.Ca.Oa\ 
Let the four points a, a', 6, b' be given, and let AB be a tangent, the points c, c* wiX\ 
coincide, and the equation just given determines the ratio Ac* : Be^, everything else in 
the equation being known. This question may also be reduced, if we please, to those 
vhich follow ; for given four points, there are (Art. 282) three points whose polare are 
given; having also then a tangent, we can find three other tangents immediately, 
§nd thus have four points and four tangents. 

Four tan^entf and apoitU.—'Xhia is either reduced to the lost by reciprocatipn, ^ 
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\}j the method just described; for giyen four tangents, there are three points whose 
polars are given (Art. 146). 

Three poinis and two tanffents.-^It is a particidar case of Art. 844, that the pair of 
points where any line meets a oonic, and where it meets two of its tangents, belong to 
a system in involution of which the point where the line meets the chord of contact is 
one of the foci. If, therefore, the line joining two of the fixed points a, 5, be cut by 
the two tangents in the points A, B, the chord of contact of those tangents passes 
through one or other of the fixed points /*, F*, the foci of the system (a, 6, A, E)f (see 
Ex. Art. 286). In like manner the chord of contact must pass through one or othei 
of two fixed points (?, G' on the line joining the given points a, c. The chord musfc 
therefore be one or other of the four lines, FG, FG% F^G^ F'G^; the problem, there* 
fore, has four solutions. 

Two points and three tangents. — ^The triangle formed by the three chords of contact 
has its vertices resting one on each of the three given tangents ; and by the last case 
the sides pass each through a fixed point on the line joining the two given points ; 
therefore this triangle can be constructed. 

To be given two points or two tangents of a conic is a particular case of being 
given that the conic has double contact with a given conic. For the problem to 
describe a conic having double contact with a given one, and touching three lines, or 
else passing through three points, see Art. 3*28, Ex. 10. Having double contact with 
two, and passing through a given point, or touching a given line, see Art. 287. Having 
double contact with a given one, and touching three other such conies, see Ai%, 
P87, Ex. 1. 

On SYSTEMS OP CONICS SATISFYING FOUR CONBITIONg. 

If we are only given four conditions, a system of different conies can be depcribecj 
satisfying them all. The properties of systems of curves, satisfying one condition 
less than is sufficient to determine the curve, have been studied by De Jonquidres, 
Chasles, Zeuthen, and Cayley. Jteferences to the original memoirs will be found 
in Prof. Cayley's memoir {Phil. Trana.t 1867. p. 75). Here it will be enough briefly 
to state a few results following from the application of M. Chasles' method of 
characteristics. Let fi be the number of conies satisfying four conditions, which 
pass through a given point, and v the number which touch a given line, then fi, y 
fkTQ said to be the two characteriRtics of the system. Thus the characteristics of 
^ system of conies passing through four points are 1, 2, since, if we are given an 
pidditional poi|it, only one conic will satisfy the Qve conditions we shall then have; 
but if we are given an additional tangent two conies can be determined. In like 
manner for three points and a tangent, two points and two tangents, a point and 
three tangents, four tangents, the characteristics are respectively (2, 4), (4, 4), (4, 2), 
(2, 1). We can determine a priori the order and class of many loci connected with 
the system by the help of the principle that a curve will be of the n^^ order, if it meet 
fji arbitrary line in n real or imaginary points, and will be of the ffi^ class if through 
an arbitrary point there can be drawn to it n real or imaginary tangenta. Thus the, 
}ocus of the pole of a given line with respect to a system whose characteristics are 
{I, V, will be a curve of the order ». For, examine in how many points the locus can 
pieet the given line itself. When it does, the pole of the line is on the line, or 
the line is a tangent to a conic of the system. By hypothesis this can only happen 
\n V cases, therefore v is the degree of the locus. This result agrees with what has 
)>een already found in particular cases, as to the order of locus of centre of s^ 
conic through four points, touching four lines, <tc. In like manner let us investigate 
tiie order of the locus of the foci of conies of Ihe system. To do this let us generalize 
^he question, by the help of the conception of foci explained Art. 258a, and we shall 
see that the problem is a particular case of the following : Given two points A^ B 
^ gnd the order of the locu^ f tbe intersection of etth^ tangent drawn from 4 to 



Digitized by VjOOQIC 



390 KOTES. 

• conio of the eyBtem with one of the tangents drawn ttom B. Let ns examine im 
how many points the locus can meet the line AB ; and we see at once that if a point 
of the loons be on AB, this line most be a tangent to the conic. Consider then any 
conic touching AB ia a point T, then the tangent AT meets the tangent ^r in the 
point T, which is therefore on the locus; and likewise the tangent AT meets th« 
■eoond tangent from B in the point B, and the tangent BT meets the second tangent 
from A in the point A, Hence every conic which touches AB gives three points 
of the locos on AB. The order of the locus is theiefore Su, and A and B axe each 
multiple points of the order ir. Thus the locus of foci of conies touching four Hnea 
is a cubic passing through the two circular points at infinity. If one of the con- 
ditions be that all the conies shonld touch the line AB, then it will be seen thak 
any transversal through A is met by the locus in u points distinct from A, and that 
A itself also counts for v ; hence the locus is in this case only of the order 2^ ; which 
is therefore the order of the locus of foci of parabolas satisfying three conditions. 

An important principle in these investigations is that if two points ^» A' on a 
right line so correspond that to any position of the point A correspond m positions of 
A% and to any position of A* correspond n positions of A, then in m + n cases A 
and A' will coincide. This is proved as in Arts. 836, 840. I4et the line on which 
Af A' lie be taken for axis of x ; then the abscissas x, x' of these two points are con« 
cected by a certain relation, which by hypothesis is of the m^ degree in s^ and 
the n^ in x, and will become therefore an equation of the (m + fi)^ degree if w» 
make x = ac^. 

To illustrate the application of this principle, let ns examine the order of the locua 
of points whose polar with respect to a fixed conic is the same as that with respect 
to some sonic of the system ; and let us enquire how many points of the locus can lie> 
on a given line. Consider two points ^, ^* on the line, such thaA the poku: of A 
with respect to the fixed conic coincides with the polar of A*" with respect to a coniO: 
of the system, and the problem is to know in how many cases A and A' can coincide. 
Now first if il be fixed, its polar with respect ^ the fixed conic is fixed ; the locua 
of poles of this last line with respect to conies of the system, is, by the first theorem, of 
the order y, and therefore determines by its intersections with the given line v poeitiona 
of A', Secondly, examine how many positions of A correspond to any fixed position of 
A', By the reciprocal of the first theorem, the polais of A' with respect to conies of 
the system, envelope a curve whose class is /», to which therefore ft tangents can be^ 
drawn through the pole of the given line AA* with respect to the fixed conic. It 
follows then, that /ix positions of A correspond to any position of A\ Hence, in fi + » 
cases the two coincide, and this will be the order of the required locus. 

Hence we can at once determine how many conies of the system can touch a fixed- 
conic : for the point of contact is one which has the same polar with respect to th& 
fixed conic and to a conic of the system ; it is therefore one of the intersections of the 
fixed conic with the locus last found ; and there may evidently be 2 (ji + v) such 
intersections. We have thus the number of conies which touch a fixed conic, and 
satisfy any of the systems of conditions, four points, three points and a tangent, twa 
points and two tangents, Ac, the numbers being respectively 6, 12, 16, 12, 6. Fron^ 
these numbers again we find the characteristics of the system of conies which touch a. 
fixed conic and also satisfy three other conditions, three points, two points aujd a 
tangent, Ac. j these characteristics being respectively (6, 12), (12^ 16), (16, 12), (1^ 6).. 
We find hence in the same manner the number of conies of the respective systema 
which will touch a second fixed conic, to be 86, 56, 56, 36. And thus again we havo> 
the characteristics of systems of conies touching two fixed conies, and also satisfying^ 
the conditions two points, a point and a tangent, two tangents ; viz. (36, 56), (56, 56), 
(56, 86). In like manner we have the number of conies of these respective systems 
which will touch a third fixed conic, viz. 184, 224, 184. The chaiacteristics then 
cf the systems three conies and a point, three conies and a line are (184, 224}| 
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(224, 184). And the nninben of these to tonch a fonrth fixed conio, are In each csam 
816, 80 that finally we aaoertain that the namber of conice which can be described to 
touch five fixed conies is 8264. For farther details I refer to the memoirB already 
cited, and only mention in conclusion that 2y — fi conies of any system reduce to 
a pair of lines, and 2/i - v to a pair of points. 

HiSOELLAirXOTJS NOTBS. 

• (I). Art. 298, p. 267. In connection with the determinant form here giTen 
it may be stated that the condition that the interaection of two lines Xx + fijf + ye, 
Xx + lAtf + vz should lie on the conic, is the yamshing of the determinant 

o, h^g, X, X' 

*» *./» ^ A*' 

^1 Ml Vf 

K A*', 1^, 

(2) Art. 228, Ex. 10, p. 217. Add, Either factor combined with l^^+m/>'+fip''+/9p'^=rO 
gives a result of the form Xp + fip'-k- vp" = 0, where \ + M + p = 0, which representa 
a curve of the third degree. 

(8). Art. 872, p. 887. The discrimination of the cases of four real and four 
im a ginar y points has been made by Eemmer (Giessen, 1878). His result is that if 
J> = 02®'2 + 1SAA'G& - 27Z1*A'» - 4A©'> - 4A'0», 
X = 2 (0'» - 3 A'0) £ - (00' - dAA') * + 2 (0« - 8A0O S; 
Jf = i {I^ - (*« - 422') 2)}, 
JV = i> { A'«L» - A'0'*L« + {®^ - 2A'0) 2«2' 

+ A'02*« + (0« - 2A0O 22'« - AAV 

+ A0'*«2' - A©*!** + A«2'» - (00' - 8AA') 22'*}, 

we mnst have D and if positive, L and JV negative, in order to have four real points 
of intersection. 

I add a selection from some miscellaneous notes which had been sent me at 
Yarious times by Messn. Bumside, Walker, and Gathcart^ to be used when a new 
edition was called for, but which I did not remember to insert in their proper places. 

(4) B. Art. 281, Ex. 10. If the normals at four points meet in a point, their 
eccentric angles are connected by the relation a + fi + y + i= {2m + 1) ir. Hence (see 
Art. 244, Ex. 1) the circle through the feet of three of the normals from any point 
passes through the point on the conic opposite to the fourth point. 

(5) B. If 1, 2, 8, 4 be the feet of four normals from a point, and r,, denote the 
semi-diameter parallel to the chord 12, then r^i, + r^g4 = a^ + d*. 

(6) B. Art. 169, Ex. 8. To any rectangular axes, tan^ = ^^ — -t where P 

has the same meaning as in Art. 883. If the coordinates be trilinear, the right-hand 
side is multiplied by if, which is the value of x an A + ysin^ + esuiC. 

2TT J(— 2) 

(7) B. If the tangents be drawn from the pole of ax+ptf+yz, tan = ,y _ ^ , 

where 2, 6, 8' have the same meaning as in Art. 882, O is the quantity representing 
tangentially the circtdar points at infinity, viz. 

a* + /S' + y* - 2^7 ox A - 2ya coa^ - 2clP cob Ci 
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and n = is the oondilion that ax + fiy+y^t and the line at infinity ehonld b 

conjugate, or 

Il = AamiA-\-Bfian.B+ CyanC-{-F*(fia3iC-i-yajiB) 4- (7 (7 sin il + a sin 6^ 

+ J7 (a sin £ + ^ sin ^). 
As a particular case^ the angle between the asymptotes, for which = 0, £ = 6 =± no 

(8) B. 'thib length of the cho^ intercepted on any line is given by the tW0| 
following equations, p being the parallel semi-diameter : 

Gompate Ait. 231, Ex. 15. 

(9)B. If n = Aaa'-h B^§f+ Cyy'-^-F {fiy'+^'y) + G (ya'+y'a) + JST (a/3'+ a'/3), 
the Jaoobian of II, £, Q is a parabola touching a'ss + ^y + y*z = 0, the normals where 
this line meets the conic, and the two axes. 

(10) B. The area of a triangle dicnmscribing a conic is Jf ^ a' * ] • 

(11). The squares of the semi-axes of the conic are given by the quadratic 
R*B* + R'M^Aee' + M*A^ = 0. 

(12). The equation of a conic circumscribing a triangle, of which a, d, c are the 
Bides and b', b", b'*' the semi-diameters parallel to them, id 

(13) W. The aicft of the triangle formed by the polars with respect to an ellipse of 
pointsP, a, i2, is ^-^^^^^^^^_ , where {QOE) is the area of thB triangle 
formed by P, Q, and the centre. 

(14) W. If P, Q, -R be the middle i)oints of the sides of a drcumscribing triangle, 
and a, /3, 7 the eccentric angles of the point of contact, {QOR) = ^ab tan | (/S - 7). 
From this expression can easily be deduced Faure's theorem (Art. 381, Ex. 12). 

(15) G. The relation (Art. S88a) is a particular case of the following connecting 
the oorariants of three conies : 

^AA'A''DVW+ /*iK,r, - ACrPj* - A'FP,« - A"jr/^,« = /«, 

where 1=0 denotes the locus of the point whence tangents to the three conies are ill 
involution (See Art. 388^). 

(16) C. Art. 383, p. 852. The expression in the trilinear equation of the director 
drde there given, may be Written 

&S-{L^ + M' + N^- 2MN cos il - 2NL cobB- 2LM cos C}^ 

where Xsa« + Ay+^«, M=:hx + by+fs, N^gx+fy + CMn 
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between two lines whose Cartesian 

eqnationa are given, 21, 22. 
ditto, for trilinear equations, 60. 
between two lines given by a single 

equation, 69. 
between two tangents to a conic. 166, 

189, 212, 213, 269, 891. 
between two conjugate diameters, 169. 
between asymptotes, 164, 892. 
between focal radios vector and tan- 
gent, 180. 
■nbtended at fooos by tangent from 

any point, 183, 206. 
tobtenaed at limit points of system of 

circles, 291. 
theorems respecting angles subtended 

at focus proved by reciprocation, 284, 

by spherical geometry, 831. 
theorems concerning angles how pro- 
jected, 821, 823. 
Anharmonic ratio, 295, 

fundamental theorem proved, 65. 
what, when one point at infinity, 295. 
of four lines whose equations are 

given, 56, 805. 
property of four points on a conic, 

240, 252, 288, 318. 
of four tangents, 252, 288. 
of three tangents to a parabola, 299. 
these properties developed, 297. 
properties derived from projection of 

angles, 321, 823. 
of four points on a oonic when equal 

to that of four others on same 

conic, 252. 
on a different conic, 252, 808. 
of four points equal that of their 

polars, 271. 
of four diameters equal that of their 

conjugates, 302. 
of segments of tangent to one of three 

conies having donble oontaot, by 

other two, 819. 
ApoIIonius, 828. 
Arc, 

line cutting off constant aio from 

curve where met by its envelope, 874. 
theoremsconoemingarcsof comes, 877. 
Area, 

of a polygon in terms of coordinates 

of Its vertices, 81, 130. 
of a triangle, the equations of whose 

sides are given, 32, 130. 
of triangle inscribed in or circmn- 

Bcribing a conic, 212, 220, 891. 



Area, 

of triangle formed by three normalsL 

220. 
constant, of triangle formed by join- 
ing ends of conjugate diameters^ 

159, 169. 
constant, between any tangent and 

asymptotes, 192. 
of polar triangles of middle points of 

ndes of fixed triangle with regard 

to inscribed conic, 851, 892. 
of triangles equal, formed by drawing 

from end of each of two diameters 

a parallel to the other, 173. 
found by infinitesimals, 371. 
constant, cut from a conic by tangent 

to similar oonic, 873. 
line cutting off from a curve constant 

area bisected by its envelope, 874. 
of common conjugate triangle of two 

conies, 362. 
Asymptotes, 

defined as tangents through oentra 

whose points of contact are at in- 
finity, 155. 
are self-conjugate, 167. 
are diagonals of a parallelogram whose 

sides are conjugate diameters, 190. 
general equation of, 272, 340. 
and pair of conjugate diameters farm, 

harmonic pencil, 296. 
portion of tangent between, bisected 

by curve, 191. 
equal intercepts on any chord between 

curve and, 191, 813. 
constant len^h Interoepted on by 

chords joimng two fixed points to 

rariable, 192, 294, 298. 
parallel to, how cut by same chords^ 

298. 

by two tangents and their ohoid^ 

bLeoted between any point and its 
polar, 295. 
parallels to, through any point on 

curve indnde constant area, 192, 

294, 298. 
how divide any semi-diameter, 298. 
Axes, 

of conic, equation of, 156. 
lengths, how found, 158. 892. 
constructed geometrically, 161. 
how found when two conjugate diih« 

meters are given, 178, 176. 
of reciprocal curve, 291. 
axis of parabola, 196. 
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of Bimflitnde, 108, 224, 283. 
radical, 99, 127. 

Bisectors of angles between lines giyen hj 

a single eq nation, 71. 
of sides or angles of a triangle meet 

in a point, 5, 34, 54. 
Bobillier on equations of conic inscribed in 

or circamscribing a triangle, 120. 
Boole on invariant functions of coefficients 

of a conic, 159. 
Brianchon's theorem, 244, 280, 381. 
Burnslde, theorems or proofs by, 80, 220, 

221, 242, 246, 257, 272, 342, 891. 

Gunot, theorem of traoBTersals, 289, 818, 

888. 
Oartesian, equations, a case of tnlinear, 64. 
Casey, theorems by, 113, 127, 185, 358. 
Gathcart, theorems bv, 129, 132, 391. 
Oayley, theorems and proofs by, 134, 342, 

850, 358, 379, 381, 389. 
Centre, 

of mean position of glTea points, 60. 

of homology, 59. 

radical, 99, 282. 

of similitude, 105, 224, 282. 

chords joining ends of radii throngh 
C.S. meet on radical axis, 1 07,224, 250. 

of conic, coordinates of. 143, 153. 

pole of line at infinity, 155, 296. 

now found^ g^iven five points, 247. 

of system m involution, 308. 

of curvature, 230, 376. 
Ohaslee, theorems by, 295, 300,304, 377, 889. 
Chord of conic, perpendicular to line join- 
ing focus to Its pole, 183, 321. 

which touches confocal conic, propor- 
tional to square of parallel semi- 
diameter, 212, 221, 391. 
Chords of intersection of two conies, equa- 
tion of, 334. 
OKzcle, equation of, 14, 76, 87. 

tangential equation of, 120, 124, 128, 
288, 385. 

trilinear equation of, 128. 

passes through two fixed imaginaiy 
points at infinity, 238, 325. 

circumscribing a triangle, its centre 
and equation, 4, 86, 118, 130, 288. 

inscribed in a triangle, 122, 288. 

having triangle of reference for self- 
conjugate triangle, 254. 

through middle points of sides (see 
Feuerbach), 86, 122. 

which cuts two at constant angles, 
touches two fixed circles, 103. 

touching three others, 110, 114, 185, 
291. 

cutting three at right angles, 102, 130, 
861. 

or at a constant angle, 132. 

cutting three at same angle have 
common radical axis, 109, 182. 

circumscribing triangle formed by 
three tangents to a parabola, passes 
through focus, 207, 214, 274, 285, 320. 



Circle cbcumscribing triangle formed by 

two tangents and chord, 241, 876. 
circnmscribing triangle inscribed in a 

«onio, 220, 333. 
drcumacribing, or inficribed, in a self- 
con jugate triangle, 341. 
circum.scribing triangles formed by 

four lines meet in a point, 246. 
when five Uoee are given, the five 

such points lie on a circle, 247. 
tangents, area, and arc found by in- 
finitesimals, 370. 
Oircumscribing triangles, sue vertioes cf 

two lie on a conic, 820, 381. 
Class of a curve, 147. 
Common tangents to two circles, 104, 106, 

263. 
to two conies, 344. 
their eight points of contact lie on a 

conic, 345. 
Condition that, 

three points should be on a right 

line. 24. 
three lines meet in a point, 82, 84. 
four convergent lines should form 

harmonic pencil, 56. 
two lines siiould be perpendicular, 

21, 59, 354. 
a right line should pass through a 

fixed point, 50. 
equation of second degree should re- 
present right lines, 72, 149, 153, 

155, 266. 

a circle, 75, 121, 852. 

a parabola, 141,274,352. 
an equilateral hyperbola, 169, 852. 
equation of any degree represent right 

lines, 74. 
two circles should be concentric, 77. 
four points should lie on a circle, 86. 
intercept by circle on a line should 

subtend a right angle at a given 

point, 90. 
two circles should cut at right angles, 

102, 348. 
that four circles should hare common 

orthogonal circle, 131. 
a line should touch a conic, 81, 152, 

267, 340. 
two conies should be similar, 224. 
two conies should touch, 836, 356. 
a point should be inside a conic, 261. 
two lines should be conjugate with 

respect to a oonic, 267. 
two pairs of points should be hannonio 

conjugates, 305. 
four points on a conic should lie on a 

circle, 229. 
a line be cut harmonically by two 

conies, 306. 

in involution by three conies, 863. 
three pairs of lines touch same conic,- 

270. 
three pairs of points form system in 

involution, 810. 
a triangle may be inscribed in one 

oonic and drcunucribed to another, 

842. 
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CoQ«Hlion thati 

^hat two lines should intersect on a 

conic, 391. 
^ triangle self-conjugate to one may 

be iasciibed or ciicainscribed to 

another, 340. 
^hree conies have double oontact with 

same conic, 359. 

have a common i>oint, 365. 

may include a perfect square in their 

sy^ygj. 366. 

^es joining to vertices of triangle 
points Where conic meets sides 
should form twoi sets of tlvee, 851. 
Cone, sections of, 326. 
Cpnfocal couics, 186. 

cut at right angles, 181, 291, 322. 
may be considered as inscribed in 

same quadrilateral, 239. 
most general equation of, 353. 
I^augents from point on (1) to (2) 
equally inclined to tangent of (1), 
182. 
pole with regard to (2) of tangent to 

(1) lies on a normal of (1), 209. 
used in finding axes of reciprocal 

curve, 291. 
in finding centre of curvature, 376. 
properties proved by reciprocation, 291. 
length of arc intercepted between 
tangent from, 377. 
CSon jugate diameters, 146. 

their lengths, how related, 159,. 168. 
triangle included by, has constant 

area, 159, 169. 
lorm harmonic pencil with asymp- 
totes, 296. 
at given angle, how oonstrocted, 171. 
construction for 218. 
Conjugate hyperbolas, 165. 
Conjugate lines, conditions for, 267. 
Conjugate triangles, homologous, 91, 92. 
Continuity, principle of, 325. 
Co variants, 347. 

Criterion, whether three equations repre- 
sent lines meeting in a point, 34. 
whether a point be within or without 

a conic, 261. 
whether two conies meet in two real 
and two imaginary points, 337. 
Curvature, radius of, expressions for its 
length, and construction for, 228,375. 
circle of, equation of, 234. 
centre of, coordinates of, 230«^ 

De Jonc^uiSres 388.^ 
Peterminant notation, 129^ 
Plagonals of quadrilateral, 

middle points lie in a line, 26, 62, 216. 
circles described on, as diameters, have 
common radical axis, 277. 
piameter, polar of point ^t infinity on its 

conjugtite. 296. 
piroctor circle, 269, 352. 

when four tangents are given, have 
common radical axis, 277. 
Pirectrix, 179. 

Qi parabola, equation of, 269, 85% 



Biiectxiz of parabola is locos of rectangulac 
tangents, 205, 269, 352. 
passes through intersection of pep« 
pendiculars of circumscribing tri" 
angle, 212, 247, 275, 230, 342. 
Discriminant defined, 266. 

method of forming, 72, 149, 153j 155. 
Distance between two points, 3, 10, 133. 
Distance of two points from centre of 
circle proportional to distance of 
each from polar of other, 93. 
when a rational function of coordi- 
nates, 179. 
of four points in a plane, how ooA^ 
nected, 134. 
Double contact, 228, 234, 346. 

equation of conio having d. c. witl^ 

two others, 262. 
tangent to one cut harmonically by 
other, and chord of contact, 3 12, 3 1 9. 
properties of two conies having d. c, 

with a third, 242, 282. 
of three having d, c. \i^ith a fourth,^ 

243, 263, 281. 
tangential equation of; 355. 
condition two should touch, 356. 
problem to describe one such oonia 
touching three others, 356, 358, 
Duality, principle of, 276. 

Eccentric angle, 217, Ac., 24a. 

in, terms of corresponding focal angle, 

220. 
of four points on a circle, how con- 
nected, 229. 
Eccentricity, of conic given by general 

equation, 164. 
depends on angle between asymp^ 

totes, 164. 
Ellipse, origin of name, 186, 328; 

mechanical description of, 178, 218% 
area of, 372. 
Envelope of 

line whose equation involves indcter^ 

minates in second degree, 257, d'C. 
line on which sum of perpendiculars. 

from several fixed points is con- 
stant, 95. 
given product or sum or difference of 

squares of perpendiculars from two. 

fixed points, 259. 
base of triangle given vertical angla 

and sum of sides, 260. 
whose sides pass through fixed pointa 

and vertices move on fixed lines,^ 

259. 
and inscribed in given conic, 250, 280, 

319. 
which subtends constant angle at fixed 

point, two sides being given in 

position, 284. 
polar of fixed point with regaid to ^ 

conic of which four conditions are 

S'ven, 271, 280. 
r of centre of circle touching twa 
given, 291. 
chord of conic subtending constaiii^ 
I, angle at fixed point, 255. 
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Enyelope of 

perpendicalar ftfc extremity of zadins 

vector to oirde, 205. 
aeyxnptote of hyperbolas haTing same 

fccuB and directxiz, 285. 
ffiTen three points and other asymp- 

tote, 272. 
line joining corresponding points of 

two homographic systems 
on different lines, 802. 
on a conic, 253, 803. 
free side of inscribed polygon, all the 

rest passing through fixed points, 

250,801. 
base of triangle inscribed in one oonici 

two of whose sides touch another, 

849. 
leg of giyen anharmonlc pencil wider 

different conditions^ 824. 
ellipse given two conjugate diameters 

and 6\xm of their squares, 260. 
Equation, its meaning when ooordinatee 

of a given point are substituted in 

it ; for a right line, circle, or conic, 

29, 84, 128, 241. 
ditto for tangential equation 884. 
pair of bisectors of angles between 

two lines, 71. 
of radical axis of two circles, 98, 128. 
common tangents to two circles, 104, 

106, 263. 
circle through three points, 86, 180. 
cutting three circles orthogonally, 

102, 130. 
touching tVree dides, 114, 185, 859. 
inscribed lu or circumscribing a tri- 
angle, 118, 126, 288. 
bavin^ triangle of reference 8elf« 

conjugate, 254. 
tangential of circle, 129. 884. 
tangent to circle or come, 80, 147, 264. 
polar to circle or conic, 82, 147, 265. 
pair of tangents to conic from any 

point, 85, 149, 269. 

where conic meets given line, 272. 
asymptotes to a conic, 272, 840. 
chords of intersection of two conies, 
834. 

circle osculating conic, 234. 
conic through five points, 288. 
touching five lines, 274. 
having double contact with two given 

ones, 262. 
haying double contact with a given one 

and touching three others, 356. 
through three points, or touching three 

lines, and having given centixs, 267. 

and having given focus, 288. 
leciprocal of a given conic, 292, 848, 

856. 
directrix or director circle, 269, 852. 
lines joining point to intersection of 

two curves, 270, 307. 
four tangents to one conic where it 

meets another, 849. 
curve parallel to a conic, 887. 
evolute to a conic, 231, 838. 
Jacobion of three oonics, 860. 



Equilateral hyperbola, 168. 
general condition for, 852. 
given three points, a fourth is given. 

215, 290, 821. 
circle circumscribing self -con jugate 

triangle passes through centre 215, 

842. 
Euler, expression for distance between 

centres of inscnbed and dream- 

scribing circles, 348. 
Evolutes of conies, 231, 838. 
Fagnani's theorem on arcs of conies, 878. 
Faure, theorems by, 341, 351, 392. 
Feuerbach, relation connecting four points 

on a circle, 87, 217. 
theorem on circles touching four linesi 

127, 313, 359. 
Fixed point, the following lines pass 

through a 
coefficients in whose equation are con- 
nected by relation of first degree, 50. 
base of triangle, given vertical angle 

and sum of reciprocals of sides, 48. 

whose sides pass through fixed 
points, and vertices move on three 
converging lines, 48. 
line sum of whose distances from fixed 

points is constant, 49. 
polar of fixed pomt with respect to 

circle, two points given, 100. 

with respect to conic, four points 
ffiven, 153,271, 281. 
chord of intersection with fixed centra 

of circle through two pointss, 100. 
of two fixed lines with conic through 

four points, one lying on each line, 

802. 
chord of eontaot given two points and 

two lines, 262. 
chord subtending right angle at fixed 

point on conic, 175, 270. 
wnen product is constant of tangents of 

parts into which normal divides 

subtended angle, 175. 
given bisector of angle It subtends at 

fixed point on curve, 828. 
perpendicular on its polar, from point 

on fixed perpendicular to axis, 184. 
Focus, see Contents, pp. J 77-190, 209-212. 
izifinitely small circle having double 

contact with conic, 241. 
intersection of tangents from two fixed 

imaginary points at infinity, 239. 
equivEuent to two conditions, 386. 
coordinates of, givei^ three tangentau 

274. 

when conic is given by general equa* 

tion, 239. 353. 
focus and directrix, 179, 241. 
theorems concerning angles subtended 

at. 284, 331. 
focal properties investigated by pro* 

jection, 320. 
local radii vectores from any point have 

equal difference of reciprocals, 212. 
line joining intersections of focal nor* 

mals and tangents passes tbrougli 

other focus, 211, 
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locus of, giTen three tangents to a 
parabola, 207, 214, 274, 285, 320. 

given four tangents, 275, 277. 

given four points, 217, 288. 

given three tangents and a point, see 
Ex. 3, p. 288. 

of section of right cone, how fonnd, 831. 

of systems in inyolation, 809. 

Oanltier of Tours, 99. 

Gergonne, on circle tooching three others, 

110. 
Gordan, on number of concomitants, 863. 
Graves, theorems by, 833, 377. 

Hamilton, proof of Feuerbach's theorem, 

813. 
Harmonic, section, 56. 

what when one point at infinity, 295. 
properties of quadrilateral, 57, 817. 
property of poles and polars, 85, 148, 

295, 297, 318. 
pencil formed by two tangents and 

two co-polar lines, 148, 296. 
by asymptotes and two conjugate 

diameters, 296. 
by diagonala of inscribed and circum- 
scribing quadrilateral, 242. 
by chords of contact and common 
chords of two conies having double 
contact with a third, 242. 
properties derived from projection of 

right angles, 321. 
condition for harmonic pencil, 305. 
condition that line should be cut har- 
monically by two conies, 306. 
locus of pomts whence tangents to two 
conies form a harmonic pencil, 306. 
Hart, theorems and proofs by, 124, 126, 

127, 2tJ3, 378. 
Harvey, theorem on four circles, 132. 
Heame, mode of finding locus of centre, 

given four conditions, 267. 
Hermes, on equation of conic oiicum- 

scribing a triangle, 120. 
Hesse, 381. 

Hexagon (see Brianchon and Pascal), 
property of angles of circumscribing, 
270, 289. 
Homogeneous, equations in two variables, 
meaning of, 67. 
trilinear equations, how made, 64. 
Homoppiiphic systems, 57, 63. 

criterion for, and method of forming, 

804. 
locus of intersection of corresponding 

lines, 271. 
envelope of line joining corresponding 
points, 302, 303. 
Homologous triangles, '59. 
Hyperbola, origin of name, 186, 828. 
area o^ 373. 

imaginary, lines and points, 69, 77. 

circular points at infinity, tangential 

equation of, 352. 
#very line through either perpen- 

4icaUir to itself, 351. 



Infinity, line at, equation of, 64. 
touches parabola, 285, 290, 829. 
centre, pole of, 155, 296. 
Inscription in conic of triangle or polygon 
whose sides pass through fixed 
points, 250, 273. 281, 307. 
Intercept on chord oetween curve and 
asymptotes equal, 191. 312. 
on asymptotes constant by lines join- 
ing two variable points to one nxed, 
192, 294, 298. 
on axis of parabola by two lines, equal 
to projection of distance between 
their poles, 201, 294. 
Intercept on parallel tangents by yaiiable 

tangent, 172, 287, 299, 385. 
Invariants, 159,. 335. 
Inversion of curves, 114. 
Involution, 307. 

Jaoobian of three conies, 360, Ac 
Joachimsthal, 

relation between eccentric angles of 

four points on a circle, 229. 
method of finding points where line 
meets curve, 264. 

Kemmer, 391. 

Kirkman's theorems on hexagons, 880. 

Latus rectum, 185. 

Limit points of system of circles, 101, 291. 

Locus of 

vertex of triangle given base and a 

relation between lengths of sides, 

39. 47, 178. 
and a relation between angles, 89, 47, 

88, 107. 
and intercept by sides on fixed line, 800. 
and ratio of parts into which sides 

divide a fixed parallel to ba.se, 41. 
vertex of given triangle, whose base 

angle moves along fixed lines, 208. 
vertex of triangle of which one base 

angle is fixed and the other moves 

along a given locus, 51, 96. 
whose sides pass through fixed points 

and base angles move along fixed 

linea, 41, 42. 248, 280, 299. 
generalizations of the last problem, 300. 
of vertex of triangle which eireum- 

Bcribcs a given conic and whose 

base angles move on fixed lines, 

250. 319, 349. 
generalizations of this problem, 850. 
common vertex of several triangles 

given bases and sum of areas, 40. 
yertex of right cone, out of which 

^ven conic can be cut, 331. 
pouit cutting in given ratio parallel 

chords of a circle, 162. 

intercept between two fixed lines, on 
various conditions, 39, 40. 47. 

variable tangent to conic between 
two fixed tangents, 277, 328. 
point whence tangents to two circles 

have given ratio or sum, 99, 263. 
taken according to different laws on 

radii vectores thioughfized point, 52. 
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Buch that Smr* = oonstant, 88. 
whence square of tangent to circlie is 

as product of diatanceB from two 

fixed lines, 240. 
cutting in given anharmonic ratio, 

chords of oonic through fixed point, 

820. 
on perpendicular at height from base 

ecjual a side, given baM and sum of 

Bides, 59. 
puch that triangle formed bj joining 

feet of perpendiculars on sides of 

triangle nas constant area, 1 19. 
point on line of given direction meeting 

sides of triangle, so that o(fl=oa.w, 

298. 
on line cut in given anharmonic ratio, 

of which other three describe right 

lines, and line itself touches a conic, 

824. 
chords through which subtend right 

angle at point on conic, 270. 
whence tangents to two conies form 

harmonic pencil, 306. 
whose polars with respect to three 

conies meet in a point, 360. 
middle point of rectangles inscribed in 

triangle, 43. 

of parallel chords of conio, 148. 

of convergent chords of circle, 96. 
intersection of bisector of vertical 

angle with perpendicular to a 

side, given base and sum of sides, 

51. 
ol perpendicular on tangent from 

centre, or focus, with focal or central 

radius vector, 209. 
focal radius vector with oorre«ponding 

eccentric vector, 220. 
of perpendiculars to sides at ea^tremity 

of base, given vertical angle and 

another r^ation, 47. 
of perpendiculars of triangle given base 

and vertical angle, 88. 
of perpendiculars of triangle inscribed 

m one oonic and circumscribing 

another, 342. 
eccentric vector with oorrespouding 

normal, 220. 
oorrepponding lines of two homogra- 

phic pencils, 271. 
polars with respect to fixed conies of 

points which move on right lines, 

271. 
intersection of tangents to a oonic 

which cut at right angles, 166, 171, 

269, 352. 

to a parabola which cat at given 
angle, 213, 256, 285. 

at extremities of conjugate dia- 
meters, 209. 

whose chord subtends constant angle 
at focus, 284. 

from two point?, which cut a given 
line harmonically, 322. 

Oach or both on one of four given 
Agents, 302, 320. 



Locnsof, 

at two fixed points on a conic satufy- 
ing two other conditions, 220,,3;iO. 

various other conditions, 215. 
intersection of normals at extremit^- 

of focal chord, 211. 
or chord through fixed noint, 214, 835. 
loot of perpendicular from focos on 

tangent, 182, 204,351. 

on normal of parabola, 213, 

on chord of circle subtending right 
an^e at given point, 91. 
extremity of focal subtangent, 184. 
centre of circle making given inter*. 

oepts on given lines^ 208. 
centre of inscribed circle given boao. 

and sum of sides, 208. 
of circle cutting three at equal anglei^ 

108. 
of circumscribing circle given vertical 

angle, 89. 
of circle touching two given circles, 

%\i\, 320. 
centre of conic (or pole of fixed line). 

fivcn four points, 153, 254, 268, 
71, 281, 302, 320. 
given four tangents, 316, 254» 267, 

277, 281, 321, 339. 
given three tangents ancl sum o{ 

squares of axes, 216. 
lour conditions, 2u7, d89> 
pole of fixed Une with regard to sya-. 

tem of confocaLs, 209, 322. 
pole with respect to one conic of tanr. 

gent to another, 209, 278. 
locus of parabola given three tan*. 

gents, 207, 214, 274, 285, 320. 
focus given four tangents, 275, 277. 
given four points, 217, 288, 392. 
given three tangents and a pointy 288« 
given four conditions, 389. 
vertices of self-conjugate triang1e,com> 

mon to fixed conic, and variable ol 

which four conditions are given, 

889. 

MaeCullagh, theoxems by, 210, 220, 333, 
374, 377. 

MacLaurin's mode of generating conies, 
247, 248, 251, 299. 

Malfatti's problem, 263. 

Mechanical construction ol conies, 178^ 
194, 203, 218. 

Middle points of diagonals ol quadrilate- 
ral in one line, 26, 62. 

Miquel, on circles circumscribing triangles, 
formed by five lines, 247. 

Mbbins, 217, 278, 295. 

Moore, deduction of Steinet*s theorem Iron^ 
Brianchon's, 247. 

Mulcahy, on angles subtended at focus, 331,. 

Newton's method of generating conies, 300, 

Normal, 173, Ac. 335. 

Number of terms in general equation, 74. 
of conditions to determine a conic, 136, 
of intersections of two curves, 225. 
of solutions of problem to describe 
a oonic touching five others, iJ^U.. 
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Number of conoomitants to system of 
conies, 863. 

O'Brien, 217. 

Orthogonal systems of circles, 102, 131, 

348, 361. 
Osculating circle, 227, 234. 

three pass through given point on 

curve, 229. 

Pappus, 186, 295, 328. 
Parabola (see Contents, pp. 196—207, 
212-214). 

origin of name, 180, 828. 

has tangent at infinity, 285, 290, 329. 

coordinates of focns, 239, 274, 354. 

equation of directrix, 269, 352. 

touching four lines, 274. 
Parallel to conic, ^nation of, 837. 
Parameter, 185, 197, 202. 

same for reciprocals of equal dzcles, 
286. 
Pascal's hexagon, 245, 280, 301, 319, 380. 

expression of coordinates by single, 
217, 248, 386. 
Perpendicular, equation and length, 26, 60. 

condition for, 59. 

extension of relation, 321, 354. 

from centre and foci on tangent, 169, 
179, 204. 
PlUcker, 278^ 380. 

Polar coordmates and equations, 9, 86, 
87, 95, 1(J0, 162, 184, 207. 

poles and polars, properties of, 92, 148. 

polar, equation of, 82, 147, 265. 

pole of given line, coordinates o^ 266. 

polar reciprocals, 276, &c 

point and polar equivideut to two 
conditions, 888. 
Poncelet, 101, 278, 301, 814. 
Projection, 314, 332. 

Quadrilateral, 

middle points of diagonals lie on 
a right line, 26, 62, 216. 

circles having diagonals for diameters 
have common radical axis, 277. 

harmonic properties of, 57, 317. 

inscribed in conies, 148, 819. 

sides and diagonals of inscribed quad- 
rilateral cub transversal in involu- 
tion, 312. 

diagonals of inscribed and circum- 
scribed form harmonic pencil, 242. 

Badical axis and centre, 99, 122, 224. 282. 
Badius of circle circumscribing triangle 

inscribed in conic, 213, 220, 333. 
Radius of curvature. 227. 
Bedprocals, method of, 66, 276, 294^ 856. 

Sadleir, theorems by, 184. 
fielf-ooniugate triangles, 91. 

circle having tnangle of reference for, 
254. 

of equilateral hyperbola^ 215. 



Self-conjugate triangle 

vertices of two he on a conic, 822, 841. 
equation of conic referred to, 238, 253. 
common to two conies, 257, 362. 
determination of, 849, 361. 
Serret on locus of centre given lonr 

tangents, 216. 
Similitude, centre of, 105, 228, 282. 
Similar conies, 222. 
condition for 224^ 

have points common at infinity, 236. 
tangent to one cuts constimt area 
from other, 378. 
Steiner, 

theorem on triangle drcnmscribing 

parabola, 212, 247, 275, 290, 342.' 
on points whose osculating circle 

passes through given point, 229. 
theorems on Pascal's hexagon, 246, 380. 
solution of Malfatti's problem, 263. 
Subnormal of parabola constant, 202. 
Supplemental chords, 172. 
Systems of circles having common radical 
axis, 100. 
of conies through four points cot a 
transversal in involution, 312. 

Tangent, general definition of, 78. 
to circle, length of, 84. 
to conic constructed geometrically, 151. 
determination of points of contact 

five tangents given, 247. 
variable, makes what intercepts on 

two parallel tangents, 172, 181. 
or on two conjugate diameters, 172. 
of parabola, how divides three fixed 
tangents, 299. 
Tangential equations, 65, 276, ^., 888, 
&C. 
of inscribed and circumscribing drclesy 

121, 125, 288. 
of circle in general, 128, 384. 
of conic in general. 152, 260. 
of imaginary circular points, 852. 
of confocal conies, 853, 384. 
of points common to four conies, 844. 
inteipretation of, 884. 
Townsend, theorems and proofiB by, 252, 

301, 375. 
Transformation of coordinates, 6, 9, 157, 

335. 
Transversal, how cuts sides of triangle, 35. 
Gamot's theorem of, 289, 318, 388. 
met by system of conies in involu- 
tion, 312. 
Triangle^ circumscribing, vertioes or two 

lie on a conic, 320. 
Triangles made by four lines, properties 

of, 217, 246. 
TriUnear coordinates, 57, 60, 264. 

Veronese, 382. 

Walker, 891. 

Zeuthen, 889. 
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Students. In Twelve Circular Mape» 
showing 8000 Stars, 1500 Double 
Stars, Nebuhe, &c. With 2 Index- 
Plates. Folio, 15«. 

The Stars in their Seasons: an Easy 
Guide to a Knowledge of the Star 
Groupp. In 12 Large Maps. Im- 
perial 8vo. 5«. 

The Star Prbner : showing the Starry 
Sky. Week by Week. In 24 Hourly 
MapA. Crown 4to. 29. 6<2. 

Ohance and Luck: a Discussion of 
the Laws of Luck, Coincidence, 
Wagers, Lotteries, and the Fallacies, 
of Gambling, &c. Crown 8vo. 8& 
boards. 2^. td, cloth. 

Bough Ways made Smooth. Fami- 
liar Essays on Scientific Subjects. 
Crown 8vo. 8«. 6c{. 

Pleasant Ways in Science. Crown 
8vo. hB, Cheap Edition. Crown 
8vo. 8«. 6(2. 

The Great Pyramid, Observatory^ 

Tunib, and Temple. With Illus- 
trations. Crown Svo. 5*. 

Nature Studies. ByR. a.Prdctor^ 
Grant Allen, A. Wilson, T. Fostkr 
andE. Clodd. Cr. 8vo. 5«. Cheap 
Edition. Cr. 8vo. 8«. (ki. 

Leisure Readings. By R. A. Proc- 
tor, E. Clodd, A. Wilson*, T. Foster 
and A. C. Rantard. Cr.8vo. d«.6<2. 

Lessons in ElementaJT Astro- 

nomv ; with Hints for Young Tele- 
scopists. With 47 Woodcuts. Fcp. 
Svo. 1«. 6(f. T 
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MANUFACTURES, TECHNOLOGY, &c. 

BELL— Jacqaard Wearliig and DeBifrning. By F. T. Bell, National 
Scholar in Design (1875-8) and Third Grade Certificated Art Master, 
Science and Art Department, S.K. ; Medallist in Honours and 
Certificated Teacher in ' Linen Manu£EM^turing ' and in ' Weaving and 
Pattern Designing/ City and Quilds of London Institute. With 199 
Diagrams. 8vo. 12«. net. 

LUPTON — Miningr : an Elementary Treatige on the Getting* of Hlnerala. 

By Arnold Lupton, M.I.C.E., F.Q.S., &c., Mining Engineer, Certifi- 
cated Colliery Manager, Surveyor, &c. Professor of Coal Mining at 
the Victoria University, Yorkshire College, Leeds, &c. With 596 
Diagrams and Illustrations. Crown 8vo. 9«. net. 

TAYLOR— Cotton Wearingr and Designing. By John T. Taylor, 
Lecturer on Cotton Weaving and Designing in the Preston, Ashton- 
under-Lyne, Chorley, and Todmorden Technical Schools, &c With 
373 Diagrams. Crown 8vo. 7«. Qd, net 

WATTS— An Introdaetory Manual for Sugar Growers. By Francis 
Watts, F.C.S., F.I.C., Assoc. Mason Coll., Birmingham, and Qovem- 
ment Chemist, Antigua, West Indies. With 20 Illustrations. Crown 
8vo. e«. 



PHYSIOGRAPHY AND GEOLOGY. 

BIRD— Works by Charlbs Bird, B.A., F.Q.S., Head-master of the 
Rochester Mathematical School. 

Elementary Oeolognr* With Qeological Map of the British Isles, 

and 247 Illustrations. Crown 8vo. 2«. 6(2. 

Geologry: a Manual for Students in Advanced Classes and for 



General Readers. With over 300 Illustrations, a G^logical Map of 
Uie British Isles (coloured), and a set of Questions for Examination. 
Crown 8vo. 7«. 6a. 

'OREEN— Physical Geology for Stndentg and General Readers. With 
Illustrations. By A. H. Qrbbn, M.A., F.Q.S., Professor of Qeology in 
tiie University of Oxford. 8vo. 21«. 

XiEWIS^Papers and Notes on the Glacial Geology of Great Britain 

and Irelimd. By the late Hbnrt Carvill Lbwib, M.A, F.G.S^, Pro- 
fessor of Mineralogy in the Academy of Natural Sciences, Philadelphia, 
and Professor of Geology in Havenbrd College, U.S.A. Edited from 
his unpublished MSS. With an Introduction by Hbnry W. Crobs- 
KJBT, LL.D., F.Q.S. With 10 Maps and 82 Illustrations and Diagrams. 
8vo. 21«. 
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THOBNTON— Works by John Thornton, M.A. 

Elementary Physiosrraphy : an Introduction to the Study of 

Nature. With 12 Maps and 247 Illustrations. With Appendix on 
Astronomical Instruments and Measurements. Crown 8vo. 2«. Qd, 

Adranced Physioirraphy. With 6 Mapb uud 180 Illustrations 



Crown Svo. 48. w, 

TTNDALL— The Glaciers of the Alps : being a Narrative of Excursions 
and Ascents. An Account of the Origin and Phenomena of Qlaciers, 
and an Exposition of the Physical Principles to which they ai-e relate*i 
By John Tyndall, F.R.S. With 61 Illustrations. Crown Svo. 
6«. 6(f. net 



HEALTH AND HYGIENE. 

BBODBIBB— Manual of Health and Temperance. By T. Brodribb, 
M.A. With Extracts from Gough's * Temperance Orations '. Be vised 
and Edited by the Rev. W. Ruthvbn Pym, M.A. Crown Svo. 1«. 6c2. 

BVCKTON— Health in the Honse; Twentv-five Lectures on Elementary 
Physiology in its Application to the Daily Wants of Man and Animals. 
By Catherinb M. Buceton. With 41 Woodcuts and Diagrams. 
Crown Svo. 2«. 

COBFEBLD— The Laws of Health. By W. H. Corfibld, M.A., M.D. 
Fcp. Svo. 1«. ed 

FBANKLAIfD— Micro-OrganisniBin Water, their Significance, Identifica- 
tion, and Removal. Together with an Account of the Bacteriological 
Methods involved in their Investigation. Specially Designed for 
those connected with the Sanitary Aspects of Water Supply. By 
Professor Percy Frankland, Ph.D., B.Sc. (Lond.), F.R.S., and Mrs. 
Percy Frankland. Svo. 16». net 

VOTTEB— Hyirlene. By J. Lane Notter, M.A., M.D. (Dublin), Fellow 
and Member of Council of the Sanitary Institute of Great Britain, 
Examiner in Hygiene, Science and Art Department, Examiner in 
Public Health in the University of Cambridge and in the Victoria 
University, Manchester, &c. ; and R. H. Firth, F.R.C.S., Assistant 
Professor of Hygiene in the Army Medical School, Netley, &c. With 
96 Illustrations. Crown Svo. 3s. 6cL 

POOBE— Essays on Bnral Hyirlene. By George Vivian Poore, M.D 
Crown Svo. Qs, 6d. 

WILSON— A Manual of Health-Science : adapted for use in Schools and 
Colleges, and suited to the Requirements of Students preparing for the 
Examinations in Hygiene of the Science and Art Department, &c. 
By Andrew Wilson, F.R.aE., F.L.S., &c. With 74 Illustrations 
Crown Svo. 2». 6d. 
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OPTICS AND PHOTOGRAPHY. 

ABNEY— A Treatise on Photogrraphy. By Captaio W, dk Wivblsslie 
Abnst, F.RS., Director for Science in the Science and Art Depart- 
ment. With 116 Woodcuts. Fcp. 8vo. 3<. 6d, 

GLAZEBBOOK— Physical Optics. By E. T. Qla^zebrook, M.A., F.R.S., 
Fellow and Lecturer of Trin. Coll., Demonstrator of Physics at the 
Cavendish Laboratory, Cambridge. With 183 Woodcuts of Apparatus, 
Ac. Fcp. 8vo. 68. 

WBIGHT--Optical Projection : a Treatise on the Use of the Lantern 
in Exhibition and Scientific Demonstration. By Lbwis Wright, 
Author of * Light : a Course of Experimental Optics *. With 232 
Illustrations. Crown 8vo. 6$. 



PHYSIOLOGY, BIOLOGY, &c 

ASHBT— Notes on Phrsiology for tlie Use of Students preparing 

for Examination. By Henbt Abhby, M.D. With 141 Illustrations. 
Fcp. 8vo. 6s. 

BABNETT— The Maldngr of the Body : a Children's Book on Anatomy 
and Physiology, for School and Home Use. By Mrs. S. A. Barniett,. 
Author of *The Making of the Home'. With 113 Illustrations. 
Crown 8vo. Is. 9d 

BIBOOOD— A Coarse of Practical Elementary Biologry. By John 
BiDQOOD, B.Sc., F.L.S. With 226 Illustrations. Crown Svo. 4s. 6d. 

BBAT— Physiolof^ and the Laws of Health, in Easy Lessons for 
Schools. By Mrs. Charles Bray. Fcp. 8vo. Is. 

FUBNEAUX- Human Physiolo^. By W. Furneaux, F.RG.S. With 
218 Illustrations. Crown 8vo. 2«. 6d. 

HUDSON and GOSSE-The Botifera, or < Wheel-Animalcales '• Bv 

C. T. Hudson, LL.D., and P. H. Gossb. F.RS. With 30 Coloured 
and 4 Uncoloured Plates. In 6 Pai-ts. 4to. 10«. 6d. each ; Supple- 
ment, I2s. 6d. Complete in 2 vols, with Supplement, 4to. ^4 4«. 

MACALISTEB — Works by Alexander Macalister, M.D., Professor oi 
Anatomy, University of Cambridge. 

Zoologry and Morphologry of Tertebrata. 8vo. 10«. 6d 

Zooloi^ of the Inrertebrate Animals. With 59 Diagrams. 

Fcp. 8vo. Is. 6d. 

Zoolof^ of the Tertebrate Animals. With 77 Diagrams. Fcp. 

8vo. Is. ed. 

MOBGAN— Animal Biolof^ : an Elementary Text-Book. By C. Lloyd 
MoROAN, Professor of Animal Biology *and Geology in University 
College, Bristol. With numerous lUusti-ations. Cr. '8vo. 8». 6d. 

TH0BNT0I9— Hnman Physiology* By John Thornton, M.A. With 
267 Illustrations, some of which are coloured. Crown 8vo. 6s. 
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BOTANY. 

AITKEN— Elementarj Text-Book of Botany. For the lue of SchoolB. 
By Edith Aitken, late Scholar of Qirton College. With over 400 
Diagrams. Crown 8vo. 4«. Brf. 

BENNETT and MUBBAY— Handbook of Cryptogamie Botany. By 

Alfred W. Bennett, M. A., B.Sc., F.L.S., Lecturer on Botany at St. 
Thomas's Hospital ; and Qeoboe Mub&at, F.L.S., Keeper of Botany, 
British Museum. With 378 Illustrations. 8yo. 16ft. 

CBOSS and BETAN— Cellnlote : an Outline of the Chemistry of the 
Structural Elements of Plants. With Reference to their Natural 
History and Industrial Usea By Cross and Bbvan (C. F. Crobs 
K J. Bevan, and C. Beadle). With 14 Plates. Crown 8yo. 12i.net. 

EDMONDS— Elementary Botany. Theoretical and Practical ByHsHBT 
Edmonds, B.Sc, London. With 319 Diagrams and Woodcuts. Crown 
8yo. 2s. 6(2. 

^KITCHENEB— A Year's Botany. Adapted to Home and School Use. 
With Illustrations by the Author. By Frangbs Anna Kitchxnsb. 
Crown 8yo. 6a 

LINDLET and MOOBE— The Treasury of Botany: or, Popular 
Dictionary of the Vegetable Kingdom : with which is incorporated 
a Glossary of BotanicfQ Terms. Edited by J. Likdlby, M.D., T.R.S., 
and T. Moore, F.L.S. With 20 Steel Plates and numerous Wood- 
cuts. 2 Parts. Fcp. 8vo. 12«. 

iMcNAB—Class-Book of Botany. By W. R McNab. 2 Parts. Morpho- 
logy and Physiolo^ With 42 Diagrams. Fcp. 8yo. Is. 6(2. Classifi- 
cation of Planta With 118 Diagrams. Fcp. 8yo. la 6(2. 

THOME and BENNETT— Stmctnral and Physlologioal Botany. By 

Dr. Otto Wilhblm Thom^ and by Alfred W. Bennett, M.A., 
B.Sc.,F.L.S. With Coloured Map and 600 Woodcuts. Fcp. 8yo. 6f. 

TUBEVF— Diseases of Plants Dae to Cryptogamie Parasites. Trans- 
lated from the Qerman of Dr. Carl Frbiherr yon Tubeuf, of the 
Uniyersity of Munich, by William Q. Smith, B.Sc., Ph.D., Lecturer 
on Plant Physiology to the Uniyersity of Edinburgh. With over 300 
Illustrations. [/n preparation, 

'"WATTS— A School Flora. For the use of Elementary Botanical Classes. 
By W. Marshall Watts, D.Sc, Lond. Cr. 8vo. 2$, 6d, 
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AGRICULTURE AND GARDENING. 

ABDTMAN — Igrienltnral Analysis. A Manual of Quantitative Analysis 
for Students of Agriculture. By Frank T. Addtman, B.Sc. (Lond.), 
F.I.C. With 49 Illustrationfi. Crown 8yo. 6«. net; 

COLEMAN and ADDTMAN— Practical Agricultural ChemUtry. For 

Elementary Students, adapted for use in Agricultural Classes and 
Colleges. By J. Bernard Coleman, A.R.C.Sc., F.I.C., and Frank 
T. Addyman, B.Sc. (Lond.), F,LC. Crown 8vo. U, Qd. net. 

LOUDON— Works by J. C. Loudon, F.L.S. 

Encyclopedia of Gardening; the Theory and Practice of 

Horticulture, Floriculture, Arboriculture and Landscape Qardening. 
With 1000 Woodcuts. 8vo. 21«. 

Encydopndia of Agricnltare ; the Laying-out, Improvement and 

Management of Landed Property ; the Cultivation and Economy of 
the Productions of Agriculture. With 1100 Woodcuts. 8vo. 21«. 

BITEB8— The Miniature Frnlt Garden; or. The Culture of Pyramidal 
and Bush Fruit Trees. By Thomas T. F. Rivbrs. With 32 Illustra- 
tions. Crown 8vo. 4s, 

SOBAVEB -A Popular Treatise on the Pbysiology of Plants. For 

the Use of Gardeners, or for Students of Horticulture and of Agri- 
culture. By Dr. Paul Soraubr, Director of the Experimental 
Station at the Royal Pomological Institute in Proekan (Silesia). 
Translated by F. E. Weiss, B.Sc., F.L.S., Professor of Botany at the 
Owens College, Manchester. With 33 Illustrations. 8vo. 9$, net. 

WEBB— Works by Hbnrt J. Webb, PkD., KSc. (Lond.) ; late Principal 
of the Agricultural College, Aspatria. 

■I Elementary Agriculture. A Text-Book specially adapted to the 

requirements of the Science and Art Department, the Junior Examina- 
tion of the Royal Agricultural Society and other Elementary Examina- 
tions. With 34 Illustrations. Crown 8vo. 2s. 6d. 



• Advanced Agriculture. With 100 Illustrations and a set of 



Questions for Examination. Crown 8vo. 7«. Qd, net 
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TEXT-BOOKS OF SCIENCE, 

{Adapted for the Urn of Students in Public or Science Schoole.) 

Fhtftography. By Captain W. !>■ Wivx- 
LK8LIB Abnby, C.B., F.B.S., 106 
Woodcuta. Fop. 8vo. 8a. 6d. 



n« Btraitfth of Material and Birnetaraa. 

By Sir J. Andbbbon, C.E., &o. 66 
WoodontB. Fop. 8vo. Sa. M. 

Ballvay AppUanoaa— A Desori^tion of 
Details of Railway ConBtmotion Bub- 
Bequent to the completion of Earth- 
works and Struotores. By John 
WoLFB Babbt, C.B., M.I.CJB. 218 
Woodcuts. Fcp. Bvo. it. 6d. 

iBtrodnetlon to tho Btady of Inorganlo 

Chemislary. By William Allek Mil- 
L£B,M.D.,F.B.8. 72Woodcnt8. 8«.6<2. 

QvaDtltatlTa Climiiloal AnalyBls. By T. 
E. Thobpb, F.R.S.. Ph.D. With 88 
Woodcnts. Fop. Svo. it, 6d, 

9«alltatlTa Ohamloal AnalyslB and 

Iiaboratoiy Practice. ByT. E. Thobpb, 
Ph.D., F.R.8., and M. M. Pattibon 
UviRy M.A. With PUte of Spectra 
and 67 Woodcuts. Fop. 8vo. 9a, 6d. 

tatroduotioB to the Study of Chemioal 
Philosophy. By Willlih A. Tildbn, 
D.Sc. , liondon, F.R. S. With 6 Wood- 
uucs. With or without Answers to 
Problems. Fop. 8yo. At. M, 

BtomentB of Astronomy. By Sir R. S. 
Ball. LL.D., F .R. S. With 136 Wood- 
outs. Fcp. 8vo. 60. 

Syatemado Minaralogy. By Hilaby 
Bauebman, F.G.S. With 878 Wood- 
outs. Fop. 8yo. 60. 

Dasoriptlve Mlneraloiy. By Hilabt 
Bauxrxan. F.O.S., &o. With 286 
Woodcuts. Fop. 8vo. 6e. 

■atali, thair ProperttoB and Traatment. 

By C. L. Bloxav, and A. K. Hunt- 
INOTON, Professors in King's College, 
London. 180 Woodcuts. Fop.Svo. 6«. 

maory of Haat. By J. Clerk Maxwell 
M.A., LL.D.,Edin., F.B.SS., L. andE. 
With 88 Illustrations. Fcp. 8vo. 4». 6<i. 

Praottoal Physios. By R. T. Glazebbook 
M.A., F.R.S.. and W. N. Shaw, M.A. 
With 184 Woodcuts. Fop.Svo. 7e.M, 

Praliminary Burroy. Including Ele- 
mentary Astronomy, Route Surveying, 
&c. By Theodobe Graham Gribble, 
Civil Engineer. 180 Illustrations. 
Fcp. 8vo. 68. 



Ulabra and TrlgODOmotry. By William 
Nathaniel Gbifpin, BJD. 8f. 6d. 
Notes on, with Solutions of the more 
difficult Questions. Fcp. Bvo. 8«. 6<i. 

The Steam BnflBa. By Gbobob C. V. 
Holmes. 212WoodoutB. Fop.Svo. 6s. 

Blaetrlelty and Ma^atUm. By Flbbm- 
iHO Jbmkim, F.R.SS. . L. and £. With 
177 Woodcuts. Fcp. Svo. 80. M, 

The Art of Blaotro-MataUur^, including 
all known Processes of Electro-Depod- 
tion. By G. Gobb, LL.D., F.R.S. 
With 66 Woodcuts. Fcp. Svo. 6f. 

Tala^vaphy. By W. H. Pbebce, C3. 
F.R.S., V.P. Inst. C.E., and Sir J. Sivb- 
WBiOHT, M.A., K.C.M.G. 268 Wood- 
outs. Fcp. Svo. 60. 

Physloal Optlos. By R. T. Glazrbboox, 
M.A.. F.R.S. With 188 Woodonts. 
Fcp. Svo. 6s. 

Taohnioal JMthmatie and Mananratton. 

By Chableb W. Mkhbipibld. F.RS. 
8s. M. Key. St. M. 

The Study of Bocks, an Elementary Tezt- 
Book of Petrology. By Fbane Rutlbt, 
F.G.S. With 6 Plates and 68 Wood- 
cuts. Fcp. Svo. 4s. 6d. 

Workshop JLppUancas, including Desorip- 
tions of some of the Gauging and 
Measuring Instruments — Hand-Cut- 
ting Tools, Lathes. Drilling, Planing, 
and other Machine Tools used by 
Ex^neers. By C. P. B. Shellbt, 
M.I.C.E. With 828 Woodcuts. Fcp. 
Svo. 6t. 

BlamantB of Maohlna DaBKn. By W. 

Cawthorne Unwin, F.R.S., B.80. 

Part I. General Principles. Fasten- 
ings, and Transmissive Machinery. 
804 Woodcuts. 6s. 

Part II. Chiefly on Engine Details. 
174 Woodcuts. Fcp. Svo. 4s. 6d, 

Straotnral and Physlolotfloal Botany. By 

Dr. Otto Wilhslm THOMi. and A. W. 
Bennett, M.A., B.Sc, F.L.S. With 
600 Woodcuts. Fcp. Svo. 6«. 

Plana and SoUd Qaomatry. By H. W. 

Watboh, M.A. Fcp. Svo. 8s. 6c{. 
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ELEMENTARY SCIENCE MANUALS. 

fFrittm tpecudly to meet the reqmrement$ of the Elembntart Stagk or 
Science Subjects as laid dovm in the SyUahue of the Directory of ihe 
Science and Art Department. 

Sound, Uiht, and Heat. By Mask B. 
WuoHT. With 160 Diagmns and 
Illnstrations. Crown 8vo. 2s. 6<l. 

Phyiloi. Alternative Conne. ByMABK 
B. WuoHT. With 242 lUnstrationi. 
Crown 8vo. 2«. M. 

■adii«tlnn and Bleetrlelty. By A. W. 
PoT8BB,M.A With 286 DluBtrationa. 
Crown 8vo. 2a. 6d. 

Problem! and Solntioni in Elementary 
Electricity and Magnetism. Embrac- 
ing a Complete Set of Answers to tho 
South Kensington Papers for the 
Years 1886-1894, and a Series of 
Original Questions. By W. Slinoo 
and A. Bbooxeb. With 87 Illustra- 
tions. Crown 8vo. 28. 

iBorganie Ghemistry, Theorotioal and 
Practical. By William Jaoo, F.C.S., 
F.I.C. With 68 Woodcuts and Ques- 
tions and Exercises. Fcp. 8vo. 2«. M. 

An IntrodnotloB to Praetieal Inorgania 

Chemistry. By William Jaoo, F.C.S. , 
F.I.C. Crown 8vo. la, 6d. 
Praetloal Ohemlstry: the Principles of 

SualitatiTe Analysis. By William A. 
ILBBN, D.Sc. Fcp. 8vo. It. 6<L 

Elementary Ohemlstry, Inorganio and Or- 
ganic. By W. S. FuBNBAux, F.R.G.S. 
WithSeiUustrations. Cr.8vo. 88.6<2. 

Organio Chemistry : The Fatty Com- 
pounds. By R. Lloyd Whitblet, 
P.I.C.. F.C.S., With 46 Illustrations. 
Crown 8vo. B«. M. 

Elementary Geology. By Chablbs Bibd* 
B.A.. F.G.S. With 247 lUustrations. 
Crown 8vo. 2». 6d. 

Human Physioloiy. By William S. 
FuBNBAUX, F.B.G.S. With 218 Illus- 
trations. Crown 8vo. 28. 6^. 

Hygiene. By J. Lanb Nottbb, M.A., 

M.D. (Dublin), and B. H. Fibth. 

F.B.C.S. With 96 lUustrations. 

Crown 8vo. 88. %d. 
Elementary Botany, Theoretieal and 

Practical. By Henbt Edmonds, B.Sc, 

London. 819 Illustrations. Crown 8vo. 

28. %d, 
HetaUorgy. By E. L. Bhead. With 94 n. 

lustrations. Cr.8vo. ^.^S Continued' 



Praetloal Plane and 

eluding Graphic Arithmetic 
H. MoKBiB. Cr. 8yo. 28. %d. 

Geometrieal Drawing for Art Students. 

Embracing Plane Geometry and its 
Applications, the use of Scales, and 
the Plane and Elevations of Solids, as 
required in Section I. of Science Sub- 
ject I. By I. H. MoBBis. Crown 8vo. 

l8.6d. 

Being the First Part of Morris's 
Practical Plane and Solid Geometry. 

Text-Book on Praetieal, Solid, or Dee- 

oripti-ve Geometry. By David Allbn 
Low. PartL Crown 8vo. 28. Part 
II. Crown 8vo. 88. 

An Introdnetlon to Haehlne Drawing and 

Design. By David Allbn Low. With 
97 lUustrations Cr. 8vo. 28. 

Bnlldlng Gonstmetion. By Edwabd J. 
BuBBBLL. With 806 Illustrations. 
Crown 8vo. 88. 6^. 

An Elementary Gonrse of Hathematies. 

Containing Arithmetic ; Euclid (Book 
I. with Deductions and Exercises); 
and Algebra. Crown 8vo. 28. 6(2. 

Theoretieal Heohanlot. Including Hy- 
drostatics and Pneumatics. By J. E. 
Tatlob. M. a . B. So. With Examples 
and Answers, and 176 Diagrams and 
Illustrations. Cr. 8vo. 28. M. 

Theoretieal Heehanies — Solids. By J. 
Edwabd Tatlob, M.A., B.So. (Lond.). 
With 168 Illustrations, 120 Worked 
Examples, and over 6i(X) Examples 
from Examination Papers, &c. Crown 
8vo. 28. 6<2. 

Theoretieal Heehanies — Fluids. By J. 

Edwabd Taylob, M.A. , B.Sc. (Lond. ). 
With 122 lUustrations, numerous 
Worked Examples, and about 600 
Examples from Examination Papers, 
&c. Crown 8vo. 28. 6<2. 

A Hannal of Heehanies : an Elementary 
Text-Book for Students of Applied 
Mechanics. With 188 Illustrations 
and Diagrams, and 188 Examples 
taken from the Science Department 
Examination Papers, with Answers. 
By T. M. GooDXVB. Fop. 8vo. 28. 6(2. 
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EliEMENTABT SCIENGS 'NLAJSTUAltS—ConHnwd. 



By William Bippeb, Member 
of the Institation of Meohanioal 
Engineers. With 142 QluBtrations. 
Crown 8vo. 2s. 6d. 
Slem«ntary Phyilography. By J. Thobn- 
TON. M.A. With 12 Maps and 247 
Illustrations. With Appendix on As- 
tronomioal Instruments and Measure- 
ments. Grown Svo. 28. 6d. 



A^euUnre. By Henbt J. Webb, Ph.D. , 
late Principal of the Agricultural 
College, Aspatria. With 84 Illustra- 
tions. Grown 8vo. 2«. 6d. 

k Course of Praetloal ElomoBtary Biology. 
By J. BmooOD. B. So. W|th 226 Illus 
trations. Grown 8vo. 4«. 6d. 



ADVANCED SCIENCE MANUALS. 

Written specially to meet the requirements of the Advanced Stage of 
Science Subjects as laid down in the SyUabus of the Directory of the 
Science and Art Department. 

A^enltnre. By Henby J. Webb, Ph.D., 
late Principal of the Agricultural 
Gollege, Aspatria. With 100 Illustra- 
tions. Grown 8vo. 7«. 6<2. net. 

Va^otlsm and Eleotrtcity. By Abthitb 
WiLLiAic PoYSEB. M.A., Trinity 
Gollege, Dublin. With 817 Diagrams. 
Crown Bvo. is. 6d. 

iBorgaBlc Ghemlctry, Thoorotloal and 

Practical. A Manual for Students in 
Advanced Glasses of the Science and 
Art Department. By William Jaoo, 
F.C.S., F.I. G. With Plate of Spectra, 
and 78 Woodcuts. Crown 8yo. As, 6(2. 

Physiography. By John Thobmton, M.A. 
With 6 Maps. 180 IllustrationB, and 
Plate of Spectra. Cr. 8vo. is, ed. 



Heat ByMabjlB. Weight. Hon. Inter. 
B. Sc. . (Lend.). With 136 Illustrations 
and numerous Examples and Bz- 
aminatlon Papers. Cr. 8vo. is. Bd. 

Building OoBStmotioii. By the Author 
of 'Bivington's Notes on Buildmg 
Construction'. With 386 Illustrations, 
and an Appendix of Examination 
Questions. Crown 8yo. is. 6d. 

Homan Physloloiy. By John Thobntom. 
M. A. With 268 Illustrations, some of 
which are coloured. Crown 8yo. 6«. 

Thoorotieal Moehanlos— SoUds. In- 
cluding Kinematics, Statics, and 
Kinetics. By Abthub Thobmtok, 
M.A.. F.B.A.S. With 220 niustra- 
tions, 130 Worked Examples, and over 
900 Examples from Examination 
Papers, &o. Grown 8yo. is. 6<L 



THE LONDON SCIENCE CLASS-BOOKS. 

Edited by Q. Caret Foster, F.R.S., and by Sir Philip Magnus, B.Sc, 
B.A., of the City and Qailds of London Institute. 



Astronomy. By Sir Bobbbt Stawbll 
Ball, LL.D., F.B.S. With 41 Dia- 
grams. Is. 6d. 

Moehanles. By Sir Bobbbt Stawell 
Ball, LL.D.. F.RS. With 89 Dia- 
grams. 1«. 6(2. 

The Laws of Health. By W. H. Cobtibi^, 
M. A. . M.D. , F.R. C.P. With 29 Dlus- 
trations. Is. 6(2. 

Molooular Phyilos and Bound. By 
Fbebebick Guotbib, P.R.S. With 91 
Diagrams. Is, 6d. 

Ooometry, OongriMBt FltfnriB. By 0. 
Hbnbici, Ph.D.. F.RS. With 141 
Diagrams. It. 6d. 

Zoology of the InTortebrato Animals. By 
Alexandeb Macalistbb, M.D. With 
59 Diagrams. Is. Bd. 

(5000-4/96.) 



Zoology of tiM Vortobrato IaIdiaIb. B; 

Albxandbb Macalisteb, M.D. Wit ' 
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77 Diagrams. 1«. Bd, 

Hydrootatles and Pnonmatles. By Sir 
Philip Magnus, B.Sc. , B. A. With 79 
Diagrams. Is. Bd, (To be had also 
with Answers, 2s. ) The Worked Solu- 
tion of the Problems. 28. 



sy. Outlines of the Classification 
of Plants. By W. R. McNab, MJ). 
With 118 Diagrams. It. 6<i 

Botany. Outlines of Morphology and 
Physiology. By W. R. McNab, M.D. 
With 43 Diagrams. It. Bd, 

Thomodynamlos. By Richabd Wob- 
mbll, M. A. , D.So. With 41 Diagrams. 
It. 6(2. 
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